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The purpose of this paper is to establish some coupled coincidence point
theorems for mappings having a mized g-monotone property in partially ordered
G-metric spaces. Also, we present a result on the existence and uniqueness of
coupled common fixed points. The results presented in the paper genmeralize and
extend several well-known results in the literature.
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1. Introduction

The Banach contraction mapping is one of the pivotal results of analysis. It
is a famous tool for solving existence problems in various fields of mathematics.
There are a lot of generalizations of the Banach contraction principle in the litera-
ture. Ran and Reurings [34] extended the Banach contraction principle in partially
ordered sets with some applications to linear and nonlinear matrix equations. Ni-
eto and Rodfiguez-Lépez [32] extended the result of Ran and Reurings and applied
their main theorems to obtain a unique solution for a first order ordinary differential
equation with periodic boundary conditions. Bhaskar and Lakshmikantham [6] in-
troduced the concept of mixed monotone mappings and obtained some coupled fixed
point results. Also, they applied their results on a first order differential equation
with periodic boundary conditions.

In [22], Mustafa and Sims introduced G-metric spaces, which is a generaliza-
tion of metric spaces, in which every triplet of elements is assigned to a non-negative
real number. Recently, many researchers have obtained fixed point, common fixed
point, coupled fixed point results on metric spaces, convex metric spaces, partial
metric spaces, G-metric spaces, partially ordered metric spaces and partially or-
dered G-metric spaces (see [1]-[44]).

The purpose of this paper is to establish some new coupled coincidence point
results in partially ordered G-metric spaces for mappings having mixed g-monotone
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property. Also, we present a result on the existence and uniqueness of coupled
common fixed points.

2. Preliminaries

Definition 2.1. Let (X, d) be a metric space and F': X x X — X and g: X — X
two mappings. We say that F' and g commute if F(gz,gy) = g(F(x,y)), for all
z,y € X.

Definition 2.2 ([22]). Let X be a non-empty set, G: X x X x X — RT be a
function satisfying the following properties:
(Gl) G(z,y,2)=0ifx =y = z;

(G2) 0 < G(x,z,y) for all z,y € X with z # y;

(G3) G(x,z,y) < G(x,y, 2) for all z,y,z € X with y # z;

(G4) G(x,y,2) = G(x,z,y) = G(y,z,2) = ... (symmetry in all three vari-
ables);

(G5) G(z,y,2) < G(x,a,a)+G(a,y, z) for all z,y, z,a € X (rectangle inequal-
ity).

Then the function G is called a generalized metric, or, more specifically, a
G-metric on X, and the pair (X, G) is called a G-metric space.

Definition 2.3 ([22]). Let (X, G) be a G-metric space, and let {x,, } be a sequence of
points of X. We say that {z,} is G-convergent to x € X if limy, p—00 G(2, Tp, ) =
0, that is, for any € > 0, there exists N in N such that G(z,z,,xm) < €, for all
n,m > N.

We call x the limit of the sequence and write x,, — x or limz,, = x.

Proposition 2.1 ([22]). Let (X, G) be a G-metric space. The following are equiva-
lent:
{zn} is G-convergent to x.

(xn,mn, xz) = 0 asn — +oo.

G(zp,x,z) = 0 as n — +o0.

(wn,:rm, z) — 0 as n,m — +oo.

(1)
(2)
(3)
(4)

Definition 2.4 ([22]). Let (X, G) be a G-metric space. A sequence {x,} is called
a G-Cauchy sequence if, for any € > 0, there is N € N such that G(zy, zpm, ;) < €
for all m,n,l > N, that is, G(zy, Tm, ;) — 0 as n,m,l — 4o00.
Proposition 2.2 ([21]). Let (X,G) be a G-metric space. Then the following are
equivalent

(1) The sequence {zy} is G-Cauchy;

(2) For any € > 0, there exists N € N such that G(xyn, Tm,Tm) < € , for all
m,n > N.
Proposition 2.3 ([22]). Let (X, Q) be a G-metric space. A mapping f: X — X is
G-continuous at x € X if and only if it is G-sequentially continuous at x, that is,
whenever {x,} is G-convergent to x, {f(xy)} is G-convergent to f(x).

Proposition 2.4 ([22]). Let (X, G) be a G-metric space. Then, the function G(z,y, z)
18 jointly continuous in all three of its variables.

Definition 2.5 ([22]). A G-metric space (X,G) is called G-complete if every G-
Cauchy sequence is G-convergent in (X, Q).
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Definition 2.6 ([15]). Let (X, G) be a G-metric space. A mapping F': X x X — X
is said to be continuous if for any two G-convergent sequences {z,} and {y,}, to
and y respectively, {F'(xy,yn)} is G-convergent to F(z,y).

