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In this paper we introduce and study the concept of approximate amenability
(contractibility) modulo an ideal of Banach algebras. Based on the obtained results, we
prove that the weighted semigroup algebra ℓ1(S, ω) is approximately amenable modulo an
ideal if and only if S is amenable and ωσ is diagonally bounded where ωσ is the induced

weight on S/σ for the least group congruence σ on S.
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1. Introduction

The notion of approximate amenability of Banach algebra was introduced by Ghahra-
mani and Loy in [6]. The structure of approximately amenable (contractible) Banach alge-
bras is considered in [6] through different ways. It is shown two concepts of approximately
amenable and approximately contractible for Banach algebras are equivalent and the group
algebra L1(G), where G is a locally compact group, is approximately amenable (contractible)
if and only if G is amenable. For a discrete semigroup S, the necessary and sufficient condi-
tions for approximately amenable (contractible) of the semigroup algebra l1(S) is quite more
complicated. It has not been explored when l1(S) is approximately amenable. For discrete
semigroup S, it has been shown that if l1(S) is approximately amenable, then S is regular
and amenable [7], and if S is right cancellative semigroup such that l1(S) is approximately
amenable then S is an amenable group and l1(S) is amenable [11]. To see some remarks of
approximate amenability of Banach algebras see [2, 3, 7, 11, 9].

The concept of amenability modulo an ideal for the l1- semigroup algebra was intro-
duced by the first author and M. Amini in [1]. The effect is to gather up the non-group
structure into a congruence and its corresponding ideal and establish some analogue of
Johnson’s theorem on groups and their l1-algebras. Following up some basic properties of
amenability modulo an ideal, contractibility modulo an ideal of Banach algebras and their
applications for semigroup algebras were studied in [13].

This paper is organized as follows: in section 2, we give some preliminaries. In
section 3, we study basic properties of approximately amenable (contractible) modulo an
ideal of Banach algebras. Among other results, we give a characterization of approximately
amenable (contractible) modulo an ideal of Banach algebras in terms of the existence of
a bounded approximate diagonal modulo an ideal of A. Finally, in section four, using
the obtained results we investigate approximately amenable modulo an ideal of weighted
semigroup algebras l1(S, ω) for a large class of semigroups. As an interesting result we show
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that l1(S, ω) is approximately amenable modulo an ideal if and only if S is amenable and
Ωωσ is bounded where Ωωσ is the symmetrization of the induced weight ωσ on S/σ and σ is
the least group congruence on semigroup S.

2. Preliminaries

For a Banach algebra A, letX be a Banach A-bimodule. A linear mappingD : A→ X
is said to be a derivation if D(ab) = a · D(b) + D(a) · b (a, b ∈ A). A derivation D
is said to be inner (approximately inner) if there exists x ∈ X ((xα)α ⊆ X) such that
D(a) = a.x − x.a (D(a) = limα adxα(a)) (a ∈ A). A Banach algebra A is said to be
amenable (approximately amenable) if every continuous derivation D : A → X∗ is inner
(approximately inner) for all Banach A-bimodules X. We now begin by recalling some def-
initions and then we shall give some of the basic consequences of our definitions. Further
results in this area are given in the recent papers [1, 12, 13, 14], which in particular con-
tains interesting results on contractibility modulo an ideal, some hereditary properties of
amenability modulo an ideal, together with several illuminating examples.

Definition 2.1. [13] Let I be a closed ideal of A.
(i) A Banach algebra A is amenable (contractible) modulo I if every bounded derivation
D : A→ X∗ (D : A→ X) is inner on A\I := {a ∈ A : a /∈ I} for all Banach A-bimodule X
such that I ·X = X · I = 0.
(ii)A bounded net {uα}α ⊆ A is called approximate identity modulo I if limα uα · a =
limα a · uα = a (a ∈ A \ I).

All over this paper we fix A and I as above, unless they are otherwise specified.

