U.P.B. Sci. Bull., Series A, Vol. 77, Iss. 1, 2015 ISSN 1223-7027

SEVERAL ITERATIVE ALGORITHMS FOR THE MULTIPLE-SETS
SPLIT EQUALITY PROBLEM

Junlei Li', Rudong Chen 2

Very recently, A. Moudafi and C. Byrne proposed the split equality problem
(SEP), and established several iterative algorithms for solving the SEP. In this paper, we
consider the multiple-sets split equality problem (MSSEP) which generalizes the multiple-
sets split feasibility problem (MSSFP) and the SEP. Some iterative algorithms for solv-
ing the MSSEP are proposed in this paper. Two main ideas are stated for solving the
MSSEP. On one hand, the MSSEP is transformed to a problem that obtain a common
fized point of finite averaged mappings; on the other hand, the MSSEP is proved to be
equivalent to an optimization problem.

Keywords: Multiple-sets split equality problem; Split feasibility problem; Averaged
mapping ; Fixed point; Optimization problem

1. Introduction

Let Hy, Ho, H3 be real Hilbert spaces, let {C;}{_; C Hi, {Q;};_; C Ha be nonempty
closed convex sets, let A: Hy — Hs, B: Hy — Hj3 be two bounded linear operators. The
multiple-sets split equality problem (MSSEP), proposed and studied here, is

t T
to find x € ﬂ Ciandy € ﬂ Q; such that Az = By. (1.1)
i=1 j=1
When B = I, the MSSEP reduces to the multiple-sets split feasibility problem
(MSSFP), and if we take t = r = 1, the MSSEP becomes the split equality problem (SEP).
What’s more, if we take B = I and t = r = 1, the MSSEP becomes the split feasibility
problem (SFP) proposed by Censor and Elfving [4]. For information of the SFP and MSSFP,
please see [4-20]; For information of the SEP, please see [1-3].
Let Hyi, Hy, H3 be real Hilbert spaces, let C C Hy, @ C Hy be two nonempty closed
convex sets, let A: Hi — Hs, B: H, — H3 be two bounded linear operators. The SEP
proposed by Moudafi [1,2] is that

to find x € C, y € Q such that Az = By; (1.2)

For solving the SEP, A. Moudafi proposed the alternating CQ-algorithms (ACQA)
in [1] and the relaxed CQ-algorithm (RACQA) in [2]; For solving the approximate split
equality problem (ASEP), C. Byrne proposed a simutaneous iterative algorithm (SSEA),
the relaxed SSEA (RSSEA) and the perturbed version of the SSEA (PSSEA) in [3].
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In this paper, we propose and study the MSSEP which generalizes the MSSFP and the
SEP. Some iterative algorithms for solving the MSSEP are proposed and we will establish
their convergence.

2. Preliminaries

Let H be a real Hilbert space with inner product (-,-) and norm || - ||, respectively,
and let K be a nonempty closed convex subset of H. Recall that the projection from H
onto K, denoted Pk, is defined in such a way that, for each x € H, Pgx is the unique point
in K with the property

|2 = Prea|| = min{[lz —y : y € K}.
The following important properties of projections are useful to our study.
Proposition 2.1. Given x € H and z € K.
(a) z = Pgx if and only if (x — 2,y — 2) <0, Vy € K.
(b) (Pxu — Pgv,u —v) > ||Pxu — Pgv||?, Vu,v € H.
Definition 2.1. A mapping T : H — H is said to be:
(a) nonexpansive if

Tz — Tyl < ||z —yl,Vz,y € H;

(b) firmly nonexpansive if 27" — I is nonexpansive, or equivalently,

(Te —Ty,x —y) > ||Tx—Ty||2,Va:,y € H;

alternatively, T is firmly nonexpansive if and only if 7" can be expressed as

T %(I+S),

where S : H — H is nonexpansive. It is well known that projections are nonexpansive
and firmly nonexpansive.

Definition 2.2. Let T be a nonlinear operator whose domain is D(T) C H and
whose range is R(T) C H.

(a) T is said to be monotone if

(Tx —Ty,x —y) > 0,Ve,y € D(T).
(b) Given a number 3 > 0, T is said to be -strongly monotone if

(Tx = Ty,x —y) > Bllz — y|*, Y,y € D(T).

