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ON FUZZY (2,2)-REGULAR ORDERED Γ-AG∗∗-GROUPOIDS

Faisal1, Naveed Yaqoob2, Kostaq Hila3

In this paper, we introduced the concept of fuzzy ordered Γ-AG-groupoids
and studied some important features of (2, 2)-regular ordered Γ-AG∗∗-groupoids
in terms of fuzzy Γ-left ideals, fuzzy Γ-right ideals, fuzzy Γ-two-sided ideals, fuzzy
Γ-generalized bi-ideals, fuzzy Γ-bi-ideals, fuzzy Γ-interior ideals and fuzzy Γ-(1, 2)-
ideals. We proved that the set of all fuzzy Γ-two-sided ideals of a (2, 2)-regular
ordered Γ-AG∗∗-groupoid K forms a semilattice structure with identity K. Further
we characterized all the fuzzy Γ-ideals of a (2, 2)-regular ordered Γ-AG∗∗-groupoid
and we also proved that all fuzzy Γ-ideals coincide in a (2, 2)-regular ordered Γ-
AG∗∗-groupoid. Finally we gave the method to construct a Γ-AG-groupoid.
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1. Introduction

The concept of fuzzy sets was first proposed by Zadeh [12] in 1965, which has
a wide range of applications in various fields such as computer engineering, artificial
intelligence, control engineering, operation research, management science, robotics
and many more. It give us a tool to model the uncertainty present in a phenomena
that do not have sharp boundaries. Many papers on fuzzy sets have been appeared
which shows the importance and its applications to set theory, algebra, real analysis,
measure theory and topology etc. (see [1], [5] and [10]).

An Abel-Grassmann’s groupoid (AG-groupoid) is a groupoidK whose elements
satisfy the left invertive law (ab)c = (cb)a [2], for all a, b, c ∈ K. The concept of this
algebraic structure was first introduced by Kazim and Naseeruddin in 1972 [2] and
they have called it a left almost semigroup (LA-semigroup). In an AG-groupoid, the
medial law [2] (ab)(cd) = (ac)(bd) holds for all a, b, c, d ∈ K. An AG-groupoid may
or may not contains a left identity. The left identity of an AG-groupoid allow us to
introduce the inverses of elements in an AG-groupoid. If an AG-groupoid contains
a left identity, then it is unique [6]. In an AG-groupoid K with left identity, the
paramedial law [6] (ab)(cd) = (dc)(ba) holds for all a, b, c, d ∈ K. If an AG-groupoid
contains a left identity, then by using medial law [6], we get a(bc) = b(ac), for
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all a, b, c ∈ K. Several examples and interesting properties of AG-groupoids can be
found in [6] and [9].

If an AG-groupoid K satisfies a(bc) = b(ac), for all a, b, c ∈ K without left iden-
tity, then it is called an AG∗∗-groupoid. An AG∗∗-groupoid also satisfies paramedial
law without left identity. An AG∗∗-groupoid is the generalization of an AG-groupoid
with left identity. Every AG-groupoid with left identity is an AG∗∗-groupoid but
the converse is not true in general. Let us consider an AG-groupoid with a binary
operation ∗ defined in the following table.

∗ 1 2 3
1 2 2 2
2 2 2 2
3 1 2 2

It is easy to see that the above AG-groupoid is an AG∗∗-groupoid but it does
not contains a left identity.

An AG-groupoid is a non-associative and non-commutative algebraic struc-
ture mid way between a groupoid and a commutative semigroup. This structure
is closely related with a commutative semigroup, because if an AG-groupoid con-
tains a right identity, then it becomes a commutative semigroup [6]. The connection
of a commutative inverse semigroup with an AG-groupoid has been given in [7]
as, a commutative inverse semigroup (K, ◦) becomes an AG-groupoid (K, ·) under
a · b = b ◦ a−1, for all a, b ∈ K . An AG-groupoid K with left identity becomes
a semigroup under the binary operation ”◦” defined as, if for all x, y ∈ K, there
exists a ∈ K such that x ◦ y = (xa)y [9]. An AG-groupoid is the generalization of a
semigroup theory [6] and has vast applications in collaboration with semigroup like
other branches of mathematics. The connection of AG-groupoids with the vector
spaces over finite fields has been investigated in [3].

From the above discussion, we see that AG-groupoids have very closed links
with semigroups and vector spaces which shows the importance and applications of
AG-groupoids.

The concept of a Γ-semigroup (generalization of semigroup) has been intro-
duced by M. K. Sen [8] in 1981 as follows: A non-empty set S is called a Γ-semigroup
(S,Γ) if xαy ∈ S and (xαy)βz = xα(yβz) for all x, y, z ∈ S and all α, β ∈ Γ.

For two non-empty subsets K and Γ, define KΓK as the set of elements of the
form k1γk2, where k1, k2 ∈ K and γ ∈ Γ, that is

KΓK = {k1γk2/k1, k2 ∈ K, γ ∈ Γ}.

The pair (K,Γ) is called a Γ-groupoid if xαy ∈ K for all x, y ∈ K and α ∈ Γ.
A Γ-groupoid (K,Γ) is called a Γ-AG-groupoid if the following Γ-left invertive law
holds for all x, y, z ∈ K and all α, β ∈ Γ

(xαy)βz = (zαy)βx. (1)

A Γ-AG-groupoid also satisfies the Γ-medial law for all w, x, y, z ∈ K and all
α, β, γ ∈ Γ

(wαx)β(yγz) = (wαy)β(xγz). (2)
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A Γ-AG-groupoid is called a Γ-AG∗∗-groupoid if it satisfies the following law
for all x, y, z ∈ K and all α, β ∈ Γ

xα(yβz) = yα(xβz). (3)

A Γ-AG∗∗-groupoid also satisfies the Γ-paramedial law for all w, x, y, z ∈ K

and all α, β, γ ∈ Γ
(wαx)β(yγz) = (zαy)β(xγw). (4)

Note that (3) and (4) also hold for a Γ-AG-groupoid with left identity but a
Γ-AG-groupoid with left identity becomes an AG-groupoid with left identity. Indeed,
if K is a Γ-AG-groupoid with left identity e and a, b ∈ K, then

aαb = aα(eβb) = eα(aβb) = aβb, where α, β ∈ Γ =⇒ α = β.