3. Approximately amenable modulo an ideal

Definition 3.1. Let I be a closed ideal of A. A Banach algebra A is approximately amenable
modulo I if every bounded derivation D : A→ X∗ is approximately inner on the set theoretic
difference A\I := {a ∈ A : a /∈ I} for all Banach A-bimodule X such that I ·X = X · I = 0.

Theorem 3.1. Let I be a closed ideal of A. Then the following assertions holds:
(i) if A

I is approximately amenable and I2 = I, then A is approximately amenable modulo
I;
(ii) if A is approximately amenable modulo I, then A

I is approximately amenable.

Proof. (i) Let X be a Banach A-bimodule such that X · I = I · X = 0 and D : A → X∗

be a bounded derivation. Then X can be regarded as an A
I -bimodule. Set D : A

I → X∗

by D(a + I) = D(a) (a ∈ A). Since I2 = I, D(x) = 0 (x ∈ I) and hence D is well-
defined. Approximately amenability of A

I implies that there exists (ϕα)α ⊂ X∗ such that

D = limα adϕα . Then

D(a) = D(a+ I) = limα[(a+ I)ϕα − ϕα(a+ I)]
= limα(aϕα − ϕαa) = limα adϕα(a).

(ii) Let X be a Banach A
I -bimodule and D : AI → X∗ be a bounded derivation. By defining

a.e = π(a).e , e.a = e.π(a) (a ∈ A, e ∈ X) where π : A → A
I is the canonical quotient map,

X can be regarded as a Banach A-module. Obviously I ·X = X · I = 0 and D ◦π : A→ X∗

is a bounded derivation. Thus there exists (ψα)α ⊂ X∗ such that D ◦ π = limα adψα on
A\I. Now D(a + I) = D ◦ π(a) = limα adψα(a) = limα(a.ψα − ψα.a) (a ∈ A). Hence
D = limα adψα . �

Corollary 3.1. If A is approximately amenable modulo I and I is approximately amenable,
then A is approximately amenable.
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One could modify the proof of the following Lemma (which is essentially due to
Ghahramani and Loy [6]) to get the same result for approximately amenable modulo an
ideal.

Lemma 3.1. If A is an unital Banach algebra which is approximately amenable modulo I,
X is an A-bimodule such that I ·X = X · I = 0 and D : A→ X∗ is a derivation, then there
are (ϕα)α ⊂ e ·X∗ · e and η ∈ X∗ such that

(1) ∥η∥ ≤ 2CX∥D∥;
(2) D = limα adϕα + adη on A \ I.

Proof. By [6, Lemma 2.3], there are derivation D1 : A → e · X∗ · e and η ∈ X∗ such that
∥η∥ ≤ 2CX∥D∥ and D = D1+adη. Now e ·X∗ ·e ∼= (e ·X ·e)∗, A is approximately amenable
modulo I and I · (e ·X · e) = (e ·X · e) · I = 0, so there exists (ϕα)α ⊂ e ·X∗ · e such that
D1 = limα adϕα on A \ I. Thus D = limα adϕα + adη on A \ I. �

Let A be a Banach algebra. Then A♯ is also a Banach algebra in a standard way
which gives the adjoined identity norm one.

Theorem 3.2. A is approximately amenable modulo I if and only if A♯ is approximately
amenable modulo I.

Proof. Let X be an A♯-bimodule such that I · X = X · I = 0 and D : A♯ → X∗ be a
derivation. By [6, Lemma 2.3], D = D1 + adη where η ∈ X∗, D1 : A♯ → e.X∗.e. Now
D1(e) = 0 and D1|A : A → e ·X∗ · e is a derivation, so approximately amenable modulo I
of A implies that there exists (ψα)α ⊂ e ·X∗ · e such that D1|A = limα adψα on A \ I. Thus
D = limα adϕα+η (a ∈ A \ I).