(¢) Given a number v > 0, T is said to be v-inverse strongly monotone (v — ism) if

(T — Ty, — y) > vl|Te — Ty|]?, Yz, y € DT),
(d) Given a number L > 0, T is said to be L-Lipschitz if

| To =Ty ||[< Ll z—yl,vz,y € D(T).
It is easily seen that projections are 1-ism.

Definition 2.3. A mapping T: H — H is said to be an averaged mapping if it can
be written as the average of the identity I and a nonexpansive mapping, that is,

T=(1-a)l+as,
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where a € (0,1) and S: H — H is nonexpansive. In this case, we also say that T is
a-averaged. Averaged mappings are nonexpansive, projections are averaged.

Proposition 2.2 ([6]). We have the following assertions:

(a) T is nonexpansive if and only if the complement I — T is 3-ism.

(b) If T is v-ism and 7 > 0, then 7 is %—ism.

(¢) T is averaged if and only if the complement I — T is v-ism for some v > % Indeed,
for € (0,1), T is a-averaged if and only if I — T is 5—-ism.

(d) If T1 is ag-averaged and Ts is ag-averaged, where aq,as € (0,1), then the com-
posite 7175 is a-averaged, where a = a1 + ag — a1 as.

Lemma 2.1. Suppose T: C — C' is nonexpansive with a fixed point, where C is a
closed convex subset of a Hilbert space. Define the sequence {z,,} be generated by Mann’s
algorithm:

Tnt1 = (1 —ap)zy + @pnTxy, n>0 (2.1)
if >°0° (1 — @) = oo, then the sequence {z,} generated by (2.1) converges weakly to a
fixed point of T'.
Lemma 2.2. Suppose T: C — C is nonexpansive with a fixed point, where C' is a
closed convex subset of a Hilbert space. Define the sequence {x,,} be generated by Halpern’s
algorithm:

Tne1 =tpu+ (1 —t,)Txy, n>0 (2.2)

where u, xg € C. Assume the following conditions are satisfied

() limp 00 £ = O;

(i1) 3o tn = 00;

(493) Done o | tng1 — ty |[< 00 or limy, oo (En /tny1) = 1.

Then the sequence {z,,} generated by (2.2) converges strongly to the projection of u
onto the fixed point set of T

Lemma 2.3 ([11]). Let f: H — R be a continuously differentiable function such that
the gradient V f is Lipschitz continuous

IVi(@) =Vl < Lz —yl, =,y € H.

Assume the minimization problem

min{f(z): 2z € K} (2.3)
is consistent, where K is a closed convex subset of H. Then, for 0 < v < 2/L, the sequence
{zn} generated by the gradient-projection algorithm

Tnt1 = Pr(2n =7V f(24)) (2.4)
converges weakly to a solution of (2.3).
Lemma 2.4 ([26]). Let H be a real Hilbert space. Then, Vz,y € H and VA € [0, 1],

Az + (1= Nyll* = All® + (1 = Nyl = M1 =Nz =yl
Lemma 2.5 ([27]). Let K be a nonempty closed convex subset of a real Hilbert space
H. Let {x,} be a bounded sequence which satisfies the following properties:
(i) every weak limit point of {z,} lies in K;
(i7) limy,— o0 ||n, — || exists for every x € K.
Then {x,} converges weakly to a point in K.
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Lemma 2.6 ([6]). If T is an averaged mapping in a Hilbert space with a fixed point,
then, for every x, the sequence of iterates of T' at x, {T™x}, converges weakly to a fixed
point of T

3. Iterative methods for the MSSEP

Let S = C x Q. Define

We have the following proposition.

Proposition 3.1. w* solves the SEP (1.2) if and only if w* solves the fixed point
equation Ps(I —yG*G)w* = w*(y > 0).

Proof. If the SEP is consistent, it can now be reformulated as

finding w* € S with minimizing the function |Gw|| over w € S,

if and only if w* € S satisfies the variational inequality

(w—w*,G*Gw*)y >0, Yw € 5,

We can rewrite the above variational inequality as, for any v > 0

(w—w",w* — (W —yG*Guw™*)) >0, Yw € S,
if and only if

Ps(w* — vG*Guw™) = w*.
Next we will state the idea for solving the MSSEP.