Assume that (K, .) is an AG-groupoid, and let γ be a symbol (γ /∈ K). Define
aγb = a.b for all a, b ∈ K, then K is a {γ}-AG-groupoid. Conversely, if K is a
Γ-AG-groupoid, and define a.b = aγb for all a, b ∈ K, then (K, .) is an AG-groupoid.
This means that if K is a {γ}-AG-groupoid, then (K, .) is an AG-groupoid.

An ordered Γ-AG-groupoid (po-Γ-AG-groupoid) is a structure (K,Γ,≤) in
which the following conditions hold.

(i) (K,Γ) is a Γ-AG-groupoid.
(ii) (K,≤) is a poset (reflexive, anti-symmetric and transitive).
(iii) For all a, b and x ∈ K, a ≤ b implies aβx ≤ bβx and xβa ≤ xβb, where

β ∈ Γ.
An ordered Γ-AG-groupoid is the generalization of an ordered Γ-semigroup.

2. Preliminaries

In this section, K will be considered as an ordered Γ-AG-groupoid.
A fuzzy subset or a fuzzy set of a non-empty set K is an arbitrary mapping

f : K → [0, 1]. A fuzzy subset f is a class of objects with a grades of membership
having the form f = {(k, f(k))/k ∈ K}.

Let k ∈ K, then Ak = {(y, z) ∈ K×K\k ≤ yαz, where α ∈ Γ} . The product
of any fuzzy subsets f and g of K is defined by

(f ◦Γ g)(k) =

{ ∨
k≤yαz

{f(y) ∧ g(z)} if Ak ̸= ∅, where α ∈ Γ.

0 if Ak = ∅.
The order relation ⊆ between any two fuzzy subsets f and g of K is defined

by
f ⊆ g if and only if f(k) ≤ g(k), for all k ∈ K.

The symbols f ∩ g and f ∪ g will means the following fuzzy subsets of K

(f ∩ g)(k) = min{f(k), g(k)} = f(k) ∧ g(k), for all k in K,

and

(f ∪ g)(k) = max{f(k), g(k)} = f(k) ∨ g(k), for all k in K.

For ∅ ̸= A ⊆ K, we define

(A] = {t ∈ K | t ≤ a for some a ∈ A} .
For A = {a}, we usually written as (a] .

A non-empty subset A of K is called a Γ-left (Γ-right) ideal of K if
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(i) KΓA ⊆ A (AΓK ⊆ A).
(ii) If a ∈ A and b is in K such that b ≤ a, then b is in A.
A subset A of K is called a Γ-two-sided ideal of K if it is both a Γ-left and a

Γ-right ideal of K.
A fuzzy subset f of K is called a fuzzy Γ-left (Γ-right) ideal of K if
(i) x ≤ y ⇒ f(x) ≥ f(y).
(ii) f(aβb) ≥ f(b) (f(aβb) ≥ f(a)), for all a and b in K, where β ∈ Γ.
A fuzzy subset f of K is called a fuzzy Γ-two-sided ideal of K if it is both a

fuzzy Γ-left and a fuzzy Γ-right ideal of K.
A fuzzy subset f of K is called a fuzzy Γ-AG-subgroupoid of K if f(aβb) ≥

f(a) ∧ f(b) for all a and b in K, where β ∈ Γ.
A fuzzy subset f of K is called a fuzzy Γ-generalized bi-ideal of K if
(i) x ≤ y ⇒ f(x) ≥ f(y), for all x and y in K.
(ii) f((xαy)βz) ≥ f(x) ∧ f(z), for all x, y and z in K, where α, β ∈ Γ.
A fuzzy AG-subgroupoid f of K is called a fuzzy Γ-bi-ideal of K if
(i) x ≤ y ⇒ f(x) ≥ f(y), for all x and y in K.
(ii) f((xαy)βz) ≥ f(x) ∧ f(z) for all x, y and z in K, where α, β ∈ Γ.
A fuzzy subset f of K is called a fuzzy Γ-interior ideal of K if
(i) x ≤ y ⇒ f(x) ≥ f(y), for all x and y in K.
(ii) f((xαy)βz) ≥ f(y) for all x, y and z in K, where α, β ∈ Γ.
A fuzzy subset f of K is called a fuzzy Γ-(1, 2) ideal of K if
(i) x ≤ y ⇒ f(x) ≥ f(y), for all x and y in K.
(ii) f((xαa)β(yγz))βz) ≥ f(x) ∧ f(y) ∧ f(z) for all x, a, y and z in K, where

α, β, γ ∈ Γ.
A fuzzy subset f of K is called Γ-idempotent if f ◦Γ f = f.

Example 2.1. Consider an open interval RO = (0, 1) of real numbers under the
binary operation of multiplication. Define a ∗ b = ba−1r−1, for all a, b, r ∈ RO, then
it is easy to see that (RO, ∗,≤) is an ordered AG-groupoid under the usual order ”≤”
and we have called it a real ordered AG-groupoid. Define aξb = a∗b for all a, b ∈ RO
and ξ ∈ Γ, then RO is an ordered Γ-AG-groupoid. Thus we have seen that every
ordered AG-groupoid is an ordered Γ-AG-groupoid for Γ = {ξ}, that is, an ordered
Γ-AG-groupoid is the generalization of an ordered AG-groupoid.

Example 2.2. Consider the set K = {a, b, c} and let Γ = {α, β, γ} be the set of
three binary operations on K defined in the tables below.

α a b c
a a a c
b a a a
c a a a

β a b c
a a a a
b a a a
c a a c

γ a b c
a a a a
b a a c
c a a a

Since (xδy)ξz = (zδy)ξx for all x, y, z ∈ K and all δ, ξ ∈ Γ, therefore K is an
ordered Γ-AG-groupoid under the following order.

≤:= {(a, a), (b, b), (c, c), (a, c), (a, b)}.
Consider a fuzzy subset f of K as follows: f(a) = 0.8, f(b) = 0.4 and f(c) =

0.6, then it is easy to see that f is a fuzzy Γ-two-sided ideal of K.
Note that every fuzzy Γ-two-sided ideal of K is a fuzzy Γ-AG-subgroupoid of

K but the converse is not true in general. For this, let us define a fuzzy subset f
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of K as follows: f(a) = 0.9, f(b) = 0.7 and f(c) = 0.5, then one can easily observe
that f is a fuzzy Γ-AG-subgroupoid of K but f is not a fuzzy Γ-two-sided ideal of
K, because f(bγc) � f(b), γ ∈ Γ.

