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SATURATED FINITE-TIME SLIDING MODE CONTROL FOR
EXOSKELETON ROBOT

Ratiba Fellag 1 2, Mohamed Guiatni 3, Mustapha Hamerlain 1, Noura Achour 2

In this work, a saturated third-order sliding mode controller is de-
signed for motion tracking regulation of a five degrees-of-freedom exoskeleton
robot utilized in physiotherapy rehabilitation of upper limbs. This robot helps
to assist the movements of patients with motor disabilities. The challenge is
to design an adequate control system to achieve smooth trajectory tracking
with good precision regardless of uncertainties and disturbances. Conse-
quently, it is developed, in this work, a new saturated homogeneous sliding
mode law based on third order super twisting algorithm featuring finite-time
convergence. The controller keeps the essential robustness characteristics
of sliding modes. And further takes into account the saturation of electric
actuators. This boundedness property allows to obtain better performances
and to extend life-time of actuators. To illustrate benefits of the elaborated
saturated control it is compared to unsaturated controller through simula-
tions of passive rehabilitation exercises.

Keywords: Saturation , Robustness , Higher order sliding modes , ex-
oskeleton rehabilitation robot

1. Introduction

Eating, personal care and handling items are some daily life activities
requiring motion of human upper limb extremities. These movements, that
are insignificant for healthy individuals, become a burden for those who are
disabled. The number of people living with disabilities across the world is
increasing, mainly due to neurological disorders such as stroke. A number of
robotic devices, also known as exoskeletons, have been created for upper limb
recovery [1, 2] apart from traditional rehabilitation, which is performed by
manual exercises by physiotherapists. These robotic devices provide intensive,
repetitive, reliable, and personalized care while maintaining patient safety and
reducing therapist workload.
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Exoskeleton robots have rigid external structures with actuators that
allow for coordinated and precise movements, as well as sensors that provide
information on movement such as angle, speed, and acceleration. These devices
are attached to the upper limb at multiple points and are controlled as to
achieve the best performance in trajectory tracking of rehabilitation exercises
movements. The main goal is to allow for healthy movement with minimal
resistance. Patients may either actively be engaged in the training activities
or be passive to the robot [3] depending on the rehabilitation mode.

Several control methodologies including both linear and nonlinear ap-
proaches have been applied to exoskeleton rehabilitation robots [4]. This work
is focused in nonlinear robust sliding mode control [5]. Well reputed for its
robustness, various sliding mode approaches have been implemented on upper
limb exoskeleton robots involving classic sliding control in [6, 7], a nonsingu-
lar terminal sliding mode in [8, 9], adaptive sliding modes in [10,11], adaptive
integral sliding mode control [12, 13]. However, these controllers do not fully
take into account the physical constraints posed by the actuators.In practice,
the control input’s limitations, which typically take the form of a saturation
function, must be taken into account. In order to address these limitations,
additional modifications are required to the control laws.

The main contribution of this work is to propose a saturated finite-time
third order sliding mode controller which extends the super-twisting algorithm.
To the best knowledge of the authors, no other work in the literature has
proposed a saturated third-order STA control approach. The most recent
works proposing saturated second order sliding mode controllers are summa-
rized in [14]. This research includes a relay controller based on Lyapunov-level
curves allowing the algorithms to generate bounded control signals. Other
versions of saturated super-twisting are formulated in [15–17]. They generate
a bounded control signal while compensating for bounded Lipschitz uncertain-
ties/perturbations with a finite-time convergence. Besides, in [18], authors
elaborated a saturated continuous twisting algorithm.

Motivated by the above-mentioned controllers, and based on third order
algorithm (3-STA) [19], a saturation function is introduced to adjust the input
control generated by the controller as to respect the physical constraints of
the actuators of the exoskeleton robot. The design procedure is simpler, and
the elaborated controller generates a continuous control signal that prevents
chattering while preserving inherent robustness of sliding modes. It guarantees
as well a fast and accurate finite-time convergence to the desired position profile
under parameter uncertainties and disturbances.

To demonstrate the efficiency of the proposed control strategy, simula-
tions of trajectory tracking are achieved on the upper limb exoskeleton robot
presented in [11]. This adopted device has been exploited in recent works
proposing new control strategies [20–22]. Its dynamic model is convenient
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for simulations since it is nonlinear, coupled and uncertain characterizing five
degrees-of-freedom. Furthermore, it is complete. Information about iner-
tial and gravitational constants as well as motor specifications are available
in [11, 23, 24]. These details permit the simulations tests to be closer to real
conditions.