Conversely, let X be an A-bimodule such that I · X = X · I = 0 and D : A → X∗

be a derivation. Set D : A♯ → X∗ by D(a, λ) = D(a) ((a, λ) ∈ A♯). Now X can be made
into a Banach A♯-bimodule by defining (a, λ) · x = a · x+ λx , x · (a, λ) = x · a+ λx (x ∈
X, (a, λ) ∈ A♯). We have e ·Da = Da = Da · e (a ∈ A) and

D((a1, λ1)(a2, λ2)) = D(a1a2) + λ2e ·D(a1) + λ1e ·D(a2)

= D(a1) · a2 + a1 ·D(a2) + λ2e ·D(a1) + λ1e ·D(a2)

= D(a1, λ1) · (a2, λ2) + (a1, λ1) ·D(a2, λ2),

so D is a derivation (a1, a2 ∈ A, λ1, λ2 ∈ C). Since A♯ is approximately amenable modulo
I, there exists net (ψα)α ⊂ X∗ such that D = limα adψα on A♯ \ I. Thus D = D |A is
approximately inner on A \ I. �

We recall that an A-bimodule X is called neo-unital modulo I [13], if
X = (A \ I) ·X · (A \ I) = { a · x · b | a, b ∈ A \ I, x ∈ X}.

It is known that for a Banach algebra A with bounded approximate identity modulo
I, H1

I (A,X
∗) = 0 for each Banach A-bimodule X if and only if H1

I (A,X
∗) = 0 for each

neo-unital modulo I Banach A-bimodule X [14, Theorem 2.5]. Similarly, if A is a Banach
algebra with a bounded approximate identity modulo I, then A is approximately amenable
modulo I if for every neo-unital modulo I Banach A-bimodule X such that I ·X = X ·I = 0,
every derivation D : A→ X∗ is approximately inner on A \ I := {a ∈ A : a /∈ I}. We denote

the identity of A
♯

I by ē and fix it till end of this paper.

Theorem 3.3. The following conditions are equivalent:
(a) A is approximately amenable modulo I;

(b) There is a net (Mν) ⊂ (A
♯

I ⊗̂A♯)∗∗ such that a · Mν − Mν · a → 0 (∀a ∈ A♯\I) and
π∗∗(Mν) −→ ē ;

(c) There is a net (M ′
ν) ⊂ (A

♯

I ⊗̂A♯)∗∗ such that a ·M ′
ν −M ′

ν · a −→ 0 (∀a ∈ A♯\I) and
π∗∗(M ′

ν) = ē for every ν.
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Proof. (a) → (c) Let A be approximately amenable modulo I, then A♯ is approximately

amenable modulo I (by Theorem 3.2). Put u = (̂ē⊗e) ∈ (A
♯

I ⊗̂A♯)∗∗ and define π :

(A
♯

I ⊗̂A♯) → A♯

I by π(ā⊗b) = ab. Now adu : A♯ → (A
♯

I ⊗̂A♯)∗∗ by a 7→ a.u − u.a is a
bounded derivation and

π∗∗(adu(a))(f) = adu(a)(π
∗f)

= a.u(π∗f)− u.a(π∗f)

= (̂ē⊗e)(π∗f.a)− (̂ē⊗e)(a.π∗f)
= π∗f(ā⊗ e)− π∗f(ē⊗ a) = 0

Thus adu ∈ Z1(A♯, ker(π∗∗)). Let X := (A
♯

I ⊗̂A♯)∗ and M := (π∗((A
♯

I )∗)), then

kerπ∗∗ = (XM )∗. Since I · (XM ) = (XM ) · I = 0, approximately amenability modulo I of A♯

implies that there exists (Mν)ν ⊂ ker(π∗∗) such that adu(a) = st − limν adMν (a) on A
♯\I.