Without loss of generalization, suppose t > r in (1.1), we can define Q41 = Q42 =
-+ = Q¢ = Hs. Then the MSSEP (1.1) is equivalent to the following problem:

t t
to find x € ﬂ C;and y € ﬂ Q; such that Ax = By. (3.1)

i=1 j=1
Proposition 3.2. w* solves the MSSEP (1.1) if and only if

¢
w* € () Fiz(Ps,(I = 1G*@)),
i=1
where F'iz(T) denote the fixed point set of T', and S; = C; x @; (i=1,2,...,t).
Proof. Assume that
=
w = *
Y

solves the MSSEP (1.1), by the equivalent definition (3.1) of the MSSEP, for any 1 <14 < ¢,
we have z* € C;, y* € @Q; and Az* = By*. By proposition 3.1, for any 1 < i < ¢,
w* € Fiz(Ps,(I —vG*@)). So w* € ._, Fiz(Ps,(I —vG*G)).
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Now we assume that w* € ('_, Fiz(Ps,(I — yG*G)), for any 1 < i < t, we have
w* € Fix(Ps,(I — yG*@G)). By proposition 3.1, for any 1 < i <t, 2* € C;, y* € @Q; and
Ax* = By*. Hence z* € n§:1 Ci, y* € ﬂz:1 Q; such that Az* = By*, in other words,

[
w = *
Y
solves the MSSEP (1.1). The proof is complete.

By proposition 3.2, to obtain a solution of the MSSEP (1.1), we have to search for a
common fixed point of the operators {T;}!_,, where T; = Pg, (I —vG*G) (i=1,2,...,t). Since
G*G is ||G||*-lipschitz, G*G is 1/||G||* — ism, by proposition 2.2 (b), yG*G is 1/(v||G|]?) —
ism. Hence by proposition 2.2 (c), when 0 < v < 2/||G||?, I —vG*G is (7||G||?)/2—averaged,
where 0 < (7]|G||?)/2 < 1. What’s more, we know that Ps, is averaged, so the composite
Ps, (I — vG*@) is also averaged by proposition 2.2 (d).

Through the analysis above, we have to search for a common fixed point of the
averaged mappings {T;}!_,. Since Fiz(T;) (i=1,2,...,t) is convex, we can see this problem
as a convex feasibility problem.

First we propose a fully sequential iterative algorithm which generates a sequence

{w,} by

W1 = Ps,, ., (I =7G*G)w,, n >0 (3.2)

where the initial guess wy € Hy x Hy and m(n) = n mod ¢ +1.

Theorem 3.1. Assume the MSSEP (1.1) is consistent and 0 < v < 2/||G||?. Then
the sequence {w,} generated by (3.2) converges weakly to a solution of the MSSEP (1.1).

Proof. Since, for each 1 < i < t, T; = Ps,(I — vG*G) is averaged, there exist
a; € (0,1) and nonexpansive mapping N; such that 7; = (1 — a;)I + «;N;. Thus, the
algorithm (3.2) can be written as

Wp41 = (]. — am(n))wn + am(n)Nm(n)wny n>0

where m(n) = n mod ¢ +1 for all n. Let I" denote the solution set of the MSSEP (1.1) which
is the set of common fixed points of the mappings {71, T3, ..., T;} (and also of the mappings
{N1, Na, ..., Ni}). Take an arbitrary z € I" to deduce that (by lemma 2.4)

||wn+1_z||2 = (1_am(n)) ||wn_z|‘2+am(n) HNm(n)wn_ZHQ_am(n)(1_am(n)) Hwn_Nm(n)wnHQ