The remainder of this work is divided into the following sections. The
problem statement is described in section 2, followed by a description of the
exoskeleton system and its dynamic model. The design methodology for the
saturated controller is examined in section 3. Whereas, in section 4, the simu-
lation results are drawn and evaluated. Lastly, section 5 concludes the work.

2. Problem Statement

It is presented, in this section, the five-degrees-of-freedom exoskeleton
robot that will be exploited throughout this work as well as its dynamic model.

2.1. Description of the system

The exoskeleton robot under investigation is the one seen in [11, 25].
Figure. 1 depicts the device. The actual structure ,shown in Figure. 1a,
is made up of five degrees of freedom and mimics human upper extremity
movements. An electrical servomotor is used at each joint of the exoskeleton
robot to provide the required power to the arm. Each joint’s absolute position
is recorded using optical encoders.

(a) Real View (b) Schematic View

Figure 1. Structure of the exoskeleton robot [11,25]
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Table 1. Items of the Dynamic Model

Symbol Description Size
θ Angular position (5x1)

θ̇ Angular velocity (5x1)

θ̈ Angular acceleration (5x1)
D(θ) Inertia matrix (5x5)

H(θ, θ̇) Centrifugal and Coriolis matrix (5x5)
G(θ) Gravitational vector (5x1)
τdis Disturbance vector (5x1)
τ Torque vector (5x1)

2.2. Modeling of the system

In accordance with the schematic diagram of the robot depicted in Fig-
ure.1b, the mathematical dynamic model for the five-degrees-of-freedom ex-
oskeleton robot is obtained using the Lagrange formalism of rigid bodies [26].
It is expressed in (1):

D(θ)θ̈ +H(θ, θ̇)θ̇ +G(θ) + τdis = τ (1)

Table. 1 summarizes the description of elements of the dynamic model of the
five-degrees-of-freedom exoskeleton robot in (1).

D(θ) = Dn(θ) + ΛD(θ)

H(θ, θ̇) = Hn(θ, θ̇) + ΛH(θ, θ̇)
G(θ) = Gn(θ) + ΛG(θ)

(2)

whereDn(θ), Hn(θ, θ̇) andGn(θ) denote nominal terms and ΛD(θ),ΛH(θ, θ̇)
and ΛG(θ) denote parametric uncertainties.

In [11, 25], the complete definition and different entries of the matrices
constituting (1) of the exoskeleton robot as well uncertainties and inertial
characteristics are detailed. This description is too long, for convenience, it is
not presented in this work.

The dynamic model is developed by combining the equations of (1) and
(2) as:

Dn(θ)θ̈ +Hn(θ, θ̇)θ̇ +Gn(θ) = τ + ζ(t) (3)

ζ(t) is defined in (4) as a term that collects parametric uncertainties and
disturbances assumed bounded.

ζ(t) = −ΛD(θ)θ̈ − ΛH(θ, θ̇)θ̇ − ΛG(θ)− τdis (4)
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Taking advantage of invertibility of inertia matrix, (3) and (4) are rewrit-

ten in state space representation with state variables z1 = θ and z2 = θ̇ and
ν = τ gives: {

ż1 = z2

ż2 = f (z1, z2, t) + g (z1) ν
(5)

whereby f(z1, z2, t) and g(z1) are defined in (6){
f(z1, z2, t) = Dn

−1(z1)(−Hn(z1, z2)−Gn(z1) + ζ(t))

g(z1) = D−1n (z1)
(6)

Equation (7) defines ν as:

ν = g−1 (z1)u (7)

Finally, the closed loop perturbed and coupled system of the exoskeleton
robot to be controlled is then presented as:{

ż1 = z2
ż2 = u+ f (z1, z2, t)

(8)

Remark: The notation b.er = |.|r sign(.), is used in the sequel to simplify
expressions, r ∈ R. For example:

b.e0 = sign(.), b.e0.r = |.|r, b.e0|.|r = b.er

3. Controller Design

A robust finite-time saturated control strategy will be investigated in
this section to track desired trajectories of a five-degrees-of-freedom exoskele-
ton robot. Further, the saturated controller protects electrical actuators and
expends their life-time.

3.1. Control objective

As to address the trajectory tracking control task applied to the upper
limb exoskeleton robot, torques of joints are designed in such a way that the
joint’s positions θ reach the desired trajectories θd in finite-time. These latter
are considered twice differentiable. Therefore, the angular position tracking
error vector is given by e1 = θ − θd while its time derivative is expressed by
e2 = θ̇ − θ̇d. Consequently, the closed loop error dynamics model is expressed
in (9). {

ė1 = e2
ė2 = u+ f (z1, z2, t)− θ̈d

(9)

By referring to (9), the tracking objective can be defined as
lim
t→T

e1 = 0 , and e1 = 0 for t ≥ T wherein T is the finite convergence time.
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3.2. Saturated Finite-time SMC algorithm

A saturated robust control scheme based on the 3-STA controller [19] will
be developed to control the five-degree-of-freedom exoskeleton robot based on
the previous system definition (9) to achieve (10). This controller takes the
maximum torques limits of the actuators in account to preserve them.

