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STRONG PSEUDO-CONNES AMENABILITY
OF CERTAIN BANACH ALGEBRAS

A. Sahami', S. F. Shariati?, A. Pourabbas®

In this paper, we introduce a new notion of strong pseudo-Connes amenability
for dual Banach algebras. We study the relation between this new notion with classical
notions of Connes-amenability. Also we show that for every non-empty set I, M(C) is
strong pseudo-Connes amenable if and only if I is finite. We provide some examples of
dual Banach algebras and we investigate their strong pseudo-Connes amenability.
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1. Introduction and preliminaries

The concept of amenability for Banach algebras was first introduced by B. E. Johnson
[13]. A Banach algebra A is amenable if and only if there exists a bounded net (m,) in
A®A such that a - my — mg - a—0 and 74(my)a—a for every a € A. By removing the
boundedness condition in the definition of amenability, Ghahramani and Zhang introduced
the notion of pseudo-amenability [5]. That is a Banach algebra A is pseudo-amenable, if
there exists a net (m,) in ARA such that a - mg, — mg - a—0 and w4 (my)a—a for every
a €A

Recently Sahami et. al. introduced a notion of amenability, named strong pseudo-
amenability [14]. A Banach algebra A is called strong pseudo-amenable, if there exists a net
(mg) in (ARA)** such that

a-My —Mg-a—0, ary (my) =71 (ma)a—a (acA).

Mahmoodi introduced and studied the notion of pseudo-Connes amenability for dual Banach
algebras, see [9]. A dual Banach algebra A is called pseudo-Connes amenable if there exists

a net (m,) in A®A such that for every a € A, a-my —my - a K0 in (cwe(A®A)*)* and
AT gape(Ma,) YK ain A, see [9, Definition 4.1]. He showed that ¢!(N, max) is pseudo-Connes
amenable but it is not Connes amenable [9, Example 6.1].

Motivated by these considerations, we introduce a new notion of strong pseudo-Connes

amenability for dual Banach algebra which is weaker than Connes amenability but it is
stronger than pseudo-Connes amenability. Here is the definition of our new notion:

Definition 1.1. A dual Banach algebra A is called strong pseudo-Connes amenable, if there
exists a net (my) in (cwc(ARA)*)* such that

(i) a-me —mg - a LN (cwe(ARA)*)* and

Corresponding author, Department of Mathematics, Faculty of Basic Sciences Ilam University P.O. Box
69315-516 Ilam, Iran. E-mail: a.sahami@ilam.ac.ir

Faculty of Mathematics and Computer Science, Amirkabir University of Technology, 424 Hafez Avenue,
15914 Tehran, Iran. E-mail: f.shariati@aut.ac.ir

Faculty of Mathematics and Computer Science, Amirkabir University of Technology, 424 Hafez Avenue,
15914 Tehran, Iran. E-mail: arpabbas@aut.ac.ir

25



26 A. Sahami, S. F. Shariati, A. Pourabbas

(il) amowe(Ma) = Towe(Ma)a ain A,

for every a € A.

In Section 2, we investigate the relation between this new notion with the various
notions of Connes-amenability. The Banach algebra of I x I-matrices over C, with finite
/t-norm and matrix multiplication, is denoted by M;(C). Using [4, Proposition 3.6] and the
fact that M;(C) is biflat (see [10, Proposition 2.7]). Applying [4, Proposition 3.5] implies
that M;(C) is pseudo-amenable. So M;(C) is pseudo-Connes amenable for every index set
I. But in Section 3 we will show that M;(C) is strong pseudo-Connes amenable if and only
if I is finite. Also the set of all T x IT-upper triangular matrices, say UP(I, A) with finite
¢! norm and the matrix operations becomes a Banach algebra. We prove that UP(I,.A)
is strong pseudo-Connes amenable if and only if I is singleton and A is strong pseudo
Connes-amenable, provided that A is a dual Banach algebra which has a wk*-continuous
character. In section 4, we provide some examples of certain dual Banach algebras and we
study their strong pseudo-Connes amenability. For instance, we show that ¢!(N, max) is
strong pseudo-Connes amenable but it is not Connes-amenable.