We denote by F (K) the set of all fuzzy subsets of an ordered Γ-AG-groupoid
K.

Proposition 2.1. The set (F (K), ◦Γ,⊆) is an ordered Γ-AG-groupoid.

Proof. Clearly F (K) is closed. Let f, g and h be in F (K). If Ax = ∅ for any x ∈ K,
then ((f ◦Γ g) ◦Γ h)(x) = 0 = ((h ◦Γ g) ◦Γ f)(x). Let Ax ̸= ∅, then there exist y and
z in K such that (y, z) ∈ Ax, let α, β ∈ Γ. Therefore by using (1), we have

((f ◦Γ g) ◦Γ h)(x) =
∨

(y,z)∈Ax

{(f ◦Γ g) (y) ∧ h(z)}

=
∨

(y,z)∈Ax

 ∨
(p,q)∈Ay

{f(p) ∧ g(q)} ∧ h(z)


=

∨
x≤(pαq)βz

{f(p) ∧ g(q) ∧ h(z)}

=
∨

x≤(zαq)βp

{h(z) ∧ g(q) ∧ f(p)}

=
∨

(w,p)∈Ax

 ∨
(z,q)∈Aw

(h(z) ∧ g(q) ∧ f(p))


=

∨
(w,p)∈Ax

{(h ◦Γ g) (w) ∧ f(p)} = ((h ◦Γ g) ◦Γ f)(x).

Hence (F (K), ◦Γ) is a Γ-AG-groupoid.
Assume that f ⊆ g and let Ax = ∅ for any x ∈ K, then (f ◦Γ h)(x) = 0 =

(g ◦Γ h)(x) =⇒ f ◦Γ h ⊆ g ◦Γ h and similarly we can show that h ◦Γ f ⊆ h ◦Γ g. Let
Ax ̸= ∅, then there exist y and z in K such that (y, z) ∈ Ax, therefore

(f ◦Γ h)(x) =
∨

(y,z)∈Ax

{f (y) ∧ h(z)} ≤
∨

(y,z)∈Ax

{g (y) ∧ h(z)} = (g ◦Γ h)(x).

Similarly we can show that (h ◦Γ f)(x) ≤ (h ◦Γ g)(x) holds for all x ∈ K. Thus
(F (K), ◦Γ,⊆) is an ordered Γ-AG-groupoid. �

Corollary 2.1. The medial law holds in F (K).

The following Corollary is a consequence of the successive use of (1) in Propo-
sition 2.1.

Corollary 2.2. For any fuzzy subsets f, g and h of an ordered Γ-AG-groupoid K,
the following conditions are equivalent:

(i) (f ◦Γ g) ◦Γ h = g ◦Γ (f ◦Γ h),
(ii) (f ◦Γ g) ◦Γ h = g ◦Γ (h ◦Γ f).

Through out in this paperK will be considered as an ordered Γ-AG∗∗-groupoid.
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Theorem 2.1. In K, the following properties hold.
(i) f ◦Γ (g ◦Γ h) = g ◦Γ (f ◦Γ h) for all f, g and h in F (K).
(ii) (f ◦Γ g) ◦Γ (h ◦Γ k) = (k ◦Γ h) ◦Γ (g ◦Γ f) for all f, g, h and k in F (K).

Proof. (i) : Let x be an arbitrary element of K. If Ax = ∅ for x ∈ K, then
(f ◦Γ (g ◦Γ h)) (x) = 0 = (g ◦Γ (f ◦Γ h)) (x). Let Ax ̸= ∅, then there exist y and
z in K such that (y, z) ∈ Ax, let α, β ∈ Γ. Now by using (3), we have

(f ◦Γ (g ◦Γ h)) (x) =
∨

(y,z)∈Ax

{f (y) ∧ (g ◦Γ h) (z)}

=
∨

(y,z)∈Ax

f (y) ∧ ∨
(p,q)∈Az

{g(p) ∧ h(q)}


=

∨
x≤yα(pβq)

{f (y) ∧ g(p) ∧ h(q)}

=
∨

x≤pα(yβq)

{g (p) ∧ f(y) ∧ h(q)}

=
∨

(p,w)∈Ax

g (p) ∧ ∨
(y,q)∈Aw

{f(y) ∧ h(q)}


=

∨
(p,w)∈Ax

{g (p) ∧ (f ◦Γ h) (w)} = (g ◦Γ (f ◦Γ h)) (x).

Thus, (f ◦Γ (g ◦Γ h)) (x) = (g ◦Γ (f ◦Γ h)) (x), for all x in K.
(ii) : IfAx = ∅ for x ∈ K, then ((f ◦Γ g) ◦Γ (h ◦Γ k)) (x) = 0 = ((k ◦Γ h) ◦Γ (g ◦Γ f)) (x).

Let Ax ̸= ∅, then there exist y and z in K such that (y, z) ∈ Ax, let α, β, γ ∈ Γ.
Therefore by using (4), we have

((f ◦Γ g) ◦Γ (h ◦Γ k)) (x) =
∨

(y,z)∈Ax

{(f ◦Γ g) (y) ∧ (h ◦Γ k) (z)}

=
∨

(y,z)∈Ax


∨

(p,q)∈Ay

{f(p) ∧ g(q)}

∧
∨

(u,v)∈Az

{h(u) ∧ k(v)}


=

∨
x≤(pαq)β(uγv)

{f(p) ∧ g(q) ∧ h(u) ∧ k(v)}

=
∨

x≤(vαu)β(qγp)

{k(v) ∧ h(u) ∧ g(q) ∧ f(p)}

=
∨

(m,n)∈Ax


∨

(v,u)∈Am

{k(v) ∧ h(u)}

∧
∨

(q,p)∈An

{g(q) ∧ f(p)}


=

∨
(m,n)∈Ax

{(k ◦Γ h)(m) ∧ (g ◦Γ f)(n)}

= ((k ◦Γ h) ◦Γ (g ◦Γ f)) (x).
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Thus, (f ◦Γ g) ◦Γ (h ◦Γ k) = (k ◦Γ h) ◦Γ (g ◦Γ f) , for all x in K. �
Resp. keeping the generalization, the following three Lemmas have the same

proof as in [4].

Lemma 2.1. Let f be a fuzzy subset of an ordered Γ-AG-groupoid K, then f is a
fuzzy Γ-left ideal of K if and only if f satisfies the following.