Let M ′
ν := u−Mν , then for each ϕ ∈ (A

♯

I )∗, c̄ ∈ A♯

I ;

(π∗∗(M ′
ν) · c̄)(ϕ) = (π∗∗(u−Mν) · c̄)(ϕ)

= (π∗∗(u) · c̄)(ϕ)− (π∗∗(Mν) · c̄)(ϕ) = (π∗∗(u))(c̄.ϕ)
= u(π∗(c̄.ϕ)) = π∗((c̄.ϕ)(ē⊗ e) = (c̄.ϕ)(π(ē⊗ e))
= ϕ(c̄),

and for each a ∈ A♯\I;
a ·M ′

ν −M ′
ν · a = a · (u−Mν)− (u−Mν) · a = adu(a)− adMν (a) → 0.

(c) → (a) Let X be a neo-unital Banach A♯−bimodule modulo I such that I · X =
X · I = 0 and D : A♯ → X∗ be a bounded derivation. Since I · X = X · I = 0, with the

module actions ā · x = a · x, x · ā = x · a, X is an A♯

I −bimodule. Put µx(ā⊗ b) = (ā ·Db)(x)
(ā⊗ b ∈ A♯

I ⊗̂A♯, x ∈ X). We have;

µx.a−a.x(b̄⊗ c) = µx.ā−ā.x(b̄⊗ c)
= (b̄.Dc)(x.ā− ā.x)
= (b̄.Dc)(x.ā)− (b̄.Dc)(ā.x)
= (āb̄.Dc)(x)− (b̄.Dc.ā)(x) + (b̄c̄.Da)(x)
= µx(āb̄⊗ c)− µx(b̄⊗ ca) + (b̄c̄.Da)(x).

Thus µx.a−a.x(m) = (µx.a − a.µx)(m) + (π(m).Da)(x) (m ∈ (A
♯

I ⊗̂A♯)). For each ν, define
fν(x) = Mν(µx). Then {fν} ⊆ X∗ and ∥ fν ∥≤∥ Mν ∥∥ D ∥ CX . We claim that D =

st − limν adfν . Since (Mν)ν ⊂ (A
♯

I ⊗̂A♯)∗∗, there exists {mα
ν } ⊆ (A

♯

I ⊗̂A♯) such that Mν =
w∗ − limαm

α
ν . We have;

(ā.fν − fν .ā)(x) = fν(x.ā− ā.x) =Mν(µx·ā−ā·x) (x ∈ X, ā ∈ A♯

I )

= w∗ − limα m̂α
ν (µx.ā−ā.x)

= w∗ − limα(µx.ā− ā.µx)(m
α
ν ) + (π(mα

ν )Da)(x)
=Mν(µx.ā− ā.µx) + w∗ − limα(π(m

α
ν )Da)(x)

=Mν(µx.ā)−Mν(ā.µx) + (π∗∗(Mν)Da)(x)
= fν(x.ā)− fν(ā.x) + (π∗∗(Mν)Da)(x)
= fν(x.a)− fν(a.x) + (π∗∗(Mν)Da)(x)
= a.fν(x)− fν(x).a+ (π∗∗(Mν)Da)(x)
= (a ·Mν −Mν · a)(µx) + (π∗∗(Mν)Da)(x).

Thus

∥(a.fν − fν .a)(x)− (Da)(x)∥ ≤ ∥(a.Mν −Mν .a)∥ · ∥D∥.∥x∥
+∥x∥ · ∥π∗∗(Mν)− ē∥ · ∥Da∥

Whence D(a) = st− limα adfν (a) (a ∈ A♯\I).
(b) → (a) It is clear. �
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Theorem 3.4. A is approximately amenable modulo I if and only if there are nets (M
′′

ν ) ⊆
(AI ⊗̂A)

∗∗, (Fν) ⊆ (AI )
∗∗, (Gν) ⊆ (A)∗∗, such that for each a ∈ A\I;

i) a ·M ′′

ν −M
′′

ν · a+ Fν ⊗ a− a⊗Gν −→ 0
ii) a · Fν −→ a,Gν · a −→ a; and

iii) π∗∗(M
′′

ν ) · a− Fν · a−Gν · a −→ 0

Proof. Let (Mν) ⊆ (A
♯

I ⊗̂A♯)∗∗ be as in Theorem 3.3. Since

(
A♯

I
⊗̂A♯)∗∗ = (

A

I
⊗̂A)∗∗ ⊕ ((

A

I
)∗∗⊗̂e)⊕ (e⊗̂A∗∗)⊕ C(e⊗̂e),

there exists (M
′′

ν ) ⊆ (AI ⊗̂A)
∗∗, (Fν) ⊆ (AI )