< Hwn - ZH2 - am(n)(l - O‘m(n))Hwn - Nm(n)wn”2-

However, a,n)(1 = Gmn)) > Qmin(l = Qmae) > 0, where ani = min{a; : 1 <id <
t} € (0,1) and Qumae = maz{a; : 1 <i <t} € (0,1). It follows that
e — N2 € s (i 2[2 = s — ).
amin(l - amax)
This implies that
limy, o0 ||wy, — || exists for all z € T'. (3.3)
Hence, {w,} is bounded and
nlgrolo lwn — Npmywnl| = 0. (3.4)
Since [[wyy1 — Wn |l = Q) |wn — N mywn ||, we obtain that
lm ||wp41 — wy|| = 0. (3.5)

n—00
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Since the family of nonexpansive mappings {Np,(,)} is finite, we get that (3.4) and
(3.5) are sufficient to imply that the weak w-limit set of the sequence {w,,} is contained in
the set of common fixed points of the mappings {N;}!_;; that is

Wy (wy,) C T (3.6)

By lemma 2.5, (3.3) and (3.6) imply that {w,} converges weakly to a member of I. The
proof is complete.
Remark 3.1. We can give an iterative algorithm like this

wnt1 = [Ps,(I =G G)|[Ps,_,(I =7G"G)] - - - [Ps, (I = 7G"G)wn, n >0 (3.7)

where the initial guess wg € Hy; X Ho.

Assume the MSSEP (1.1) is consistent and 0 < v < 2/||G||?. Then the sequence {wy, }
generated by (3.7) is a sub-sequence of the sequence generated by (3.2), so it converges weakly
to a solution of the MSSEP (1.1).

Second we propose a simultaneous algorithm as follows

¢
Wnp1 = Y AiPs, (I = 7G*G)wn, n >0 (3.8)
i=1

where the initial guess wg € H; X Hy, A; > 0 for all ¢ and Zle A = 1.

Theorem 3.2. Assume the MSSEP (1.1) is consistent and 0 < v < 2/||G||?. Then
the sequence {w,} generated by (3.8) converges weakly to a solution of the MSSEP (1.1).

Proof. Since each T; = Pgs,(I — vG*@G) is averaged, the convex combination S :=
Z:Zl AT is also averaged. Note that (3.8) can be written as wy, = S™wg. Hence, by lemma
2.6, the sequence {w,} generated by (3.8) converges weakly to a fixed point of S. But
Fix(S) = ﬂle Fixz(T;) is the solution set of the MSSEP (1.1). The proof is complete.

We can also use Mann’s iterative algorithm to solve the MSSEP (1.1):

Wpt1 = (1—ap)wp+a,[Ps,(I—vG*G)|[Ps,_, I—yG*G)]---[Ps, (I—vG* G)|wy, n >0 (3.9)

where the initial guess wg € Hy; X Ho.

Theorem 3.3. Assume the MSSEP (1.1) is consistent and the following conditions
are satisfied:

()0 < v < 2/|GI1%

(i6) Y521 (1 — ) = oo.

Then the sequence {w,} generated by (3.9) converges weakly to a solution of the
MSSEP (1.1).

Proof. By lemma 2.1, the sequence {w,} generated by (3.9) converges weakly to a
fixed point of

Ps,(I =7G*G)Ps, (I =7G*G) - -+ Ps, (I =7G*G),
which is exactly a common fixed point of {Ps, (I —yG*G)}!_,, by proposition 3.2, the proof
is complete.
The simultaneous algorithm (3.8) has also its Mann’s iterative form:

t
Wn+1 = (1 - an)wn + an Z)‘iPSz‘ (I - ’}/G*G)UI,“ n>0 (310)
i=1
where the initial guess wg € H; X Hy, A\; > 0 for all ¢ and 22:1 A= 1.
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Theorem 3.4. Assume the MSSEP (1.1) is consistent and the following conditions
are satisfied:

(1)0 < v < 2/||G)?;

(1) Ty (1 — o) = .

Then the sequence {w,} generated by (3.10) converges weakly to a solution of the
MSSEP (1.1).

Proof. Since each T; = Pg,(I — vyG*@G) is averaged, the convex combination S :=
22:1 AT is also averaged. By lemma 2.1, the sequence {w,, } generated by (3.10) converges
weakly to a fixed point of S, which is exactly a common fixed point of {T;}!_,. By proposition
3.2, the proof is complete.

Mann’s algorithm has only weak convergence in general, some modifications are
needed to obtain strong convergence, related information please see [21] and the reference
therein.

Halpern’s iteration is an important tool for obtaining a fixed point of nonexpansive
mappings because of its strong convergence.