Definition 2.7. Let (X, <) be a partially ordered set and F': X x X — X. The
mapping F is said to be non-decreasing if for x,y € X, x <y implies F(z) = F(y)
and non-increasing if for z,y € X, x < y implies F(x) = F(y).

Definition 2.8. Let (X, <) be a partially ordered set and F: X x X — X and
g: X — X. The mapping F is said to have the mized g-monotone property if
F(x,y) is monotone g-non-decreasing in x and monotone g-non-increasing in y, that
is, for any z,y € X,

z1, 22 € X, gr1 = gro = F(21,y) X F(22,y),

and
y1, Y2 € X, gy1 = gy2 = F(x,y1) = F(x,y2).

If ¢ =identity mapping in Definition 2.8, then the mapping F’ is said to have
the mized monotone property.

Definition 2.9. An element (z,y) € X x X is called a coupled coincidence point of
the mappings F': X x X — X and g: X — X if F(x,y) = gz, and F(y,x) = gy.

If g =identity mapping in Definition 2.9, then (z,y) € X x X is called a
coupled fixed point.

The following coupled fixed point theorem is the main result of Bhaskar and
Lakshmikantham [6].

Theorem 2.1. Let (X, =) be a partially ordered set and suppose that there exists
a metric d on X such that (X,d) is a metric space. Suppose that F: X x X — X
s a self mapping on X and has the mized monotone property on X such that there
exists two elements xo,yo € X with xo < F(xo,y0) and yo = F(yo,x0). Suppose that
there exist k € [0,1) such that

A(F (2,), F(u,0)) < & (da, u) + dly,v) (2.1)

for all x,y,u,v € X with x = v and y < v.

Further suppose that either

a) F' is continuous or

b) X has the following properties:

(i) if a sequence {x,} C X is a non-decreasing sequence with x,, — x in X,
then x, = x, for every n;

(ii) if a sequence {y,} C X is a non-increasing sequence with y, — y in X,
then vy, = vy, for every n;

Then there exists x,y € X such that F(x,y) =« and y = F(y,z), that is, F
has a coupled fized point (z,y) € X x X.

3. Main Results

In this section, we prove some coupled common fixed point theorems in the
context of partially ordered G-metric spaces. In this respect, let ¥ denote the set
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of all functions : [0,00) — [0, 00) which satisfy lim;,, 9 (¢) > 0 for all » > 0 and
lim¢—,04 ¥ (t) = 0; and ® denote the set of all functions ¢: [0,00) — [0, c0) such that

(i) ¢ is continuous and non-decreasing;

(ii) ¢(t) = 0 if and only if ¢ = 0;

(ili) @(t + s) < @(t) + P(s), for all ¢, s € [0, 00).

For example, functions ¢;(t) = kt, where k > 0, ¢2(t) = t%, ¢3(t) =In(t+1),
and ¢4(t) = min{t, 1} are in ®. Functions v, (t) = kt, where k > 0, ¢2(t) = M,
and

1, t=0
t
-, O0<t<l1
t) = t+1°
¥s(t) 1, t=1
5ot>1

are in W.

Theorem 3.1. Let (X, =) be a partially ordered set and G be a G-metric on X
such that (X,G) is a complete G-metric space. Suppose that F': X x X — X and
g: X = X are continuous self mappings on X such that F' has the mized g-monotone
property on X such that there exists two elements xq,yo € X with g(xo) = F (o, yo)
and g(yo) = F(yo,x0). Suppose that there exist ¢ € ® and ¢ € ¥ such that

SG(F(z,y), Flu,v), Fw,2)) < 3 6(Clox, gu guw) + Clgy, gv,02))

G(gz, gu, gw) + G(gy, gv, 92
for all x,y,u,v,w,z € X with gr > gu > gw and gy = gv X gz. Further suppose
that F(X x X) C g(X) and g commutes with F. Then there exists z,y € X such
that F(x,y) = gz and gy = F(y,x), that is, F' and g have a coupled coincidence
point (z,y) € X x X.

Proof. Let xo,y0 € X be such that gxo < F(xo,y0) and gyo = F(yo,20). Since
F(X x X) C g(X), we can construct sequences {x,} and {y,} in X such that

9Tnt1 = F(xn,yn) and gyn+1 = F(yn, zn), ¥n > 0. (3.2)
We claim that for all n > 0,
9Tn 2 gni1, (3.3)
and
9Yn = 9Yn+1- (34)

‘We shall use the mathematical induction.