(i) x ≤ y ⇒ f(x) ≥ f(y) for all x and y in K.
(ii) K ◦Γ f ⊆ f.

Lemma 2.2. Let f be a fuzzy subset of an ordered Γ-AG-groupoid K, then f is a
fuzzy Γ-right ideal of K if and only if f satisfies the following.

(i) x ≤ y ⇒ f(x) ≥ f(y) for all x and y in K.
(ii) f ◦Γ K ⊆ f.

Lemma 2.3. Let f be a fuzzy subset of an ordered Γ-AG-groupoid K, then f is a
fuzzy Γ-two-sided ideal of K if and only if f satisfies the following.

(i) x ≤ y ⇒ f(x) ≥ f(y) for all x and y in K.
(ii) K ◦Γ f ⊆ f and f ◦Γ K ⊆ f.

3. Fuzzy (2, 2)-regular ordered Γ-AG∗∗-groupoids

An element a of K is called a (2, 2)-regular element of K if there exists y ∈ K

such that a ≤ ((aαa)βy)γ(aδa), where α, β, γ, δ ∈ Γ and K is called (2, 2)-regular if
every element of K is (2, 2)-regular.

Note that in a (2, 2)-regular K, the following holds for all x ∈ K

x ≤ yαz, for some y, z ∈ K and α ∈ Γ. (5)

Note that K can be considered as a fuzzy subset of itself and we write K(x) = 1, for
all x ∈ K.

Lemma 3.1. In a (2, 2)-regular K, f ◦ΓK = f and K◦Γ f = f holds for every fuzzy
Γ-two-sided ideal f of K.

Proof. Let f be a fuzzy Γ-two-sided ideal of a (2, 2)-regular K. For every a ∈ K

there exists y ∈ K such that a ≤ ((aαa)βy)γ(aδa), where α, β, γ, δ ∈ Γ. Let ξ ∈ Γ,
then by using (5), (4) and (1), we have

a ≤ ((aαa)βy)γ(aδa) = xγ(aδa) ≤ (aξb)γ(aδa) = (aξa)γ(bδa)

= ((bδa)ξa)γa, where (aαa)βy) = x ∈ K.

Thus (((bδa)ξa), a) ∈ Aa, since Aa ̸= ∅, therefore

(f ◦Γ K)(a) =
∨

(((bδa)ξa),a)∈Aa

{f((bδa)ξa) ∧K(a)}

≥ f((bδa)ξa) ∧K(a) ≥ f(a) ∧ 1 = f(a).

Now by using Lemma 2.2, f ◦Γ K = f.
Also

(K ◦Γ f)(a) =
∨

(((bδa)ξa),a)∈Aa

{K((bδa)ξa) ∧ f(a)}

≥ K((bδa)ξa) ∧ f(a) ≥ f(a) ∧ 1 = f(a).
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Now by using Lemma 2.1, K ◦Γ f = f. �

Lemma 3.2. Let f and g be any fuzzy Γ-two-sided ideals of of a (2, 2)-regular K,
then f ◦Γ g = f ∩ g.

Proof. Assume that f and g are any fuzzy Γ-two-sided ideals of a (2, 2)-regular K,
then for every a ∈ K there exists y ∈ K such that a ≤ ((aαa)βy)γ(aδa), where
α, β, γ, δ ∈ Γ. Let ξ ∈ Γ, then by using (3), we have

a ≤ ((aαa)βy)γ(aδa) = xξ(aδa) = aξ(xδa), where (aαa)βy = x ∈ K.

Thus (a, (xδa)) ∈ Aa, since Aa ̸= ∅, therefore

(f ◦Γ g)(a) =
∨

(a,(xδa))∈Aa

{f(a) ∧ g(xδa)} ≥ f(a) ∧ g(xδa)

≥ f(a) ∧ g(a) = (f ∩ g)(a).

Thus by using Lemmas 2.1 and 2.2, we get f ◦Γ g = f ∩ g. �

Lemma 3.3. Every fuzzy Γ-two-sided ideal of a (2, 2)-regular K is idempotent.

Proof. Let f be a fuzzy Γ-two-sided ideal of K. For every a ∈ K there exists y ∈
K such that a ≤ ((aαa)βy)γ(aδa), where α, β, γ, δ ∈ Γ. From Lemma 3.1, a ≤
((bδa)ξa)γa. Thus (((bδa)ξa), a) ∈ Aa, since Aa ̸= ∅, therefore

(f ◦Γ f)(a) =
∨

(((bδa)ξa),a)∈Aa

{f((bδa)ξa) ∧ f(a)} ≥ f(a) ∧ f(a) = f(a).

Now by using Lemma 2.1, f ◦Γ f = f. �

Corollary 3.1. Every fuzzy Γ-left ideal of a (2, 2)-regular K is idempotent.

Theorem 3.1. The set of fuzzy Γ-two-sided ideals of a (2, 2)-regular K forms a
semilattice structure with identity K.

Proof. Let FΓI
be the set of all fuzzy Γ-two-sided ideals of a left regular K and let

f, g and h be in FΓI
. Clearly FΓI

is closed and by Lemma 3.3, we have f ◦Γ f = f.
Now by using Lemma 3.2, we get f ◦Γ g = g ◦Γ f . Therefore by using (1) and
commutative law, we have

(f ◦Γ g) ◦Γ h = (g ◦Γ f) ◦Γ h = (h ◦Γ f) ◦Γ g = (f ◦Γ h) ◦Γ g
= (g ◦Γ h) ◦Γ f = f ◦Γ (g ◦Γ h).

It is easy to see from Lemma 3.1 that K is an identity in FΓI
. �

Lemma 3.4. A fuzzy subset f of K is a fuzzy Γ-AG-subgroupoid of K if and only if
f ◦Γ f ⊆ f.