∗∗, (Gν) ⊆ (A)∗∗ and (cν) ⊆ C such that Mν =

M
′′

ν −Fν ⊗ e− e⊗Gν + cνe⊗ e. Let (Fαν ) ⊆ (AI )
∗∗ be w∗-accumulation point of (F̂αν ), then

for each f ∈ (A
♯

I )∗;

(π∗∗(Fν ⊗ e))(f) = (Fν ⊗ e)(π∗f) = w∗ − lim( ̂(Fαν ⊗ e)(π∗f)
= w∗ − limα(π

∗f)(Fαν ⊗ e) = w∗ − limα f(F
α
ν )

= w∗ − limα F̂αν (f) = Fν(f)

Then π∗∗(Fν ⊗ e) = Fν . Similarly π∗∗(e ⊗ Gν) = Gν , π
∗∗(cνe ⊗ e) = cν . Using Theorem

3.3(b), proof is completed. �

Theorem 3.5. Let A be approximately amenable modulo I, B be a Banach algebra and J
be a closed ideal of B. Let θ : A → B be a continuous surjective homomorphism such that
θ(I) ⊆ J . Then B is approximately amenable modulo J .

Proof. Let X be a Banach B-bimodule such that J ·X = X · J = 0 and D : B → X∗ is a
bounded derivation. Then X become a Banach A-bimodule where the module actions are
defined a · x := θ(a) · x, x · a := x · θ(a) (a ∈ A, x ∈ X). Clearly, I · X = X · I = 0 and
D ◦ θ : A → X∗ is a bounded derivation. Then there exists a net (ϕν)ν ⊂ X∗ such that
D ◦ θ = limν adϕν on A \ I. �

Definition 3.2. Let A be Banach algebra and I be a closed ideal of A. A is approximately
contractible modulo I if for every Banach A-bimodule X such that I ·X = X · I = 0, every
bounded derivation D from A into X is an approximately inner derivation on A\I := {a ∈
A : a /∈ I}.

We recall that an element e ∈ A is an identity modulo I if ae−a ∈ I, ea−a ∈ I (a ∈ A)
and a Banach algebra A is unital modulo I if A has an identity modulo I [13].

Theorem 3.6. The following assertions hold.

(i) If AI is approximately contractible and I2 = I, then A is approximately contractible
modulo I.
(ii) If A is approximately contractible modulo I, then A

I is approximately contractible.
(iii) If A is approximately contractible modulo I and I is approximately contractible, then
A is approximately contractible.
(iv) If A is approximately contractible modulo I, then A is unital modulo I.

Proof. (i) Let X be a Banach A-bimodule such that X · I = I ·X = 0 and D : A→ X be a
bounded derivation. Analogous argument of Theorem 3.1, shows that X can be regarded as
A
I -bimodule andD1 : AI → X byD1(a+I) = D(a) (a ∈ A) is well-define bounded derivation.

Since A
I is approximately contractible, there exits (ϕα)α ⊂ X such that D1 = limα adϕα .

Then

D(a) = D1(a+ I) = lim
α
adϕα(a) (a ∈ A \ I).
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(ii) Let X be a Banach A
I -bimodule and D : AI → X be a bounded derivation. Now X is an

A-bimodule by defining a ·x = π(a) ·x, x ·a = x ·π(a) (a ∈ A, x ∈ X). Clearly D◦π : A→ X
is a bounded derivation and A is approximately contractible modulo I implies that there
exists (ϕα)α ⊆ X such that D ◦ π = limα adϕα on A \ I. Thus D = limα adϕα .
(iii) and (iv) are straightforward. �

The following results are the analogous of Theorems 3.3 and 3.5.