Let n = 0. Since gxg =< F(zo,y0) and gyo = F(yo,z0), in view of gr; =
F(zo,y0) and gy1 = F(yo, o), we have gzg =< gz1 and gyo > gy1, that is, (3.3) and
(3.4) hold for n = 0. Suppose that (3.3) and (3.4) hold for some n > 0. As F has
the mixed g-monotone property and gz, =< gzn+1 and gy, = gyn+1, from (3.2), we
get

9Tnt+1 = F(Tn,yn) 2 F(Tnt1,Yn) 2 F(@nt1, Ynt1) = 9Tn+2, (3.5)
and
9Yn+1 = F(Yn, ) = F(Yni1, Tn) = F(Ynt1, Tna1) = 9Yni2- (3.6)



Coupled common fixed point results for mixed g-monotone mapps in partially ordered G-metric spaces 17

Now, from (3.5) and (3.6), we obtain that gz, 1 < gxn+2 and gyn+1 = gYnto.
Thus by the mathematical induction, we conclude that (3.3) and (3.4) hold for all
n > 0. Therefore

gro 2 g1 2 gre X ... 29Ty X gTpy1 2., (3.7)
and
9Yo = 9Y1 = GY2 = - = GYn = GYnt1 = - - - (3.8)
Since gz, < gxp+1 and gyn = gYn+1, from (3.1) and (3.2), we have
¢(G(gwn+1,gxn+1,gxn)) - ¢(G(F($n, yn)v F(J;n?yn)? F(‘rn—hy?’b—l)))
1
< §¢(G(gxn,gxn,gfcn_1) + G(9Yn> 9Yn, GYn—1))
G(9Tn, 9%n, 9Zn—1) + G(9Yn, 9Yn, 9Yn—1
e -6l . o
and
¢(G(Qyn+1agyn+lvgyn)) = qb(G(F(yn,xn),F(yn,xn), F(yn,l, $nfl)))
1
< §¢(G(gyn, 9Yns 9Yn—1) + G(9Zn, 9Tn, gTn—_1))
G ns ns n— G ny ny n—
— ( (9Yn> 9Yn: 9y 1); (9n, gn, g 1)) ' (3.10)
From (3.9) and (3.10), we have
A(G(9Tn+1, 9Tn+1, 9Tn)) + O(G(9Yn+15 9Yn+1, 9Yn))
< H(G(9xn, 9Tn, 92n—1) + G(9Yns 9Yn, 9Yn—1))
9 <G(gwmgwmgwn—1) ; G(gyn,gyn,gyn—1)> _ (3.11)
By property (iii) of ®, we have
H(G(9Tn+1, 9Tn+1, 9Tn) + G(GYn+15 9Yn+1, 9Yn))
< (G(9Zn+1, 9Tn+1, 9Tn)) + O(G(9Yn+1, 9Yn+1, 9Yn))- (3.12)
From (3.11) and (3.12), we have
H(G(9Tn+1, 9Tn+1, 9Tn) + G(GYn+15 9Yn+1, 9Yn))
< #(G(97n, gTn, 9Tn-1) + G(9Yn, 9Yn, 9Yn—1))
Y (G(gxmgrcmgxn—l) ; G(gymgymgyn—l)) (3.13)

which implies that

H(G(9Zn11, 9Tnr1, 9Tn) + G(9Ynt1; 9Ynt1, 9Yn))
< d(G(gzn, 9Tn, g9Tn-1) + G(9Yn, GYn, 9Yn—1))-

As ¢ is non-decreasing, we get

G(9Tn+1, 9%n+1, 92n) + G(9Ynt1, 9Yn+1, 9Yn)
< G(g9zn, 9%n, 9Tn-1) + G(9Yn, GYn> GYn—1)-
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Thus we proved that §,, = {G(gxn+17 9Tn+1, gJUn) +G(gyn+1a 9Yn+1, gyn)} is a mono-
tone decreasing sequence of non-negative real numbers. Hence there exists r > 0
such that 6,, — r as n — co.

Now, we shall show that » = 0. Suppose, to the contrary, that » > 0. Then
taking the limit as n — oo in (3.13), we have

671—1

¢(r) = lim ¢(8n) < him |$(0n—1) = 20(——)| < o(r),
which is a contradiction. Thus r = 0, that is,
lim &y, = lim [G(92n+1, 9Tn+1, 92n) + G(9Yn+1, GYn+1, 9Yn)] = 0. (3.14)

Now, we shall prove that {gz,} and {gy,} are G-Cauchy sequences. On the
contrary, assume that atleast one of {gx,} or {gy,} is not a G-Cauchy sequence.
Then there exists an € > 0 for which we can find subsequences { gz, ()} and {gz,,x)}
of {gzn} and {gym)} and {gynk)} of {gyn} with n(k) > m(k) > k such that for
every k,