Here first we recall some notations and definitions that we shall need in this paper.
The class of dual Banach algebras were introduced by Runde [11]. Let A be a Banach algebra
and let E be a Banach A-bimodule. An A-bimodule E is called dual if there is a closed
submodule E, of E* such that E = (E,)*. The Banach algebra A is called dual if it is dual
as a Banach A-bimodule. For a given dual Banach algebra A and a Banach A-bimodule F,
we denote by cwc(E), the set of all elements € E such that the module maps A — E;
a+ a-x and a — x-a are wk*-wk-continuous, which is a closed submodule of E. Since
owc(A,) = A, the adjoint of m4 maps A, into cwc(A®A)*. Therefore, 7% drops to an
A-bimodule morphism 7y : (cwe(ARA)*)* — A. A suitable concept of amenability for
dual Banach algebras is the Connes amenability. This notion under different name, for the
first time was introduced by Johnson, Kadison, and Ringrose for von Neumann algebras,
see [6]. The concept of Connes amenability for the larger class of dual Banach algebras
was later extended by Runde. For more details and the history of Connes-amenability, see
[11]. A dual Banach algebra A is called Connes-amenable if and only if A has a cwe-virtual
diagonal, that is, there exists an element M € (cwc(A®A)*)* such that a- M = M - a and
amywe(M) = a, for every a € A, see [12].

2. Strong pseudo-Connes amenability

In this section, we study the relation between the notion of strong pseudo-Connes
amenability with pseudo-Connes amenability and Connes-amenability.

Remark 2.1. Let A be a dual Banach algebra and let X be a Banach A-bimodule. Since
X**
owce(X*) is a closed A-submodule of X* and cwe(X*)* = swe(X) L we have a quotient

map q: X — owe(X™)*, where q(z7") = ™| 5pe(x+) for every x** € X**.

Proposition 2.1. Let A be a strong pseudo-Connes amenable dual Banach algebra. Then
A is pseudo-Connes amenable.

Proof. Since A is strong pseudo-Connes amenable, there exists a net (mg,)acr in (cwe(ARA)*)*
such that
wk™ wk*
a-meg—mg - a—0 aTgwe(Ma) = Towe(Ma)a — a  (a € A).

We denote inclusion map with i : AQA — (A®A)** and also we denote q : (ARA)** —
(cwe(ARA)*)* for the quotient map, as in Remark 2.1. Compose i with ¢ and by Goldstein’s
theorem, we obtain a continuous A-bimodule map 7 : AQA — (owc(A®A)*)* which has
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a wk*-dense range. So there exists a net (ug)sece in A®A such that wk*_hén ug = mg in
(cwe(ARA)*)*. Thus

wk*-lim wk*- lién(a ‘ug —ug - a) = wk*-lim(a - my —my-a) =0 in (cwe(ARA)*)*,

for every a € A. Since gy is wk*-continuous and the multiplication in A is separately
wk*-continuous [13, Exercise 4.4.1], we have

wk*-lim wk*- lién aTowe(us) = wk™-lim ameype(Mma) =a  in A. (1)

Let E = I x O be a directed set with product ordering which is defined by
(CV,B) SE (O/aﬁ/)@aéf alvﬁ S@I ﬂ/ (CV,O/ EIa ﬂ7ﬁ/ €®I)7

where ©7 is the set of all functions from I into © and 8 <g: 8’ means that 3(d) <g '(d) for

every d € I. Suppose that v = (o, 5,) and ny = ug. By iterated limit theorem [7, Page 69],

one can see that wk*-lima-ny — ny -a =0 in (cwc(ARA)*)* and wk*-lim amyype(n,) = a
gt Bt

in A. So by [9, Definition 4.3] A is pseudo-Connes amenable. O

Lemma 2.1. Let A be a commutative pseudo-Connes amenable dual Banach algebra. Then
A is strong pseudo-Connes amenable.

Proof. Let A be a pseudo-Connes amenable dual Banach algebra. Then there exists a net
(my) in A®A such that for every a € A, a-my — mgy - a 50 in (cwc(ARA)*)* and
aTowe(Ma) wK' 4 in A. Since A is commutative, Towe(Mea)a = aTowe(me). Hence A is
strong pseudo-Connes amenable. |

Proposition 2.2. Let A be a dual Banach algebra. If A is Connes-amenable, then A is
strong pseudo-Connes amenable.