Proof. The proof is straightforward. �

Theorem 3.2. In a (2, 2)-regular K, the following statements are equivalent.
(i) f is a fuzzy Γ-bi-(Γ-generalized bi-) ideal of K.
(ii) (f ◦Γ K) ◦Γ f = f and f ◦Γ f = f.
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Proof. (i) =⇒ (ii) : Assume that f is a fuzzy Γ-bi-ideal of a (2, 2)-regular K and let
a ∈ K, then there exists y ∈ K such that a ≤ ((aαa)βy)γ(aδa), where α, β, γ, δ ∈ Γ.
Now by using (4), (1) and (3), we have

a ≤ ((aαa)βy)γ(aδa) = (aβa)γ(yδ(aαa)) = (aβa)γx = (xβa)γa

≤ (xβ(((aαa)βy)γ(aδa)))γa = (xβ((aβa)γ(yδ(aαa))))γa

= (xβ((aβa)γx))γa = ((aβa)β(xγx))γa = ((xβx)β(aγa))γa

= (((aγa)βx)βx)γa = (((xγa)βa)βx)γa

= (((xγ(((aαa)βy)γ(aδa)))βa)βx)γa

= (((xγ((aβa)γ(yδ(aαa))))βa)βx)γa

= (((xγ((aβa)γx))βa)βx)γa

= ((((aβa)γ(xγx))βa)βx)γa

= ((((xβx)γ(aγa))βa)βx)γa

= (((aγ((xβx)γa))βa)βx)γa, where (yδ(aαa)) = x ∈ K.

Thus ((((aγ((xβx)γa))βa)βx), a) ∈ Aa, since Aa ̸= ∅, therefore

((f ◦Γ K) ◦Γ f)(a) =
∨

((((aγ((xβx)γa))βa)βx),a)∈Aa

{(f ◦Γ K)(((aγ((xβx)γa))βa)βx)

∧f(a)}
≥

∨
(((aγ((xβx)γa))βa),x)∈A(((aγ((xβx)γa))βa)βx)

{f((aγ((xβx)γa))βa)

∧K(x)} ∧ f(a)
≥ f((aγ((xβx)γa))βa) ∧ 1 ∧ f(a)
≥ f(a) ∧ f(a) ∧ f(a) = f(a).

Now by using (4), (1) and (3), we have

a ≤ ((aαa)βy)γ(aδa) = (aβa)γ(yδ(aαa)) = (aβa)γx = (xβa)γa

≤ (xβ(((aαa)βy)γ(aδa)))γa = (xβ((aβa)γ(yδ(aαa))))γa

= (xβ((aβa)γx))γa = ((aβa)β(xγx))γa

= ((xβx)β(aγa))γa = (aβ((xβx)γa))γa, where yδ(aαa) = x ∈ K.
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Thus ((aβ((xβx)γa)), a) ∈ Aa, since Aa ̸= ∅, therefore

((f ◦Γ K) ◦Γ f)(a) =
∨

((aβ((xβx)γa)),a)∈Aa

{(f ◦Γ K)(aβ((xβx)γa)) ∧ f(a)}

=
∨

((aβ((xβx)γa)),a)∈Aa


∨

(a,(xβx)γa)∈Aaβ((xβx)γa)

f(a)

∧K((xβx)γa)

 ∧ f(a)

=
∨

((aβ((xβx)γa)),a)∈Aa

 ∨
(a,(xβx)γa)∈Aaβ((xβx)γa)

f(a)

 ∧ f(a)

=
∨

((aβ((xβx)γa)),a)∈Aa

{f(a) ∧ f(a)}

≤
∨

((aβ((xβx)γa)),a)∈Aa

f((aβ((xβx)γa))γa) = f(a).

Thus (f ◦Γ K) ◦Γ f = f.
Let ξ ∈ Γ, then by using (3), (1), (5) and (4), we have

a ≤ ((aαa)βy)γ(aδa) = (aβa)γ(yδ(aαa)) = (aβa)γx = (xβa)γa

≤ (xβ(((aαa)βy)γ(aδa)))γa = (xβ((aβa)γ(yδ(aαa))))γa

= (xβ((aβa)γx))γa = ((aβa)β(xγx))γa = (((xγx)βa)βa)γa

≤ (((xγx)β(((aαa)βy)γ(aδa)))βa)γa

= (((xγx)β((aβa)γ(yδ(aαa)))βa)γa

= (((xγx)β((aβa)γx)βa)γa = (((xγx)β((xβa)γa))βa)γa

≤ (((xγx)β((xβa)γ(bξc)))βa)γa = (((xγx)β((cβb)γ(aξx)))βa)γa

= (((xγx)β(aγ((cβb)ξx)))βa)γa = ((aβ((xγx)γ((cβb)ξx)))βa)γa,

where yδ(aαa) = x ∈ K.
Therefore (((aβ((xγx)γ((cβb)ξx)))βa), a) ∈ Aa, since Aa ̸= ∅. Thus

(f ◦Γ f)(a) =
∨

(((aβ((xγx)γ((cβb)ξx)))βa),a)∈Aa

{f((aβ((xγx)γ((cβb)ξx)))βa) ∧ f(a)}

≥ {f((aβ((xγx)γ((cβb)ξx)))βa) ∧ f(a)}
≥ f(a) ∧ f(a) ∧ f(a) = f(a),

thus by using Lemma 3.4, f ◦Γ f = f.
(ii) =⇒ (i) : Let f be a fuzzy subset of a (2, 2)-regular K and let α, β ∈ Γ,

then

f((xαy)βz) = ((f ◦Γ K) ◦Γ f)((xαy)βz)
=

∨
(xαy,z)∈A(xαy)βz

{(f ◦Γ K)(xαy) ∧ f(z)}

≥
∨

(x,y)∈Axαy

{f(x) ∧K(y)} ∧ f(z)

≥ f(x) ∧ 1 ∧ f(z) = f(x) ∧ f(z).
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Since f ◦Γ f = f, therefore by Lemma 3.4, f is a fuzzy AG-subgroupoid of K.
This shows that f is a fuzzy Γ-bi ideal of K. �

Theorem 3.3. In a (2, 2)-regular K, the following statements are equivalent.
(i) f is a fuzzy Γ-interior ideal of K.
(ii) (K ◦Γ f) ◦Γ K = f.

Proof. The proof is straightforward. �

Theorem 3.4. In a (2, 2)-regular K, the following statements are equivalent.
(i) f is a fuzzy Γ-(1, 2)-ideal of K.
(ii) (f ◦Γ K) ◦Γ (f ◦Γ f) = f and f ◦Γ f = f.