G(9Zn(k)> 9Tn(k)> ITm(k)) T G(9Yn(k)s GYn(k)> FYm(k)) = € (3.15)
Further, corresponding to m(k), we can choose n(k) in such a way that it is the
smallest integer with n(k) > m(k) > k and satisfies (3.15). Then

G(9Zn(k)—15 9Tn(k)—1> 9Tm(k)) + G(9Yn(k)—1> IYn(k)—15 WYm(k)) < € (3.16)
Using rectangle inequality, we get
€ <rp = G(9Tnk)> 9Tn(k) 9Tm(k)) + G(IYn(k)» IYn(k)s 9Ym(k))
< G(9Tn(k) 9Tn(k)s 9Tn(k)—1) + G(9Tn(k)—1, ITn(k) =15 ITm(k))
+G(9Yn(k)s 9Yn(k)s 9Yn(k)-1) + G(9Ynk)—1> 9Yn(k)—15 9Ym(k))
= G(IZnk)—1> ITn(k)—1> 9Tm@k)) T G(9Yn(k)—1> 9Yn(k) =15 9Ym(k)) + On(k)—1
< e+ -1-

Letting k — oo, in above inequality and using (3.14), we get
limry, = et (3.17)
Also, again by using ractangle inequality, we have
Tk = G(9Tnk)s 9Tn(k) 9Tm(k)) + G(9Yn(k)> IYn(k)s 9Ym(k))
< G(9Tn(k)s 9Tn(k)s 9Tn(k)+1) + G(9Zn(k)+15 9Tn(k)+15 9Tm(k)+1)
+G(GZ (k)15 9Tm(k)+15 9Tm(k)) T G(9Yn(k)» 9Yn(k)s 9Yn(k)+1)
+G(GYn(k)+1> 9Yn(k)+15 9Ym(k)+1) T G(GYmk) 115 9Ym(k)+1> IYm(k))
= Om@k) T G9Zn(k)s 9Tn(k), 9Tn(k)+1) + G(ITr(k)+15 9Tn(k)+1> ITm(k)+1)
+G(GYn(k)> 9Yn(k)s WYnk)+1) + G(GYn(k)+1> GYn(k) +1> Ym(k)+1)-
Using that G(z,z,y) < 2G(z,yy), for any z,y € X, in the above inequality, we
have,
Tk < Oy + 2G (9% (k) 9T (k) +15 9Tn(k)+1) T G(ITn(k)+15 9Tn(k)+15 GTm(k)+1)
+2G(9Yn(k)s 9Yn(k)+1> 9Ynk)+1) + G(9Yn(k)+1> Yn(k)+1s 9Ym(k)+1)
= Omk) T 20nk) + GITn)+15 9Tn(k)+15 9Tm(k)+1)
FG(GYn(k)+1> IYn(k)+1> IYm(k)+1)-
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Using the property of ¢, we have

(i) < D(20nk) + Omk) + G(9Tn(k)+1> ITn(k)+15 9Tm(k)+1)
+G (gyn(km, 9Yn(k)+15 9Ym(k)+1))
< G(20nk) + Omr)) + O(G(ITn(k) 115 9Tn(k)+ 1) 9Tm(k)+1)
+G(gyn(k)+1agyn( V415 9Ym(k)+1))
< O(200k) + Om(k)) T (G (9Tn(k)+1> ITn(k)+1> ITm(k)+1))
+O(G(GYn(k)+15 IYn(k)+1> 9Ym(k)+1))- (3.18)
Since n(k) > m(k), 9Tnk) = 9Tmk) a0d gUnk) = GYm(k), from (3.1) and (3.2), we
have
O(G(ITp(k)+15 9Tn(k)+1> ITm(k)+1))
= O(G(F(@nm)s Ynk))s F(@nys Yn(i))s F(@m(r)s Ym(r))))

1
< 0(G(9Znik), 9Tn(k), 9Tmk) + G(9Yn(k)s IYn(k) 9Ym(k)))

y <G (9Zn(k)s 9Tn(k)s 9Tmk)) + G(GYn(k)> IYn(k)s gym(k))>

2
= ot —v (). (3.19)
Similarly, we have
( (9Yn( k)+1 gyn(k>+1 gym(k)+1))

IN

1
§¢(G(9ym(k) s 9Ym(k)> gyn(k)) + G(GZ k) 9Tm(k)» ITn(k)))

y <G(gym(k)vgym(k)agyn(k)) + G(gxm(k)7gxm(k)agxn(k))>
2

_ 7¢(rk) v (%) (3.20)