Proof. Let A be a Connes-amenable Banach algebra. Then by [12, Theorem 4.8], there is
an element M € (cwe(A®A)*)* such that

a-M=M-a and mop.(M)a=a (a€A).

Since 7oy is an A-bimodule homomorphism, amywe(M) = Towe(M)a. So A is strong
pseudo-Connes amenable. O

Remark 2.2. Let A be a strong pseudo-Connes amenable dual Banach algebra. In the
Definition 1.1 if (my) is considered as a bounded net, then by Banach-Alaoglu theorem,

there is a wk*-limit point for the net (my). Let M = wk*-limm,. One can see that M s
(e}

a cwe-virtual diagonal for A. So A is Connes-amenable, see [12, Theorem 4.8].

Proposition 2.3. Let A be a dual Banach algebra. If A is strong pseudo-amenable, then
A is strong pseudo Connes-amenable.

Proof. Since A is strong pseudo-amenable, there exists a net (m,) in (A®.A)** such that

@ My — My -a— 0, ary(ma) =74 (Mma)a — a, (2)
for every a € A. Let m, = q(my), where q : (ARA)™ — (cwc(ARA)*)* is the quotient
map as in Remark 2.1. So a-my — Mg - a K0 for every a € A. Consider

(s Toweq(ma)) = (7" 4. (f), ¢(ma)) = (7" 4. (f), Ma)
= (T (f)sma) = (f, 74 (ma)),
for every f € A.. It follows that
Towed = Ty - (3)
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By (3) and (2), we have
wk*—lig[n AT owe(Ma) = wk™- lién AT oweq(Me) = wk*—lig[n am’y (my) = a,
and also
wk*- 1iorln Towe(Ma)a = wk™- lién Towed(Ma)a = wk™- 1iorln T (Ma)a = a.
Hence A is strong pseudo Connes-amenable. g

A dual Banach algebra A is called Connes biprojective, if there exists a bounded
A-bimodule morphism p : A — (cwc(A&A)*)* such that m,.0p = id . Shirinkalam and
Pourabbas in [16] showed that a dual Banach algebra A is Connes amenable if and only if
A is Connes biprojective and has an identity.

Proposition 2.4. Let A be a dual Banach algebra with a central approximate identity. If
A is Connes biprojective, then A is strong pseudo-Connes amenable.

Proof. Let (es) be a central approximate identity for A and let p : A — (cwc(ARA)*)*
be a bounded A-bimodule morphism such that 7wy 0 p = idg. Put my = p(e,). Since p
is a bounded A-bimodule morphism, one can see that a - m, = mq - a and amywe(Ma) =
Towe(Ma)a — a for every a € A. So A is strong pseudo-Connes amenable. O

Proposition 2.5. Let A and B be dual Banach algebras. Suppose that § : A — B is
a continuous epimorphism which is also wk*-continuous. If A is strong pseudo-Connes
amenable, then B is strong pseudo-Connes amenable.

Proof. Since A is strong pseudo-Connes amenable, there exists a net (mg,) in (cwc(ARA)*)*
such that )

rwc(ma)a 5 a, (1)
for every a € A. Define § ® § : ARA — BRB by 0 ® 0(z @ y) = 0(z) ® §(y), for every
z,y € A. One can see that §®6 is a bounded linear map. Also for each a € A and u € ARA,
we have

wk™
a-meg — Mg -a— 0, aﬂfwc(ma) =gt

0(a)- (0 ®0)(u) =(0x0)(a-u), (0 20)(u)-0(a)=(020)(u-a).
By [9, Lemma 4.4], we have
a (0207 (f) = (020701, 020 a=00)( @), ()
for every a € A and f € (B&B)*. So
(0 ® 0)*(cwe(BRB)*) C cwe(ARA)*. (6)
Define the map
V= ((090)|,pesen)-)"  (CW(ABA))" = (cwe(BB)*)*.
Set no = ¥(m,). Then (5) implies that for every a € A and T € cwe(B&B)*
(T, ¥(a-mq)) =0 0)(T),a-mqy) = (0 @6)(T) - a,mqy)
=((0®0)(T-0(a)),ma) = (0 ®0)" |, penen)- (T - 0(a)), ma)
= (T"-0(a), ¥ (ma)) = (T,0(a) - ¥(ma)),

The right action is similar, then we have ¥(m,, - a) = ¥(my,) - 0(a) for every a € A. Since ¥
is wk*-continuous,

li£n<T,9(a) ‘Mg — N - 0(a)) = li(En(T,!I/(a ‘Mo —Mg -a)) =0 (T € cwe(B&B)*).

