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FREEDERICKSZ TRANSITION THRESHOLD
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The paper presents a theoretical analysis of the influence of the
anchoring angle on the Freedericksz transition threshold in a magnetic field.
The study is based on Frank’s elastic continuum theory and the effect of the
magnetic field on the molecules of nematic liquid crystal in cells with pla-
nar alignment. The numerical simulations conducted for the nematic phase
indicated a consistent variation in the ratio between the applied magnetic
field and the critical Freedericksz transition field in the case of flexible an-
choring with an initial angle different from zero. For an angle of 10o, the
ratio B/Bc can be reduced to 1/2 of its initial value
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1. Introduction

Liquid crystals consist of molecules of organic compounds or metallome-
sogens exhibiting orientational order with or without position order ([1, 2, 3, 4,
5]). They are widely used in electronic devices such as LCDs, photonic systems
or phase modulator due to their combined flexibility given by the fluid state
and orientational order present in crystalline solids. Sometimes, to improve
their performances, they are mixed with various nanoparticles including car-
bon nanotubes, ferroelectric particles, ferromagnetic particles, quantum dots
or carbon based particles ([6, 7, 8, 9, 10]). Sometimes these methods don’t
provide the expected results so other methods based on the inner structure
of liquid crystals or on the nature of the constituents as well as on external
parameters such as temperature or solvents [11, 12] must be found. The ne-
matic phase has been widely studied and applied among other phases because
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it is present in a wide temperature range and it can be used for many de-
vices [13, 14, 2] The most important property of nematic liquid crystals is
anisotropy, determined by their lower symmetry compared to liquids. Quan-
titatively this means that liquid crystals are more ordered than liquids. The
continuum theory has been successfully applied to conditions where the effect
of external fields on the physical properties of liquid crystals has been followed
[15]

The ordering and rearrangement of liquid crystal molecules by a magnetic
field and wall interaction ([16]) is a particular interest because it forms the basis
of a broad class of electro-optical devices. In the presence of magnetic field, the
free energy density will contain additional terms [17]. The field influences the
liquid crystal molecular director due to magnetic anisotropy. The reorientation
changes the optical properties of the sample due to the anisotropy of the liquid
crystal refraction. The alignment of the director of a nematic sample will not be
influenced by the external magnetic or electric field when its magnitude is less
than the critical field strength or Freedericksz threshold, but will be influenced
by the external field and will begin to adjust its orientation whenever the
field magnitude is greater than the critical field strength. According to the
classical Fredericksz transition theory, the decrease of the critical field can be
o obtained by increasing the cell’s thickness. Yet this procedure has a major
inconvenience related to the molecular ordering in the crystal. For very thick
sandwich cells, the alignment induces on the cell’s surface is lost in the middle
of cell leading to a disordered structure that requires more energy to be aligned
so the purpose or reducing the critical field is not reached. It is the aim of this
paper to provide an alternative solution to decrease the transition threshold. A
possible solution is to increase the initial anchoring angle from 0o0 to at most
10o so the effort required by the field to reorient the molecules is reduced.

2. Theoretical modeling

To present the reorientation phenomena of the liquid crystal under the
influence of external fields and wall interaction, we consider a sandwich cell,
which consists of two parallel plates previously prepared for a desired align-
ment. Unlike the classical homogenous aligned cell, we considered a cvari-
planar cell in which the orientation is induced by a pretilt angle θ0 as shown
in figure Fig. When the magnetic field is applied, the molecules change their
orientation from θ0 to θ which depends both on the field intensity and the
molecule position on Oz axis.