From (3.18)-(3.20), we have

r
B(1) < $(2ngry + i) + 8(ri) =20 ().
Letting £ — oo and using (3.14) and (3.17), we have

6le) < 6(0) + 6(e) — 20 (5 ) < (e),

which is a contradiction. This implies that {gx, } and {gy, } are G-Cauchy sequences
in the G-metric space (X, G).
Now, since (X, G) is a G-complete, there is (x,y) € X x X such that {gx,}
and {gy,} are respectively G-convergent to = and y, that is from Proposition 2.1,
we have
lim G(gzy, gzn, x) = im G(gzy, z,z) =0
and

lim G(9Yn, 9Yn, y) = im G(gyn,y,y) = 0.
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Using continuity of g, we get from Proposition 2.3,

lim G(g(gzn), 9(gzn), gx) = lim G(g(gxy), gz, gx) =0
and

lim G(g(gyn), 9(9yn), 9y) = im G (9(gyn), 9y, 9y) = 0.
Since gxp11 = F(z,y) and gyn+1F (y, z), the commutativity of F' and g yields that
F(9n; gyn) = gF (@0, yn) = 9(92n+1) and F(gyn, gn) = gF (Yn, Tn) = 9(9yn+1)-

Now we show that F(z,y) = gz and F(y,x) = gy.

The mapping F' is continuous, so since the sequences {gz,} and {gy,} are
respectively G-convergent to x and y, hence using Definition 2.6, the sequence
{F(9xn,gyn)} is G-convergent to F(z,y). Therefore, {g(gxn+1)} is G-convergent
to F(z,y). By uniqueness of the limit, we have F(z,y) = gx. Similarly, we can
show that F(y,x) = gy. Hence, (z,y) is a coupled coincidence point of F' and g. [

In the next theorem, we replace the continuity of F' with the topic in the
following definition.

Definition 3.1. Let (X, <) be a partially ordered set and G be a G-metric on X.
We say that (X, G, <) is reqular if the following conditions hold:

(i) if a non-decreasing sequence {x,} is such that , — x, then x, < x for all
n7

(ii) if a non-increasing sequence {yn} is such that y, — y, then y =y, for all
n.

Theorem 3.2. Let (X, =) be a partially ordered set and G be a G-metric on X
such that (X, G, =) is reqular. Suppose that F: X x X — X and g: X — X are
self mappings on X such that F' has the mized g-monotone property on X such
that there exists two elements xg,yo € X with g(xg) =X F(xo,y0) and g(yo) =
F(yo,x0). Suppose that there exist ¢ € ® and ¢ € U such that (3.1) satisfies
for all x,y,u,v,w,z € X with gx = gu = gw and gy = gv =< gz. Further suppose
that F(X x X) C g(X) and (9(X),G) is a complete G-metric. Then there exists
x,y € X such that F(x,y) = g(x) and gy = F(y,x), that is, F' and g have a coupled
coincidence point (r,y) € X x X.

Proof. Following the proof of Theorem 3.1, we will get two G-Cauchy sequences
{gz,} and {gy,} in the complete G-metric space (g(X),G). Then, there exist z,y
in X such that gz, — gz and gy, — gy. Since {gz,} is non-decreasing and {gy,}
is non-increasing, using the regularity of (X, G, <), we have gz, < gz and gy < gyn
for all n > 0. If gx,, = gz and gy, = gy for some n > 0, then gx = gx, = gy <
gr = gxy, and gy X gyYny1 = gYyn = gy, which implies that gz, = gr,11 = F(2n, yn)
and gy, = gyn+1 = F (Yn,xn), that is, (x,,y,) is a coupled coincidence points of F
and g. Then, we suppose that (gz,, gy,) # (g, gy) for all n > 0. Using rectangle
inequality (3.1) and properties of ¢ and v, we have

¢(G(F(x,y),gxn+1,g:nn+1)) = gb(G(F(x?y)?F(l'nayn)aF(xnayn)))

G(g9x, gTn, 9xn) + G(9Y, 9Yns GYn
QS(G(nggl'nvgl'n)+G(gy,gyn7gyn))_w< (92, 9%n, g )2 (9y. 9y gy)).

Taking n — oo, we get G(F(z,y), gz, gx) = 0 and hence gz = F(z,y). Similarly, we
can show that gy = F(y,x). Thus F and g have a coupled coincidence point. ([l

<

| =
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If ¢(t) = t, in the above result we have the following result.