Proof. (i) =⇒ (ii) : Assume that f is a fuzzy Γ-(1, 2)-ideal of a (2, 2)-regular K

and let a ∈ K, then there exists y ∈ K such that a ≤ ((aαa)βy)γ(aδa), where
α, β, γ, δ ∈ Γ. Now by using (1), (4) and (3), we have

a ≤ ((aαa)βy)γ(aδa) = (aβa)γ(yδ(aαa)) = (aβa)γx = (xβa)γa

≤ (xβa)γ(((aαa)βy)γ(aδa)) = (xβa)γ((aβa)γ(yδ(aαa)))

= (xβa)γ((aβa)γx) = (aβa)γ((xβa)γx)

≤ (aβ(((aαa)βy)γ(aδa)))γ((xβa)γx)

= (aβ((aβa)γ(yδ(aαa))))γ((xβa)γx)

= (aβ((aβa)γx))γ((xβa)γx)

= ((aβa)β(aγx))γ((xβa)γx)

= (((xβa)γx)β(aγx))γ(aβa)

= (aβ(((xβa)γx)γx))γ(aβa), where yδ(aαa) = x ∈ K.

Thus ((aβ(((xβa)γx)γx)), aβa) ∈ Aa, since Aa ̸= ∅, therefore

((f ◦Γ K) ◦Γ (f ◦Γ f))(a) =
∨

((aβ(((xβa)γx)γx)),aβa)∈Aa

{(f ◦Γ K)(aβ(((xβa)γx)γx))

∧(f ◦Γ f)(aβa)}.

Now let ((xβa)γx)γx = c, then

(f ◦Γ K)(aβc) =
∨

(a,c)∈Aaβc

{f(a) ∧K(c)}

≥ f(a) ∧K(c) = f(a)

and

(f ◦Γ f)(aβa) =
∨

(a,a)∈Aaβa

{f(a) ∧ f(a)} ≥ f(a).

Thus we get

((f ◦Γ K) ◦Γ (f ◦Γ f))(a) ≥ f(a).
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Now by using (4), (1) and (3), we have

a ≤ ((aαa)βy)γ(aδa) = (aβa)γ(yδ(aαa)) = (aβa)γx

≤ ((((aαa)βy)γ(aδa))β(((aαa)βy)γ(aδa)))γx

= (((aβa)γ(yδ(aαa)))β((aβa)γ(yδ(aαa))))γx

= (((aβa)γx)β((aβa)γx))γx = ((aβa)β(((aβa)γx)γx))γx

= ((aβa)β((xγx)γ(aβa)))γx = (xβ((xγx)γ(aβa)))γ(aβa)

= (xβ(aγ((xγx)βa)))γ(aβa) = (aβ(xγ((xγx)βa)))γ(aβa)

≤ (aβ(xγ((xγx)β(((aαa)βy)γ(aδa)))))γ(aβa)

= (aβ(xγ((xγx)β((aβa)γ(yδ(aαa))))))γ(aβa)

= (aβ(xγ((xγx)β((aβa)γx))))γ(aβa)

= (aβ(xγ((aβa)β((xγx)γx))))γ(aβa), where yδ(aαa) = x ∈ K.

Therefore ((aβ(xγ((aβa)β((xγx)γx)))), aβa) ∈ Aa.
Let (aβ(xγ((aβa)β((xγx)γx)))) = aβt. Since Aa ̸= ∅. Thus

((f ◦Γ K) ◦Γ (f ◦Γ f))(a) =
∨

(aβt,aβa)∈Aa

{(f ◦Γ K)(aβt) ∧ (f ◦Γ f)(aβa)}.

Now

(f ◦Γ K)(aβt) =
∨

(a,t)∈Aaβt

{f(a) ∧K(t)} =
∨

(a,t)∈Aaβt

f(a)

and

(f ◦Γ f)(aβa) =
∨

(a,a)∈Aaβa

{f(a) ∧ f(a)} =
∨

(a,a)∈Aaβa

f(a).

Therefore

(f ◦Γ K)(aβt) ∧ (f ◦Γ f)(aβa) =
∨

(a,t)∈Aaβt

f(a) ∧
∨

(a,a)∈Aaβa

f(a)

=
∨

(a,t)∈Aaβt

{f(a) ∧ f(a)} .

Thus from above, we get

((f ◦Γ K) ◦Γ (f ◦Γ f))(a) =
∨

((aβt),aβa)∈Aa

 ∨
(a,t)∈Aaβt

f(a)


=

∨
((aβt),aβa)∈Aa

{f(a) ∧ f(a) ∧ f(a)}

≤
∨

((aβt),aβa)∈Aa

f((aβt)(aβa)) = f(a).

Therefore (f ◦Γ K) ◦Γ (f ◦Γ f) = f.
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Now by using (1), (4) and (3), we have

a ≤ ((aαa)βy)γ(aδa) = (aβa)γ(yδ(aαa)) = (aβa)γx = (xβa)γa

≤ (xβ(((aαa)βy)γ(aδa)))γa = (xβ((aβa)γ(yδ(aαa))))γa

= (xβ((aβa)γx))γa = ((aβa)β(xγx))γa

≤ ((aβ(((aαa)βy)γ(aδa)))β(xγx))γa

= ((aβ((aβa)γ(yδ(aαa))))β(xγx))γa

= ((aβ((aβa)γx))β(xγx))γa

= (((aβa)β(aγx))β(xγx))γa

= (((xγx)β(aγx))β(aβa))γa

= ((aβ((xγx)γx))β(aβa))γa.

Thus (((aβ((xγx)γx))β(aβa)), a) ∈ Aa, since Aa ̸= ∅, therefore

(f ◦Γ f)(a) =
∨

(((aβ((xγx)γx))β(aβa)),a)∈Aa

{f((aβ((xγx)γx))β(aβa)) ∧ f(a)}

≥ f(a) ∧ f(a) ∧ f(a) = f(a).

Now by using Lemma 3.4, f ◦Γ f = f.
(ii) =⇒ (i) : Let f be a fuzzy subset of a (2, 2)-regularK. Now since f◦Γf = f,

therefore by Lemma 3.4, f is a fuzzy AG-subgroupoid of K. Let α, β, γ ∈ Γ, then

f((xαa)β(yγz)) = ((f ◦Γ K) ◦Γ (f ◦Γ f))((xαa)β(yγz))
= ((f ◦Γ K) ◦Γ f)((xαa)β(yγz))
=

∨
((xαa),(yγz))∈A(xαa)β(yγz)

{(f ◦Γ K)(xαa) ∧ f(yγz)} .