Hence 6(a) no—nq-0(a) EL) By using the argument of as in the proof of [9, Proposition 4.5
(ii)] we have 72, .00®0(u) = ford, ., for every u € ADA. Since i : AQA — (cwc(ARA)*)*

ocwce)



Strong pseudo-Connes amenability of certain Banach algebras 29

is a wk*-dense range map, for each «, there exists (ug) in A®A such that wk*-lim ug =mq
[e3

in (cwc(A®A)*)*. The wk*-continuity of the maps 72, ., ¥, § and 74 . imply that

owce)

wac o¥(my) = wk*-lim wac o Lp(uﬁ) = wk*-lim 7Tawc o 0 ® 9(u5)

= wk*—liénﬂ o ﬂfwc(ug) =0orl, (Mma).

Since 6 is wk*-continuous, (4) follows that

0(a)r2, (F(ma)) = 72

ocwc owc

(¥(ma))6(a) 5 6(a).
So B is strong pseudo-Connes amenable. |

Corollary 2.1. Let A be a dual Banach algebra and let I be a wk*-closed ideal of A. If A
is strong pseudo-Connes amenable, then A/I is strong pseudo-Connes amenable.

Proof. Since I is wk*-closed, the quotient algebra A /I is dual with respect the predual tr
So we have the inclusion map i : I < A,. It follows that the quotient map ¢ : A — A/ is
wk*-continuous. By Proposition 2.5 the dual Banach algebra A/I is strong pseudo-Connes
amenable. ]

Lemma 2.2. Let A be a dual Banach algebra and ¢ € Ay« (A). If A is strong pseudo-
Connes amenable, then there is a net (ny) in A such that
ang — p(a)ng ELY 0, o(ng) =1 (a€A).
Proof. Since A is strong pseudo-Connes amenable, there is a net (m,) in (cwc(A®A)*)*
such that for every a € A
@ Mo —Ma a5 0, afowe(Ma) = Towe(Ma)a wh a.

Define 0 : A®A — A by 0(a ® b) = ¢(b)a for every a,b € A. It is easy to see that

a-0°(f) = p(a)0*(f), 0°(f)-a=0"(f-a) (acA feA), (7)
and also

(O(u), @) = (m(u), ) (ueARDA). (8)

Since ¢ is wk*-continuous, » € A,. So (7) implies that 6*(A.) C cwc(A®A)*. Define
= (0%|a.)" : (cwc(ARA)*)* — A. Set ny = 7(my,) for every . Thus by (7), we have

(ana, f) = (aT(ma), f) = (T(ma), [ - a)
= (ma, 0°(f - a)) = (ma, 07(f) - a) (9)
= {a-ma, 0% (f)),
for every a € A and f € A.. Also
(pla)na, ) = (T(ma), p(a) f) = (ma, 0" (p(a) f)) = (Mma, p(a)07(f))
= (Ma,a-0°(f)) = (Ma - a,0°(f)).

Since lim{a - mq — My, - a,0*(f)) = 0, by (9) and (10) we have an, — p(a)ng B . Using

the Goldstein’s Theorem for every u € (cwc(A®A)*)* there exists a net (z,) in A®A such
that wk*-limz, = u in (cwc(ARA)*)*. One can see that Tyye(u) = wk*- 1M Tyye(Ts) =
« «

(10)

wk*-lim7(zq) and 7(u) = wk*-lim 7(x,) = wk*-lim 6(x4). So by (8) we have (¢, Towe(u)) =
lim(p, w(za)) = lim{p, 0(2q)) = (¢, 7(u)). Then

(s Towe(ma)) = (¢, 7(ma)), (11)

for all a.. Since ¢ is wk*-continuous, ¢ € A.. Therefore p(myue(Mma))p(a) = ¢(a). Thus
P(Towe(Mma)) = 1in C. By (11), p(na) — 1. 0
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Remark 2.3. Note that in the proof of Lemma 2.2 with the same conditions, if we define
0:ARDA — A by 0(a®b) = ¢(a)b for every a,b € A, then there exists a net (ng) in A such

that naa — p(a)ng ELY 0, ong) =1 (a€A).