Corollary 3.1. Let (X, =) be a partially ordered set and G be a G-metric on X
such that (X, G) is a complete G-metric space. Suppose that F: X x X — X and
g: X — X are continuous self mappings on X such that F' has the mized g-monotone
property on X such that there exists two elements xo,yo € X with g(xo) = F(xo,yo0)
and g(yo) = F(yo,x0). Suppose that there exists 1 € U such that

G(F(2,9), F(u,v), F(w, 2)) < 5[G(o, gu gu) + Glgy, 9v.97)]

_¢<Cﬂyugwgw)+(ﬂgwgug@>
2

(3.21)

for all x,y,u,v,w,z € X with gr > gu > gw and gy = gv = gz. Further suppose
that F(X x X) C g(X) and g commutes with F. Then there exists x,y € X such
that F(x,y) = gr and gy = F(y,x), that is, F' and g have a coupled coincidence
point (x,y) € X x X.

Corollary 3.2. Let (X, =) be a partially ordered set and G be a G-metric on X
such that (X, G, =) is reqular. Suppose that F: X x X — X and g: X — X are
self mappings on X such that F has the mized g-monotone property on X such that
there exists two elements xg,yo € X with g(xo) <X F(xo,y0) and g(yo) = F(yo,xo).
Suppose that there exists 1) € ¥ such that (3.21) satisfies for all x,y,u,v,w,z € X
with gx = gu = gw and gy < gv < gz. Further suppose that F(X x X) C g(X) and
(9(X),G) is a complete G-metric. Then there exists x,y € X such that F(x,y) =
g9(z) and gy = F(y,z).

If (t) = (lgk)t, in the the above corollaries we have the following results.

Corollary 3.3. Let (X, <) be a partially ordered set and G be a G-metric on X
such that (X, G) is a complete G-metric space. Suppose that F': X x X — X and
g: X = X are continuous self mappings on X such that F' has the mized g-monotone
property on X such that there exists two elements xq,yo € X with g(xo) = F (o, yo)
and g(yo) = F(yo, o). Suppose that there exists k € [0,1) such that

GF (), F(uw,v), Flw,2)) < ~[Glgr, gu.gw) + Cloy,gv.92)], (322)

for all x,y,u,v,w,z € X with gr > gu > gw and gy = gv X gz. Further suppose
that F(X x X) C g(X) and g commutes with F. Then there exists xz,y € X such
that F(x,y) = gz and gy = F(y,x), that is, F' and g have a coupled coincidence
point (z,y) € X x X.

Corollary 3.4. Let (X, <) be a partially ordered set and G be a G-metric on X
such that (X, G, <) is reqular. Suppose that F: X x X — X and g: X — X are
self mappings on X such that F' has the mixed g-monotone property on X such that
there exists two elements xo,yo € X with g(xo) = F(zo,y0) and g(yo) = F(yo, o).
Suppose that there exists k € [0,1) such that (3.22) satisfies for all x,y,u,v,w,z € X
with gz = gu = gw and gy = gv = gz. Further suppose that F(X x X) C g(X) and
(9(X),G) is a complete G-metric. Then there exists x,y € X such that F(x,y) =
g(z) and gy = F(y, ).
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Now, we shall prove the existence and uniqueness of a coupled common fixed
point.

For this purpose, if (X, <) is a partially ordered set, then we endow the product
space X x X with the following partial order relation:

for (z,y), (u,v) € X x X, (u,v) 2 (2,y) &z Ju,y = 0.

Theorem 3.3. In addition to hypotheses of Theorem 3.1, suppose that for every
(z,y) and (z,t) in X x X, there exists (u,v) € X x X such that (F(u,v), F(v,u)) is
comparable to (F(z,y), F(y,x)) and (F(z,t), F(t,z)). Then F and g have a unique
coupled common fized point, that is, there exists a unique (x,y) € X x X such that
r=gr=F(r,y) andy =gy = F(y,z).

Proof. From Theorem 3.1, the set of coupled coincidence points of F' and ¢ is non-
empty. Suppose that (z,y) and (z,t) are coupled coincidence points of F' and g,
that is, gx = F(x,y), gy = F(y,z), gz = F(z,t) and gt = F(t,z). We shall show
that gr = gz and gy = gt. By the assumption, there exists (u,v) € X x X such that
(F(u,v), F(v,u)) is comparable with (F(x,y), F(y,z)) and (F(z,t),F(t,z)). Put
ug = u, vg = v and choose uy,v1 € X so that gu; = F(ug,vg) and gvy = F(vg, ug).
Then, similarly as in the proof of Theorem 3.1, we can inductively define sequences
{gun}, {gvn} as gupy1 = F(un,v,) and guy11 = F(vp,uy,) for all n. Further, set
xo =2, Yo = Y, 20 = 2, to = t and on the same way define the sequences {gz,},
{gyn}, and {gzn}, {gtn}.