≥ (f ◦Γ K)(xαa) ∧ f(yγz)
=

∨
(x,a)∈Axαa

{f(x) ∧K(a)} ∧ f(yγz)

≥ f(x) ∧ 1 ∧ f(y) ∧ f(z) = f(x) ∧ f(y) ∧ f(z).
This shows that f((xαa)β(yγz)) ≥ f(x) ∧ f(y) ∧ f(z), therefore f is a fuzzy

Γ-(1, 2)-ideal of K. �
Remark 3.1. An element a of an ordered Γ-AG-groupoid K is called a (2, 2)-regular
element of K if there exist some x, y, z ∈ K and α, β, γ, δ, ξ ∈ Γ, such that

a ≤ ((aαa)βz)γ(aδa) ≤ (xβ(aξa))γy

Indeed by using (5) and (4), we have

a ≤ ((aαa)βz)γ(aδa) ≤ ((aαa)β(aξb))γ(aδa) = ((bαa)β(aξa))γ(aδa)

= (xβ(aξa))γy, where bαa = x ∈ K and aδa = y ∈ K. (6)

=⇒ a ≤ (xβ(aξa))γy.

An element a of an ordered Γ-AG-groupoid K having the form (6) is called an
intra-regular element of K. Similarly a ≤ (xβ(aξa))γy ≤ ((aαa)βz)γ(aδa) holds for
some x, y, z ∈ K and α, β, γ, δ, ξ ∈ Γ. This shows that the concepts of (2, 2)-regular
and an intra-regular coincide in K.
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Lemma 3.5. A fuzzy subset f of a (2, 2)-regular K is a fuzzy Γ-right ideal if and
only if it is a fuzzy Γ-left ideal.

Proof. Assume that f is a fuzzy Γ-right ideal of K. Since K a (2, 2)-regular, so for
each a ∈ K there exist x, y ∈ K and β, ξ, γ ∈ Γ such that a ≤ (xβ(aξa))γy. Now let
α ∈ Γ, then by using (1), we have

f(aαb) ≥ f(((xβ(aξa))γy)αb) = f((bγy)α(xβ(aξa))) ≥ f(bγy) ≥ f(b).

Conversely, assume that f is a fuzzy Γ-left ideal of K. Now by using (1), we
have

f(aαb) ≥ f(((xβ(aξa))γy)αb) = f((bγy)α(xβ(aξa)))

≥ f(xβ(aξa)) ≥ f(aξa) ≥ f(a).

�

Theorem 3.5. For a fuzzy subset f of a (2, 2)-regular K, the following statements
are equivalent.

(i) f is a fuzzy Γ-two-sided ideal of K.
(ii) f is a fuzzy Γ-interior ideal of K.

Proof. (i) ⇒ (ii) : Let f be any fuzzy Γ-two- sided ideal of K, then obviously f is a
fuzzy Γ-interior ideal of K.

(ii) ⇒ (i) : Let f be any fuzzy Γ-interior ideal of K and a, b ∈ K. Since K is
a (2, 2)-regular, so for each a, b ∈ K there exist x, y, u, v ∈ K and β, ξ, γ, δ, ψ, η ∈ Γ
such that a ≤ (xβ(aξa))γy and b ≤ (uδ(bψb))ηv. Now let α,∈ Γ, thus by using (1),
(3) and (2), we have

f (aαb) ≥ f ((xβ(aξa)) γy)αb) = f ((bγy)α (xβ(aξa)))

= f ((bγy)α (aβ (xξa))) = f ((bγa)α (yβ (xξa))) ≥ f (a) .

Also by using (3), (4) and (2), we have

f (aαb) ≥ f (aα ((uδ(bψb)) ηv)) = f ((uδ(bψb))α (aηv))

= f ((bδ(uψb))α (aηv)) = f ((vδa)α ((uψb)ηb))

= f ((uψb)α ((vδa) ηb)) ≥ f(b).

Hence f is a fuzzy Γ-two- sided ideal of K. �

Theorem 3.6. A fuzzy subset f of a (2, 2)-regular K is a fuzzy Γ-two-sided ideal if
and only if it is a fuzzy Γ-quasi ideal.

Proof. The proof is straightforward. �

Theorem 3.7. For a fuzzy subset f of a (2, 2)-regular K, the following conditions
are equivalent.

(i) f is a fuzzy Γ-bi-ideal of K.
(ii) f is a fuzzy Γ-generalized bi-ideal of K.

Proof. (i) =⇒ (ii) : Let f be any fuzzy Γ-bi-ideal of K, then obviously f is a fuzzy
Γ-generalized bi-ideal of K.
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(ii) ⇒ (i) : Let f be any fuzzy Γ-generalized bi-ideal of K, and a, b ∈ K. Since
K is a (2, 2)-regular so for each a ∈ K there exist x, y ∈ K and β, γ, ξ ∈ Γ such that
a ≤ (xβ(aξa))γy. Now let α, δ,∈ Γ, then by using (5), (4), (2) and (3), we have

f(aαb) ≥ f(((xβ(aξa))γy)αb) = f(((xβ(aξa))γ(uδv))αb)

= f(((vβu)γ((aξa)δx))αb) = f(((aξa)γ((vβu)δx))αb)

= f(((xγ(vβu))δ(aξa))αb) = f((aδ((xγ(vβu))ξa))αb) ≥ f(a) ∧ f(b).
Therefore f is a fuzzy Γ-bi-ideal of K. �

Theorem 3.8. For a fuzzy subset f of a (2, 2)-regular K, the following conditions
are equivalent.

(i) f is a fuzzy Γ-two- sided ideal of K.
(ii) f is a fuzzy Γ-bi-ideal of K.

Proof. (i) =⇒ (ii) : Let f be any fuzzy Γ-two- sided ideal of K, then obviously f is
a fuzzy Γ-bi-ideal of K.

(ii) ⇒ (i) : Let f be any fuzzy Γ-bi-ideal of K. Since K is a (2, 2)-regular
so for each a, b ∈ K there exist x, y, u, v ∈ K and β, ξ, γ, δ, ψ, η ∈ Γ such that
a ≤ (xβ(aξa))γy and b ≤ (uδ(bψb))ηv. Now let α ∈ Γ, then by using (1), (4), (2)
and (3), we have

f(aαb) ≥ f(((xβ(aξa))γy)αb) = f((bγy)α(xβ(aξa)))

= f(((aξa)γx)α(yβb)) = f(((yβb)γx)α(aξa))

= f((aγa)α(xξ(yβb))) = f(((xξ(yβb))γa)αa)

≥ f(((xξ(yβb))γ((xβ(aξa))γy))αa)

= f(((xβ(aξa))γ((xξ(yβb))γy))αa)

= f(((yβ(xξ(yβb)))γ((aξa)γx))αa)

= f(((aξa)γ((yβ(xξ(yβb)))γx))αa)

= f(((xξ(yβ(xξ(yβb))))γ (aγa))αa)

= f((aγ ((xξ(yβ(xξ(yβb))))γa))αa)

≥ f(a) ∧ f(a) = f(a).