Theorem 3.7. Let A be approximately contractible modulo I, B be a Banach algebra and
J be a closed ideal of B. Let θ : A→ B be a continuous surjective homomorphism such that
θ(I) ⊆ J . Then B is approximately contractible modulo J .

Theorem 3.8. The following assertions are equivalent.

(i) A is approximately contractible modulo I.

(ii) There exists (Mν) ⊂ (A
♯

I ⊗̂A♯) such that a ·Mν −Mν · a −→ 0 (a ∈ A♯\I) and
π(Mν) −→ ē.

(iii) There exists (M
′

ν) ⊂ (A
♯

I ⊗̂A♯) such that a ·M ′

ν −M
′

ν · a −→ 0 (a ∈ A♯\I) and
π(M

′

ν) = ē.

(iv) There are (M
′′

ν ) ⊆ (A
♯

I ⊗̂A♯), (Fν) ⊆ (A
♯

I ), (Gν) ⊆ A♯ such that

a ·M ′′

ν −M
′′

ν · a+ Fν ⊗ a− a⊗Gν −→ 0, a · Fν −→ a, Gν · a −→ a and

π(M
′′

ν ) · a− Fν · a−Gν · a −→ 0.

4. Approximate amenability modulo an ideal of weighted semigroup alge-
bras

We begin by introducing some basic concepts that are used throughout this section.
Let S be a semigroup and E = E(S) be the set (possibly empty) of idempotents of S. We
recall that a semigroup S is called an E-semigroup if E(S) forms a sub-semigroup of S,
E-inversive if for all x ∈ S, there exists y ∈ S such that xy ∈ E(S), regular if V (a) ̸= ϕ
where V (a) = {x ∈ S : a = axa, x = xax} is the set of inverses of a ∈ S and S is called an
inverse semigroup if moreover, the inverse of each element is unique. An inverse semigroup
S is called E-unitary if for each x ∈ S and e ∈ E(S), ex ∈ E(S) implies x ∈ E(S) and S is
called semilattice if S is a commutative and idempotent semigroup. Also, a semigroup S is
called eventually inverse if every element of S has some power that is regular and E(S) is a
semilattice.
A congruence ρ on semigroup S is called group congruence if S/ρ is group. We denote the
least group congruence on semigroup S by σ. Following Gigon [8], if S is an E-inversive
E-semigroup with commuting idempotents or S is an eventually inverse semigroup then
σ = {(a, b) ∈ S × S | ea = fb for some e, f ∈ E(S)} is the least group congruence on S.

Theorem 4.1. [1] (i) Let S be an eventually inverse semigroup or S be an E-inversive E-
semigroup with commuting idempotents . Then S is amenable if and only if S/σ is amenable.

(ii) Let ρ be a group congruence on S with commuting Kerρ, then S is amenable if
and only if S/ρ is amenable.

By a weight on semigroup S (group G), we mean a function ω : S → (0,∞) such
that ω(st) ≤ ω(s)ω(t) (s, t ∈ S). The weight ω on group G is called symmetric if ω(g) =
ω(g−1)(g ∈ G). For any weight ω, its symmetrization is the weight defined by Ωω(g) =
ω(g)ω(g−1). Let S be a semigroup and ω be a weight on S. The weighted semigroup algebra
l1(S, ω) = {f | f : S → C,

∑
s∈S |f(s)|ω(s) < ∞} under convolution is a Banach algebra

where ∥f∥1,ω =
∑
s∈S |f(s)|ω(s). If ω = 1, the weighted semigroup algebra l1(S, ω) is called

semigroup algebra and is denoted by l1(S).
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Lemma 4.1. The following statements hold:
(i) if S is a semigroup, ρ is a congruence on S and ω is a weight on S, then
l1(S,ω)
Iρ

≃ l1(S/ρ, ωρ) where ωρ([s]ρ) = inf{ω(s) : s ∈ [s]ρ} is the induced weight on S/ρ;

(ii) if S is an E-inversive semigroup with commuting idempotents or S is an eventually
inverse semigroup, σ be the least group congruence on S and ω be a weight on S, then

l1(S/σ, ωσ)) ≃ l1(S,ω)
Iσ

where Iσ is a closed ideal of l1(S, ω) and I2σ = Iσ.