Since (F(.I,y),F(y,IE)) = (gxlvgyl) = (ng.gy)? (F(’LL, U),F(’U,u)) = (gulagvl)
are comparable, then gz > gu; and gy < gvi. Now, we shall show that (gz, gy)
and (guy, gv,) are comparable, that is, gz > gu, and gy = gv, for all n. Suppose
that it holds for some n > 0, then by the mixed g-monotone property of F', we have
Gunt1 = F(un,vn) 2 F(2,y) = gz and guyi1 = F(vn, un) = F(y,r) = gy. Hence
gz = gu, and gy = gu, hold for all n. Thus from (3.1), we have

(G (92, g7, guns1)) = G(G(F(z,y), F(2,y), F(un, vn)))

1
< §¢(G(gfﬂ,g$, gun) + G(9y, 9y, gvn))

L <G(g:c,gx,gun) —2# G(gy,gy,gvn)> (3.23)

and

gb(G(gy,gy,gvnH)) = ¢(G(F(ya$)>F(yax)7F(Umun)))
%cb(G(gy,gy, gun) + G(gz, gz, gun))

4 <G(gy,gy,gvn) ; G(gf”vgx’g“")) (3.24)

IA

From (3.23), (3.24) and properties of ¢ and 1, we have

#(G(gz, gz, guny1) + G(9y, 9y, gvny1)) < ¢(G(gz, gz, guny1)) + ¢(G(9y, 9y, gvni1))
< ¢(G(gz, gz, gun) + G(gy, gy, gvn)) — 24 (G(“’x’gm’g"")gG(gy’gy’gU”)

(3.25)
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which implies that ¢(G(gz, 97, gun+1) + G(9y, 9y, gvnt1)) < ¢(G(gx, gz, gus) +
G(9y, 9y, gvn)). Hence the sequence {6, := G(gz, gx, gu,) + G(g9y, gy, gv,)} is non-
negative and decreasing and so lim §,, = 4, for some § > 0.

We shall show that § = 0. On the contrary, assume that § > 0. From (3.25),
taking n — oo, we obtain

] G(gx, gz, gun) + G(9y, gy, gun
¢(5>§¢(5>_2ng%¢< (92,92, 9 )2 (9y,9Y,9 )) < 6(6),
which is contradiction. Thus, lim G(gz, gz, gu,) = 0 = lim G(gy, gy, gvy,). Similarly,
we can prove that lim G(gz, gz, gu,) = 0 = lim G(gt, gt, gv,,). Hence gx = gz and
gy = gt. Since gr = F(x,y) and gy = F(y,x), by the commutativity of F' and g,
we have

9(9(x)) = g(F(z,y)) = F(gz,gy), and g(gy) = g(F(y,x)) = F(gy,gz).  (3.26)
Denote gz = p and gy = q. Then gp = F(p,q) and gq = F(q,p). Thus (p,q) is
a coupled coincidence point. Then from (3.26), with z = p and t = ¢, it follows
gp = gr and gq = gy, that is, gp = p and gg = ¢q. Hence p = gp = F(p,q) and
q = gq = F(q,p). Therefore, (p,q) is a coupled common fixed point of F' and g.

To prove the uniqueness, assume that (r, s) is another coupled common fixed
point. Then by (3.26), we have r = gr = gp = p and s = gs = gq = ¢q. Hence we get
the result. O

Example 3.1. Let X = [0,+00) be endowed with usual metric, and with usual
order in R. Consider the function

G: [0,400)> = [0,4+00), G(z,y,2) =max{|z —y|,|z — 2|, |y — 2|}.
It is known that (X, G) is a G-metric space (see [22]). Define
1,2 _ .2
. — 2. . — Z(x -y )7 Ty
g: X=X, glx)y=z* F:XxX-—>X, F(z,y) { 0, z<y.

Then it is clear that (g(X),G) is complete, F': X x X — X C g(X) = X, and F
has the g-monotone property. Moreover, taking xgp = yo = 0, then zg < F(x0,yo)
and F(yo, zo) < yo-

Consider ¢(t) =t and 9 (t) = & for all t > 0. Now, we verify inequality 3.1,

-2
G(gx, gu, gw) + G(gy, gv, 92)>

1
§¢(G(g:ﬂ, gu, gw) + G(gy, gv, gz)) — ( 5

1
= pomax{|a® —u?|, 2% — w?|, [ = w?[} + max{ly® — *, |y* — 2°|, [v* = 2*[})

_w(maxﬂlj — ’U,QI, ’xQ — w2|7 |U2 — U}2|} —l—max{\gf - UQ’: ‘y2 - Z2|) |U2 — 22‘}>
2