Now by using (3), (4) and (1), we have

f(aαb) ≥ f(aα(uδ(bψb))ηv) = f((uδ(bψb))α(aηv))

= f((vδa)α((bψb)ηu)) = f((bψb)α((vδa)ηu))

= f((((vδa)ηu)ψb)αb) ≥ f((((vδa)ηu)ψ((uδ(bψb))ηv))αb)

= f(((uδ(bψb))ψ(((vδa)ηu)ηv))αb) = f(((vδ((vδa)ηu))ψ((bψb)ηu))αb)

= f(((bψb)ψ((vδ((vδa)ηu))ηu))αb) = f(((uψ(vδ((vδa)ηu)))ψ(bηb))αb)

= f((bψ((uψ(vδ((vδa)ηu)))ηb))αb) ≥ f (b) ∧ f (b) = f (b) .

�
Theorem 3.9. For a fuzzy subset f of a (2, 2)-regular K, the following conditions
are equivalent.

(i) f is a fuzzy Γ-left ideal of K.
(ii) f is a fuzzy Γ-right ideal of K.
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(iii) f is a fuzzy Γ-two-sided ideal of K.
(iv) f is a fuzzy Γ-bi-ideal of K.
(v) f is a fuzzy Γ-generalized bi- ideal of K.
(vi) f is a fuzzy Γ-interior ideal of K.
(vii) f is a fuzzy Γ-quasi ideal of K.
(viii) K ◦Γ f = f = f ◦Γ K.

Proof. (i) =⇒ (viii) : It follows from Lemma 3.1.
(viii) =⇒ (vii) : It is obvious.
(vii) =⇒ (vi) : Let f be a fuzzy Γ-quasi ideal of a (2, 2)-regular K and let

a ∈ K, then there exist b, c ∈ K and β, γ, ξ ∈ Γ such that a ≤ (bβ(aξa))γc. Let
δ, η ∈ Γ, then by using (3), (4) and (1), we have

(xδa)ηy ≤ (xδ(bβ(aξa))γc)ηy = ((bβ(aξa))δ(xγc))ηy

= ((cβx)δ((aξa)γb))ηy = ((aξa)δ((cβx)γb))ηy

= (yδ((cβx)γb))η(aξa) = aη((yδ((cβx)γb))ξa)

and from above

(xδa)ηy ≤ (yδ((cβx)γb))η(aξa) = (aδa)η(((cβx)γb)ξy) = ((((cβx)γb)ξy)δa)ηa.

Now by using Lemma 3.1, we have

f((xδa)ηy) = ((f ◦Γ K) ∩ (K ◦Γ f))((xδa)ηy)
= (f ◦Γ K)((xδa)ηy) ∧ (K ◦Γ f)((xδa)ηy).

Now

(f ◦Γ K)((xδa)ηy) =
∨

(a,(yδ((cβx)γb))ξa)∈A(xδa)ηy

{f(a) ∧K((yδ((cβx)γb))ξa)} ≥ f(a)

and

(K ◦Γ f) ((xδa)ηy) =
∨

((yδ((cβx)γb))ξa),a)∈A(xδa)ηy

{K((((cβx)γb)ξy)δa) ∧ f(a)} ≥ f(a).

This implies that f((xδa)ηy) ≥ f(a) and therefore f is a fuzzy Γ-interior ideal
of K.

(vi) =⇒ (v) : It follows from Theorems 3.5, 3.8 and 3.7.
(v) =⇒ (iv) : It follows from Theorem 3.7.
(iv) =⇒ (iii) : It follows from Theorem 3.8.
(iii) =⇒ (ii) : It is obvious and (ii) =⇒ (i) can be followed from Lemma

3.5. �

4. The construction of Γ-AG-groupoids

Let us consider an AG-groupod K = {a, b, c} under the binary operation “∗”
in the table below.

∗ a b c
a c c c
b c c a
c c c a
∗-table
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Let Γ = {α, β, γ} be the set of three operations defined on K in the following
tables.

α a b c
a c c c
b c c a
c c c a

β a b c
a c c a
b c c a
c c c c

γ a b c
a c c a
b c c c
c c c a

α-table β-table γ-table

To form an α-table, replace “∗” by “α” in ∗-table. Now to form the β-table, copy
the c-row (c c a) from α-table in to the b-row of α-table, copy the b-row (c c a) from
α-table in to the a-row of α-table, and similarly copy the a-row (c c c) from α-table
in to the c-row of α-table. The resulting table is β-table. In a similar way, we can
get the γ-table. If we repeat the same process again, we will get back an α-table. It
is easy to see that K = {a, b, c} is a Γ-AG-groupod with Γ = {α, β, γ}.

Note that in the above example of a Γ-AG-groupod, both K and Γ have the
same number of elements. In this method, the number of operations (at most) in Γ
will be the same as that of the number of elements in K.

In general, if K is an AG-groupoid having n elements (n > 2), then the possible
number of operations in Γ will also be n. The same method can also be applied in
a similar way to get a Γ-semigroup.

5. Conclusions

In the structural theory of fuzzy algebraic systems, fuzzy ideals with special
properties always play an important role. In this paper, we applied the fuzzy set
theory to ordered Γ-AG-groupoids and studied some important features of (2, 2)-
regular ordered Γ-AG∗∗-groupoids in terms of fuzzy Γ-left ideals, fuzzy Γ-right ideals,
fuzzy Γ-two-sided ideals, fuzzy Γ-generalized bi-ideals, fuzzy Γ-bi-ideals, fuzzy Γ-
interior ideals and fuzzy Γ-(1, 2)-ideals. Further we characterized all the fuzzy Γ-
ideals of a (2, 2)-regular ordered Γ-AG∗∗-groupoid and we also proved that all fuzzy
Γ-ideals coincide in a (2, 2)-regular ordered Γ-AG∗∗-groupoid. Finally we proposed
the method to construct a Γ-AG-groupoid.
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