3. Some applications for matrix algebras

Following [3], let A be a Banach algebra. Suppose that I and J are arbitrary non-

empty sets. Let P be a J x I matrix over A such that | Pl = sup{||P;:|l :j € J,i € I} <1.
The set of all I x J matrices over A with finite £!-norm and product XY = X PY is a Banach
algebra, which is denoted by LM (A, P) and it is called the /!-Munn I x J matrix algebra
over A with sandwich matrix P.
We recall that M;(C) the Banach algebra of I x I-matrices over C, with finite ¢*-norm
and matrix operations, is a dual £!-Munn algebra [17]. Note that for a Banach algebra A,
the map 6 : M;(A) — A ®, M;(C) defined by 6(a;;) = >, a;; ® E;; is an isometric
isomorphism, where E;; are the matrix units.

i,j€1

Theorem 3.1. Let I be a non-empty set. Then My(C) is strong pseudo-Connes amenable
if and only if I is finite.

Proof. Let A = M;(C) be strong pseudo-Connes amenable. Then there exists a net (mg,)
in (cwe(A®A)*)* such that

a-Mg — Mo - Q whky 0, amowe(Ma) = Towe(Ma)a whky a, (12)

for every a € A. Set eq = Towe(Mma). Clearly (eq) is a net in A = M;(C) = C ®, M;(C)

such that ae, = eqa and ey a % a for each a € A. Then e, = Zz’jel aE?) ® E; ; where
(aij) is a net in C such that >, ;- [a; ;| < co. Define Fj; = 1® Ej;. Since e, commutes

with each element of A, for each k,l and « in I we have Fye, = e, Fy;. It follows that
S o @By =Y dY9E), (acl). (13)
jer el

Suppose that k and [ are two different elements of I. Applying (13) gives that al(,’:) = 0.

Also it follows that al(la) = a,(cc,;). We claim that I is finite. We assume in contradiction that
I is infinite. Since ) ;. ; |a§?)| < oo and al(la) = agz), we have aE?) =0, for each 7,5 and «

in I. Thus e, = 0. But e a LN a, follows that a = 0 for all a € A which is a contradiction.
Conversely, if I is finite, then A is Connes amenable [8, Theorem 3.7]. So by Propo-
sition 2.2, A is strong pseudo-Connes amenable. O

Remark 3.1. In the previous Theorem, we give a pseudo-Connes amenable Banach algebra
which is not strong pseudo-Connes amenable. Indeed Ramsden in [10, Proposition 2.7]
showed that M(C) is biflat. Since M(C) has an approzimate identity(see [4, Proposition
3.6]), by [4, Proposition 3.5] M;(C) is pseudo-amenable. So M;(C) is pseudo Connes-
amenable for each index set I. But if I is infinite, by previous Theorem My(C) is not strong
pseudo-Connes amenable.

Let A be a dual Banach algebra and let I be a totally ordered set. Then the set
of all I x [-upper triangular matrices with the usual matrix operations and the norm ||

[aijlijer |I= .ZI | a;; ||< oo, becomes a Banach algebra and it is denoted by
%,J€
UP(I,A) ={[ ai; ]i,jel;ai’j € Aand a;; =0 for every i > j}.

Authors showed that UP(I,A) is a dual Banach algebra, see [15, Theorem 3.1].
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Theorem 3.2. Let A be a dual Banach algebra with ¢ € Ay« (A) and let I be a totally
ordered set with smallest element. Then UP(I,.A) is strong pseudo-Connes amenable if and
only if A is strong pseudo-Connes amenable and |I| = 1.