Proof. (i) Let u, v ∈ S then;

ωρ([uv]ρ) ≤ inf{ω(t1) : t1 ∈ [u]ρ}. inf{ω(t2) : t2 ∈ [v]ρ}
= ωρ([u]ρ).ωρ([v]ρ)

Thus ωρ is a weight on S/ρ. Now π̂ : l1(S, ω) → l1(S/ρ, ωρ) by π̂(δs) = δπ(s) is an epimor-

phism where π : S → S
ρ is the natural quotient map and Iρ = kerπ̂.

(ii) It follows from [1, Lemma 2]. �

By Lemma 4.1, l
1(S,ω)
Iρ

≃ l1(S/ρ, ωρ) where kerπ̂ = Iρ. Now Iρ is an ideal in l1(S, ω)

generated by the set {δs − δt : s, t ∈ S with (s, t) ∈ ρ}. Conversely, if J is an ideal of
l1(S, ω), and ρJ is the congruence on S defined by ρJ = {(s, t) : s, t ∈ S, δs − δt ∈ J}, then
IρJ ⊆ J .

Theorem 4.2. Suppose that ω is a weight on semigroup S. If S is to one of the following
statements:

(i) S is an E-inversive semigroup with commuting idempotents;
(ii) S be an eventually inverse semigroup;

Then S is amenable and Ωωσ is bounded if and only if l1(S, ω) is approximately amenable
modulo Iσ.

Proof. S is amenable if and only if S/σ is amenable (Theorem 4.1(i)), if and only if

l1(S/σ, ωσ) ≃ l1(S,ω)
Iσ

is approximately amenable ( Lemma 4.1 and [11, Theorem 0]), if

and only if l1(S, ω) is approximately amenable modulo Iσ (Theorem 3.1 and Lemma 4.1),
because I2σ = Iσ. �

By a similar argument of Theorem 4.1, we have the following result;

Corollary 4.1. Suppose that ω is a weight on semigroup S. If S is to one of the following
statements:

(i) S is an E-inversive semigroup with commuting idempotents;
(ii) S be an eventually inverse semigroup;

Then S is amenable and Ωωσ is bounded if and only if l1(S, ω) is amenable modulo Iσ.

Example 4.1. (i) Let S = {pmqn : m,n ≥ 0} be the bicyclic semigroup generated by
p , qUsing Theorem 4.1, amenability of S implies l1(S) is approximate amenable modulo
Iσ, where σ is the least group congruence on S. We note that l1(S) is not approximately
amenable [10]. Also we note that for any weight ω, l1(S, ω) is not amenable.
(ii) Let G = F2 be a free group with two generators a, b. Then G is not amenable. Let
T = (N0,+) × (N,max), where N0 = N ∪ {0} and put S = G × T . Then E(S) = {(1G, e) :
e ∈ E(T )} is infinite. Also G is the maximum group homomorphism image of S under the
homomorphism ϕ : (g, t) 7→ g. Let σ be the congruence on S such that S/σ ≃ G. Then l1(S)

is not approximately amenable modulo Iσ, indeed
l1(S)
Iσ

is isomorphic to l1(G), which is not
approximately amenable.
(iii) Suppose X is a singleton and S = FI(X) be the free inverse semigroup on X. Since
S = FI(X) has infinitely many idempotents, l1(S) is not amenable [1]. On the other hand,
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amenability of S implies that S/σ is amenable. Thus l1(S/σ) is approximately amenable so
l1(S) is approximately amenable modulo Iσ (by Theorem 3.1).
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