Let {w,} be generated by the following Halpern’s iterative algorithm:

Wpy1 = tpu+ (1 —t,)Ps,, ., (I =G Glwp, n >0 (3.11)

where the initial guess wg € H; x Hy and m(n) =n mod ¢ +1.

We have the following result.

Theorem 3.5. Given u € Hy X Hy. Assume the MSSEP (1.1) is consistent, 0 < v <
2/||G||* and the following conditions are satisfied:

(0) limy,—y 00 t, = 0;

(i1) Zzo:o ln = 00;

(401) Yo" o |ttt — tn |< 00 Or limy, o0 (En/tnte) = 1.

Then the sequence {w,} generated by (3.11) converges strongly to a solution of the
MSSEP (1.1) which is nearest to « from the solution set of the MSSEP (1.1). In particular,
if we take u = 0, then {w,, } converges strongly to the minimum-norm solution of the MSSEP
(1.1).

Proof. Since each T; = Ps, (I — vG*G) is averaged, the common fixed point set of
these mappings satisfies the property (proposition 2.2 [6]):

t
0 # (| Fia(T;) = Fie(T,Ty-1 -~ Th) = Fie(T\T, -+ Tp) = - - - = Fia(Ty-1 Tra - - T).

i=1

By theorem 4.1 of [23], the sequence {wy,} generated by (3.11) converges strongly to
the projection of u onto ﬂle Fix(T;), but ﬂle Fixz(T;) is the solution set of the MSSEP
(1.1). The proof is complete.

Theorem 3.6. Given u € Hy; X Hs. Assume the MSSEP (1.1) is consistent, 0 < v <
2/||G||? and the following conditions are satisfied:

() limp 00 £ = O;

(i) 3o tn = 00;

(493) Done o | tng1 — ty |[< 00 or limy, oo (En /tny1) = 1.

Define {w, } be generated by the algorithm

Wpt1 = thu+(1—1,)[Ps, I —vG*G)][Ps,_, [ —vG*G)]---[Ps, I —yG* Q) |wy, n > 0 (3.12)

where the initial guess wg € H; X Ho.
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Then the sequence {w,} generated by (3.12) converges strongly to a solution of the
MSSEP (1.1) which is nearest to « from the solution set of the MSSEP (1.1). In particular,
if we take u = 0, then {w,, } converges strongly to the minimum-norm solution of the MSSEP
(1.1).

Proof. By lemma 2.2, the sequence {w, } generated by (3.12) converges strongly to
the projection of u onto the fixed point set of

T=TTiy --Ty=Ps,(I —vG*G)Ps,_,(I —vG*G) - -- Ps,(I —vG* Q).

But Fiz(T) = ﬂ§:1 Fix(T;) is the solution set of the MSSEP (1.1). The proof is
complete.
The simultaneous algorithm (3.8) has also its Halpern’s iterative form:

t
Wnt1 = tati+ (1= 1) Y NiPs,(I = 7G*G)wy, n >0 (3.13)
i=1
where the initial guess wg € H; X Hy, A\; > 0 for all ¢ and Zle A= 1.

Theorem 3.7. Given u € Hy X Hy. Assume the MSSEP (1.1) is consistent, 0 < v <
2/||G||? and the following conditions are satisfied:

(1) limy,—y 00 t, = 0;

(i) o b = oo

(408) D o0" o | tng1 — ty [< 00 or limy o0 (En/tny1) = 1.

Then the sequence {w,} generated by (3.13) converges strongly to a solution of the
MSSEP (1.1) which is nearest to « from the solution set of the MSSEP (1.1). In particular,
if we take u = 0, then {w,, } converges strongly to the minimum-norm solution of the MSSEP
(1.1).

Proof. By lemma 2.2, the sequence {w,} generated by (3.13) converges strongly to
the projection of u onto the fixed point set of S := S>'_ \iPs, (I — vG*G). But Fiz(S) =
ﬂ§=1 Fix(Ps,(I —yG*Q)) is the solution set of the MSSEP (1.1). The proof is complete.

Recently, Halpern’s iteration has received much attention. Some good results that
use weaker condition to obtain strong convergence have been achieved. The following is an
example that gets rid of the condition (¢4¢) in theorem 3.6.