Proof. Let UP(I, A) be strong pseudo-Connes amenable. Assume that iy be a smallest
element and ¢ € Ayy+(A). We define a map ¢ : UP(I,A) — C by [a;]; ;o7 — ¢(ig,io)
for every [a;;]; jc; € UP(I,A). We claim that ¢ € Ayy-(UP(I,A)). Suppose that (Xq)

is a net in UP(I,A), where X, = [aﬁj] for every o and X = [a; ;] be an element

igel ijel
in UP(I,A) such that X, YK X. For an arbitrary f € Ay, let F' be a matrix with f
in (ig,40)-th position and 0 elsewhere. So F € UP(I,A). and (F,X,) — (F,X). Then
wk*

o . . . o . . .
(frag i) — (f@ip.ip). Since f is an arbitrary element, af ; = a4, in A. Since ¢ is

wk*-continuous, p(af ;) — ¢(ai,,i,). By Lemma 2.2 and Remark 2.3, there exists a net
(ng) in UP(I, A) such that noa—¥(a)ng ELY 0, Y(ng) =1 (a€UP(,A)). Following
the arguments in the proof [14, Theorem 3.1], suppose that J = {[am]i’jel e UP(I,A) |
aij =0 Vi # ip}. One can see that J is a wk*-closed ideal in UP(I,A) and |; # 0.
Consider jy € J such that ¥(jo) = 1. Let m, = jona. Since the multiplication in UP(I, A)
is separately wk*-continuous [13, Exercise 4.4.1], we may assume that (m,) is a net in J
such that

wk*

maa — Y(a)my — 0, (me) =1 (a€ld). (14)
i0do Qig,i
Suppose that |[I| > 1 and m, has a form 0 0 .- |, for some nets (a ;)

in A. So ¢(ag ;) = ¥(ma) — 1. Consider z € A such that ¢(z) = 1. Let a =
0 = O .
0 0 0 - ] €J. Since ¢(a) = 0, (14) implies that mqa K0, A simple cal-

0T wk 0. Since @ is wk*-continuous, gp(af;yio) = w(a%’io)go(z) =
¢(ag ;,)—0, which is a contradiction. So |I| = 1 and A = UP(I, A) is strong pseudo-
Connes amenable.

Converse is clear. O

culation follows that a*

4. Examples
Example 4.1. Consider the Banach algebra (* of all sequences a = (a,) of complex numbers
with |la]] = > |an| < 0o, and the following product
n=1
[ a(1)b(1) if n=1
(axb)(n) = { a(1)b(n) + b(D)a(n) + a(n)b(n) if n>1

for every a,b € (1. It is easy to see that A(LY) = {o1} U {1 + ¢n : n > 2}, where
on(a) = a(n) for every a € £*. We claim that (¢*, %) is a dual Banach algebra with respect
to co. We show that cg is an £*-module with dual actions. In fact we have

S a(k)A(k) if n=1

a-An)=1< i=
(a(l) +a(n))A(n) i n>1,
for every a € £* and X\ € cy. Since \ vanishes at infinity and supla(n)| < oo, one can see

n
that a - X vanishes at infinity. Similarly the right action is also vanishes at infinity. So cgy
is a closed (*-submodule of {>*. We claim that £' is not strong pseudo-Connes amenable.



32 A. Sahami, S. F. Shariati, A. Pourabbas

Suppose conversely that (' is strong pseudo-Connes amenable. Since 1 is wk*-continuous,
by Lemma 2.2 there is a bounded net (my,) in £* such that

a*me — wl(a)maw—k;O and  @1(my) — 1 (ac ). (15)

Choose a = &, in £*, where n > 2. So ©1(8,) = 0. (15) implies that 6, *maw—k*)O in f*. One
can see that 6, x my = (M (1) + my(n))d,. Consider §,, as an element in ¢y, where n > 2.

So im(dy, 0y, * mg) = limmg (1) + me(n) = 0. Since limm, (1) = 1 and limm,(n) = —1
for every n > 2, we have sup||my|| = oo, which contradicts with the boundedness of the net
(Ma).

Example 4.2. We give a strong psuedo-Connes amenable Banach algebra which is not
Connes amenable.

Let S = N be the set of natural numbers with the binary operation (m,n) ——
max{m,n}, for every m and n in N. Then S is a weakly cancellative semigroup, that is,
for every s,t € S the set {x € S : sz =t} is finite. So £*(S) is a dual Banach algebra with
predual co(S), see [1, Theorem 4.6]. By [9, Example 6.1], ¢1(.S) is pseudo-Connes amenable.
Since 01(S) is commutative, by Lemma 2.1 it is strong pseudo-Connes amenable. But £*(S)
is not Connes amenable, see [2, Theorem 5.13].
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