The magnetic field intensity for which the molecular reorientation ap-
pears can be calculated using the elastic continuum theory in which the liquid
crystal is considered a continuum environment where elastic interaction acts
between the molecules. In this model, the stability of the system is obtained
by the minimum free energy acquired when the Euler Lagrange equations are
fullfiled. The free energy density f in a nematic liquid crystal subjected to a
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Figure 1. Initial orientation of the nematic molecule in the
quasi-planar cell

magnetic field can be expressed as:

f =
1

2

(
K1 cos

2 θ +K3 sin
2 θ

)
θ2z −

1

2
µ−1
0 χaB

2 sin2 θ (1)

where:
• θ is the angle between the nematic director and the applied field’s direc-
tion.

• K1 and K3 are the splay and bend elastic constants, respectively.
• θz represents the spatial derivative of θ along the z-axis, which is an
alternative notation for dθ

dz
.

• µ0 is the magnetic permeability of free space.
• χa is the magnetic susceptibility anisotropy.
• B is the magnetic field strength.

The total free energy F in a nematic liquid crystal can be calculated by in-
tegrating the free energy density f(z) over the thickness of the liquid crystal
layer. We choose a planar configuration because, in this case, it is sufficient
to study the behavior of the liquid crystal in the case of z ∈ [−d, 0]. This is
permissible because the function θ(z) is symmetric, satisfying θ(z) = θ(−z).
This symmetry implies that the liquid crystal’s properties are mirrored on ei-
ther side of the center. Additionally, the maximum deviation of the director is
obtained in the center of the liquid crystal at z = 0, where the spatial deriva-
tive of θ with respect to z (denoted as dθ

dz
) is zero. This symmetry and central

peak in deviation allow us to comprehensively understand the liquid crystal’s
behavior by examining just half of its thickness.

The Lagrange equation is used to ensure that the free energy F attains a
minimum value. At thermodynamic equilibrium, the free energy is minimized.
This principle is particularly relevant for a liquid crystal that is confined within
a cell of fixed volume. In such a system, variations in free energy rather
than total energy are critical for understanding the equilibrium state, as the
liquid crystal’s configuration is constrained by the cell’s boundaries. Therefore,



144 Zabreanu Andrei, Luncanu Stefan Valentin, Ana Dondera, Cristina Cirtoaje

the minimization of free energy, rather than total energy, becomes the key
condition for achieving equilibrium.

∂

∂z
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∂θz
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− ∂f

∂θ
= 0 (2)

where:
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Equation (2) leads to:
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2
z+
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We multiply Eq.7 with 2θz:
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We observe that:
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We integrate Eq. 8:∫ 2d
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And the solution is:
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2) sin2 θ = C (12)
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To determine the constant C, we must take into account that the rela-
tionship is valid for any z, including for z = d. At this value of z, the first
derivative of theta is zero (The angle for the minimum deviation is maxim in
the center of the cell) Then:

dθ

dz
= 0 (13)

So the constant is:

µ−1
0 χaB

2 sin2 θm = C (14)

Eq.7 becomes :

(K1 cos
2 θ +K3 sin

2 θ)θ2z = (µ−1
0 χaB

2)(sin2 θm − sin2 θ) (15)

If we highlight the second derivative of theta with respect to z, we obtain:

(
dθ
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)2 =
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0 χaB

2)
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cos2 θ + K3
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(16)

We multiply the equation by (2d
π
)2 because 2d is the width of the liquid

crystal cell and get:
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Considering the critical magnetic field strength as :

Bc =
π

2d

√
K1µ0

χa

, (18)

the new equation is :
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This yields to:

π

2d

B
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cos2 θ + K3
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sin2 θm − sin2 θ
)1/2dθ (21)

We change the notation : θ− > α , z− > y

π

2d

B

Bc

dy = (
cos2 α + K3

K1
sin2 α

sin2 θm − sin2 α
)1/2dα (22)

We integrate the above equation, consider y = z and α = θ and obtain:
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whih leads to
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To estimate the first integral, we change the variables:

sinψ =
sinα

sin θm

cosψ dψ =
cosα dα

sin θm

dα =
cosψ sin θm
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dψ =

cosψ sin θm√
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When α = θm, sinψ = 1, ψ = π/2
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For:

α = θ, ψ = Φ (27)

α = 0, ψ = 0 (28)
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We substitute sinα = sin θm sinψ and we simplify:
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Figure 2. Distortion versus the applied magnetic field for dif-
ferent anchtoring angles
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Figure 3. Distortion angle θ versus molecule’s position z a)
the model consider the initial anchoring angle θ = 0o

b) the model doesn’t take into account initial anchoring,

At z = 0 and θ = θm: sinψ = 1 and ψ = π
2

So the the ratio between B and Bc becomes:

B

Bc

=
2

π
[

∫ π/2

0

√
1 + β sin2 θm sin2 ψ

1− sin2 θm sin2 ψ
dψ −

∫ θ0

0

√
1 + β sin2 α

sin2 θm − sin2 α
dα] (32)

Numerical simulation of Eq. 32 provides the dependence of the critical
field for the magnetic Freedericksz transition on the anchoring angle θ0 and
also the variation of the distortion angle with the magnitude of the applied
field B.
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Figure 4. Distortion angle θ versus molecule’s position z a)
the model consider the initial anchoring angle θ = 5o

b) the model doesn’t take into account initial anchoring.
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Figure 5. Distortion angle θ versus molecule’s position z a)
the model doesn’t take into account initial anchoring. b) the
model consider the initial anchoring angle θ = 10o

3. Results and discussions

A numerical simulation of Eq.32 was done for a commonly used liquid
crystal known as 5CB at room temperature using the elastic parameters given
in [18] i.e. K1 = 1.407 pN and K1 = 1.9632 pN.The anchoring angle was
set to different values from θ0 = 0 to θ − 10o and the deviation angle θ was
calculated for different values of the ratio B/Bc. The results are presented
in Fig.2 and it can be observed a clear advantage of using a higher anchoring
angle on the glass support. First of all, the threshold value decreases with more
than 60% from the reference value. The B/Bc ratio decrease from B/Bc = 1
for an anchoring angle θ = 0 to B/Bc = 0.3 for an anghoring angle of 10o.
Besides, the dependence of θ = f(B/Bc) is smoother for higher values of θ0
indicating a slower variation of the distortion angle and a reduced backflow
effect. This behavior is benefic for photonic devices as it can be used to controll
the refractive index of the system by the magnetic field.
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From Eq.24 several simulations were performed for the distortion angle
versus z/2d. They were compared with the results obtained in other models
where the influence of the anchoring angle was not considered. The detailed
model without the anchoring angle is described in [19]. As it can be observed
from Fig.3, Fig.4 and Fig.5, the plot using the model described in this manu-
script indicates a slower increase of the deviation angle with z coordinate and
a less sharp peak to the maximum value is obtained in the middle of the cell
at z=d. In Fig.3 we observe that in both cases a) and b) the starting point is
the same for each value of the maximum deviation angle but the curve tends
to maximum with a lower slope and the range of z parameter for which θ
reaches its maximum value is larger indicating an incrased stability on that
value. This idea is plausible since thre relaxation times in magnetic field are
even 10 times larger that those of the systems subjected to electric field, as it
is presented in [18] and [19] In the simulation for higher anchoring angle (Fig.4
and Fig.5), the same slope decrease is observed but, initial anchoring come
with an advantage of an initial orientation of the molecular direction with the
applied field from the beginning. The starting angle value from

4. Conclusions

A new mathematical model for the behavior of the molecular director in
nematic liquid crystals subjected to magnetic field is proposed based on elastic
continuum theory. Unlike other models already present in the literature, this
model point the importance of an initial anchoring angle for the decrease of the
critical field for the Freedericksz transition. In liquid crystal cells subjected to
magnetic field, the thickness of the cell must be increased in order to obtain
lower transition threshold. This model indicates that, by using an anchoring
angle of maximum 10o, the critical field may be decreased by 50% without the
loss of the molecular ordering that usually appear in very thick cells.
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