Define the sequence {wy,} generated by the formula

Wnt1 = tn (Au+(1=Nwy)+(1—t,) Ps,(I—yG*G) Ps, ,(I—yG*G)---Ps, (I —yG*G)wy, n > 0
(3.14)

where the initial guess wg € Hy x Ha, {t,} C [0,1] and A € (0,1).

Theorem 3.8. Given v € H; x Hy. Assume the MSSEP (1.1) is consistent, 0 <
v < 2/||G||* and {t,} satisfies (i) and (ii) stated in theorem 3.6, then the sequence {w,,}
generated by (3.14) converges strongly to a solution of the MSSEP (1.1) which is nearest
to u from the solution set of the MSSEP (1.1). In particular, if we take u = 0, then {w,}
converges strongly to the minimum-norm solution of the MSSEP (1.1).

Proof. By theorem 3.1 in [22], the sequence {w,} generated by (3.14) converges
strongly to the projection of u onto the fixed point set of

S:=Ps,(I —vG*G)Ps,_,(I —vG*G) - - - Ps, (I — vG*G)w,,.
But Fiz(S) = ﬂle Fix(Ps,(I —vG*G)) is the solution set of the MSSEP (1.1). The

proof is complete.
More information about Halpern’s iteration please see [22-25] and the reference therein.
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We can also transform the MSSEP (1.1) to an optimization problem.

Recall the equivalent definition (3.1) of the MSSEP (1.1), we have the following
proposition.

Proposition 3.3. Assume the MSSEP (1.1) is consistent, then w* solves the MSSEP
(1.1) if and only if w* solves the following optimization problem:

t
: 1 2, 1 2
mig 1(w) 5= 1Gul + 5 3 el e — (3.15)
where ) C H; x Hy is an additional closed convex set and «; > 0 for all 4.
Proof. Suppose that
w' =",
Yy

solves the MSSEP (1.1), by the equivalent definition (3.1) of the MSSEP (1.1), we know that
z*eCy,y" €Q;foranyi=1,2,...,t and Az* = By*. Sow™ € C; x Q; forany i = 1,2, ..., ¢t
and Guw* = 0, hence f(w*) =0. In other words, w* minimizes f(w) in €.
Now we assume that
=[]
wr =",
Y

solves the optimization problem (3.15), then f(w*) = 0. Sow* € C;xQ; forany i =1,2,...,¢t
and Gw* = 0, hence z* € C;, y* € Q; for any i = 1,2,...;t and Az* = By*. We get that
x* e ﬂz:l Ci,y* € ﬂzzl Q; and Az* = By*, by the equivalent definition (3.1) of the MSSEP
(1.1), w* solves the MSSEP (1.1). So we complete the proof.

By proposition 3.3, we formulate the MSSEP (1.1) as a minimization problem. An
additional condition like 2221 a; = 1 is sometimes very useful in practical application to
real world problems when «; are weights of importance attached to the constraints. But
this condition is not necessary for our analysis below.

The function

t
1 1
) = 316wl + 5 3 el P e -l
i=
is continuously differentiable with gradient given by

¢
Viw) =GGuw+Y_ ai(I - Po,xq,)w.
i=1
Due to the fact that I — P¢, x@, is (firmly) nonexpansive, we get that V f is Lipschitz
continuous with Lipschitz constant L = ||G||? + >_¢_, a;, thus the gradient-projection algo-
rithm (2.4) is applicable to solve the minimization problem (3.15). This method generates
a sequence {w, } via the procedure:

t
Wpt1 = Po{l —v[G"G + Z%‘(I — Pe, %)) wn, n>0 (3.16)
i=1

where the initial guess wg € H; X Hy, v > 0 is a parameter and a; > 0 for all 4.

By lemma 2.3, we immediately get the following convergence result.

Theorem 3.9. Assume the MSSEP (1.1) is consistent. If 0 < v < 2/(||G||* +
22:1 «;), then the sequence {w,} generated by the gradient-projection algorithm (3.16)
converges weakly to a solution of the MSSEP (1.1).