1
= gmax{|a? — |, ]2* — w?|, [u? — W[} + max{ly* — o[, [y* - 2%, [v* - 2*|}]

_Z[maxﬂlj - U2|, ‘:EQ - ’UJ2|, |’LL2 - w2|} +max{|y2 - fUQ‘v |y2 - Z2|, |02 - 22|}]

1
= Z[max{leQ —u?],|2* — w?|, [0 — w?|} + max{|y® — 7|, |y* - 22|, [v® = 2*[}].
By definition of g, we shall prove that (3.1) holds for all z,y,u,v,w,z € X

with £ <wu < w and z < v < y. For this, we distinguish the following cases:
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Case 1. If z < y, u < v, and the case when w < z, (3.1) is obvious, so let
w > z. It follows

2 .2 2 .2
GUF (), F(u,0), Fw,2)) = & (0,0, 21 = 22
1
< Z[ma‘x{‘lz - U2|, |SC2 - U}2|7 |U2 - w2‘} —|—max{]y2 - /U2|7 ’y2 - 22‘7 |’U2 - 22’}]‘
CaAsSE 2. If x <y and u > v, then z < v <u < w, so w > z. We have
2,92 .2 2 2 2
G(F(x,y),F(u,v),F(w,z)) :G<07u 4 ! 7w 4 & ) - v 4 &
1
< Z[max{\ﬁ — |, [0 — w?|, Ju® — w?[} + max{|y® — v, [y* — 27|, [v® — 2*[}].

CASE 3. If x > y, in this case, we have z < v <y < x < u < w. So, we obtain

2 .2 .2 92 2 2
GF(w,y). Flu,v), F(w,2)) = 6 (= == =)
:chyQ w2 — 2 foyé‘ w? — 221 w2 — 02 w?— 2
[ L [ e
2 4w2—22 4 4 4 4 4
I
< Z[ma‘x{‘lz —U2|, |SC2 - U}2|7 |U2 _w2‘} —|—max{]y2 _/U2|7 ’y2 - 22‘7 |’U2 - 22’}]‘

In all the cases, inequality (3.1) of Theorem 3.1 is satisfied. Hence by Theorem
3.1, (0,0) is coupled coincidence point. Indeed, for x > y, F(y,x) = 0 and since
F(y,z) = g(y), we have g(y) = 0. Then F(z,0) = g(z) implies z = 0.

Other consequences of our results are the given in the following, for mappings
involving contractions of integral type.

Denote by A the set of functions p: [0,00) — [0, 00) satisfying the following
hypotheses:

(h1l) p is a Lebesgue-integrable mapping on each compact of [0, 00);

(h2) for any € > 0, we have [; u(t) > 0.

Corollary 3.5. Let (X, =) be a partially ordered set and G be a G-metric on X
such that (X, G) is a complete G-metric space. Suppose that F: X x X — X and
g: X — X are continuous self mappings on X such that F' has the mized g-monotone
property on X such that there exists two elements xo,yo € X with g(xo) = F(xo,yo)
and g(yo) = F(yo, o). Suppose that

a(s)ds < a(s)ds

/G(F(x,y)aF(uw),F(w,Z)) /é[G(gx,gu,gw)+G(gy,gv,92)]

0 0

[ G(9z,9u,9w)+G(9Y,9v,92) ]
2

- /0 B(s)ds,

hold for all z,y,u,v,w, z € X with gr = gu = gw and gy < gv < gz, where a,, 5 € A.
Further suppose that F(X x X) C g(X) and g commutes with F. Then there exists
x,y € X such that F(x,y) = gz and gy = F(y,x), that is, F and g have a coupled
coincidence point (r,y) € X x X.
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Corollary 3.6. Let (X, =) be a partially ordered set and G be a G-metric on X
such that (X, G) is a complete G-metric space. Suppose that F: X x X — X and
g: X — X are continuous self mappings on X such that F' has the mized g-monotone
property on X such that there exists two elements xo,yo € X with g(xo) = F(xo,yo0)
and g(yo) = F(yo, o). Suppose that there exists k € [0,1) such that

/G(F(xﬁy)»F(u,v)yF(wyz))

a(s)ds < k

[G(g7,9u,q9w)+G(gy,9v,97)]
/ a(s)ds

0 0
for all x,y,u,v,w,z € X with gx > gu > gw and gy = gv =< gz, where o € A.
Further suppose that F(X x X) C g(X) and g commutes with F. Then there ezists
z,y € X such that F(x,y) = gz and gy = F(y,x), that is, F' and g have a coupled
coincidence point (xz,y) € X x X.
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