We can also use the fixed point method to solve the MSSEP (1.1).
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By proposition 3.3, we have the following result.
Proposition 3.4. Assume the MSSEP (1.1) is consistent, then w* solves the MSSEP
(1.1) if and only if w* solves the fixed point equation

¢
Po{l =~[G*G + ) oi(I = Po,xq,)}w = w. (3.17)
i=1
Proof. It is well-known that w* solves the minimization problem (3.15)
if and only if w* € Q satisfies the variational inequality

t
(w—w", [G*G+ Y ai(I = Pe,xq,)w") >0, Yw € Q,
i=1
We can rewrite the above variational inequality as, for any v > 0

t
(w—w*,w* = {w* = y[G*G+ > ai(l - Po,xq,)w'}) >0, Yw € Q,
=1

if and only if

t
Po{w* —4[G*G+ ) ai(I = Po,xq,)w*} = w*.
i=1
The proof is complete.
Through the analysis above, we can use the iterative algorithms that get a fixed point
of an averaged mapping to solve the MSSEP (1.1).
By lemma 2.6, define {w,,} be generated by Picard iteration:

¢

Wpt1 = Po{l —v[G"G + Z%‘(I — Pe, %)) wn, n>0 (3.18)

i=1
where the initial guess wg € Hy; X Hs, v > 0 is a parameter and «; > 0 for all i. Assume
the MSSEP (1.1) is consistent. If 0 < v < 2/(||G||> + S_t_; a), then the sequence {wy,}
generated by (3.18) converges weakly to a solution of the MSSEP (1.1). In fact, the algorithm
(3.18) is exactly the gradient-projection algorithm (3.16).
We can also use Mann’s algorithm to get a fixed point:

t
Wpy1 = (1 — an)wy, + oy Po{l —v[G*G + Z a;(I — Po,xq,))}wn, n>0 (3.19)
i=1
where the initial guess wg € H; X Hy, v > 0 is a parameter and a; > 0 for all 3.
By lemma 2.1 and proposition 3.4, we immediately obtain the following result.
Theorem 3.10. Assume the MSSEP (1.1) is consistent and the following conditions
are satisfied:
()0 < 7 < 2/(IGI? + X_, au);
(i1) Y5, (1 — ) = ox.
Then the sequence {w,} generated by (3.19) converges weakly to a solution of the
MSSEP (1.1).
If we use Halpern’s algorithm, we can obtain the strong convergence.
Define the sequence {w,} be generated by Halpern’s iteration:
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t
Wnt1 =t + (1= tn) Po{I = 7[G* G+ ai(I — Pe,xq,)]}wn, 1> 0 (3.20)

i=1

where the initial guess wy € H; x Hy, v > 0 is a parameter and «; > 0 for all i.

By lemma 2.2 and proposition 3.4, we immediately obtain the following theorem.

Theorem 3.11. Given u € H; X Hs. Assume the MSSEP (1.1) is consistent,
0<v<2/(|G|I?+ ', ) and the following conditions are satisfied:

(0) limy,—y 00 t, = 0;

(i3) D0 tn = 00;

(408) D0 o | tng1 =ty [< 00 or limy oo (tn/tny1) = 1.

Then the sequence {w,} generated by (3.20) converges strongly to a solution of the
MSSEP (1.1) which is nearest to « from the solution set of the MSSEP (1.1). In particular,
if we take u = 0, then {w,, } converges strongly to the minimum-norm solution of the MSSEP
(1.1).

4. Conclusions

In this paper, the MSSEP is proposed and some iterative algorithms are considered.
The MSSEP has abroad applicability in modeling significant real world problem.

In some cases, notably when the convex sets are not linear, the exact computation
of the projections onto convex sets calls for the solution of a separate optimization problem
for each projection. In such cases the efficiency of methods that use projections onto convex
sets is seriously reduced. Yang [7] proposed a relaxed CQ-algorithm where projections onto
convex sets are replaced by projections onto, well-defined and easily derived, half-spaces
that contain the convex sets, and are, therefore, easily executed. Our algorithm (3.16)
has also its relaxed version, more generally, it has its perturbed version which consists in
taking approximate sets that involve the p—distance between two closed convex sets. We
will discuss these techniques in another paper.
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