Theorem 1. The saturated control law defined by:

u = sat
(
−α1 bψe

1
2 + L

)
(10)

L̇ =

{
−α3bψe0 if |u| ≤ U
0 if |u| > U

(11)

with initial state L(0) = 0 and sat is saturation function with maximum
amplitude U .

Gains α1, α2, α3 are positive and ψ = e2 + α2be1e
2
3 . This controller es-

tablishes finite-time convergence for any Lipschitz disturbance f (z1, z2, t). It
follows that, the tracking error converges to the origin after a finite transient
time. That is e1 = e2 = ė2 = 0 for all t > tr with tr reaching time and the
control u remains bounded ∀t > 0

The saturation function sat is defined as:

sat(y) =

{
y ||y|| ≤M
Mbye0 ||y|| > M

(12)

Proof:

The saturated controller in (10) and (11) is essentially designed to prevent
exceeding the maximum torques of the electrical motors driving the joints of
the exoskeleton robot. The stability proof is considered for the two domains
according to the magnitude of the control signal.

First : for |u| ≤ U , the expression of the controller is given by u1

u1 = −α1 bψe
1
2 +

∫ t

0

−α3bψe0 (13)

This controller is proposed in [19] as a third order super twisting algo-
rithm (3-STA) with finite-time convergence.

Subsequently, the closed loop system (9) with controller (13) is written
as: {

ė1 = e2

ė2 = −α1 bψe
1
2 − α3

∫ t
0
bψe0dt+ f (z1, z2, t)− θ̈d

(14)

Setting e3 = −α3

∫ t
0
bψe0 + f (z1, z2, t)− θ̈d
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
ė1 = e2
ė2 = −α1bψe

1
2 + e3

ė3 = −α3bψe0 + ḟ (z1, z2, t)

(15)

The system in (15) is homogeneous [27], with a negative degree of d = −1
and weights of r = [3 2 1]. This algorithm coincides with the class of second
order sliding mode controllers, in which only configuration variables z1 and z2
are needed to stabilize the system’s states e1, e2 and e3 in finite-time using a
continuous input control signal. To cancel out the disturbances, an additional
discontinuous integral term is added.

The proof of stability of (13) and the necessary conditions for the gains

of the controller are detailed in [19]. Using vector Ξ =
[
be1e

2
3 ψ
⌊
be3e2

]
, the

Lyapunov function (16) is proposed in quadratic form.

V = ΞTWΞ , with W =

 w1 −1
2
w12

1
2
w13

−1
2
w12 w2 −1

2
w23

1
2
w13 −1

2
w23 w3

 (16)

The aim is to develop conditions for coefficients (w1, w12, w2, w13, w23, w3)
and gains α1, α2 and α3 such that V > 0 and V̇ along trajectories of (9) is
negative definite.

V = w1 |e1|
4
3 − w12 be1e

2
3 ψ + w2 |ψ|2

+ w13 be1e
2
3 be3e2 − w23ψ be3e2 + w3 |e3|4

(17)

This Lyapunov function is in (17) homogeneous of degree 4 with weights

[3 2 1].

Consider conditions on coefficients (16):

w1 > 0
w1w2 >

1
4
w2

12

w1 (w2w3 − w2
23) + w12

2

(
−w12w3

2
+ w13w23

4

)
+w13

2

(
w12w23

4
− w2w13

2

)
> 0

(18)

Based on the theorem in [19], it is stated that if (16) are satisfied for
Lyapunov function (16), then V̇ meets the differential inequalities

V̇ ≤ −κV 3/4 (19)

for some positive κ if gains α1, α2 and α3 are appropriately designed. The
proof of this statement is provided in [19].

Second : for |u| > U , in this case the control law is outside the bounds
and is regulated by the following controller:
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Figure 2. Phase plot for joint 1

u2 = U
⌊
−α1 bψe

1
2

⌉0
(20)

which can be expanded as

u2 = U

⌊
−α1

⌊
e2 + α2be1e

2
3

⌉ 1
2

⌉0
(21)

This controller has the form of a second order sliding mode with pre-
scribed convergence [28, 29].The nonlinear sliding manifold is e2 + α2be1e

2
3 .

The system trajectories of the exoskeleton robot (9) reach this sliding surface
before switching the 3-STA control. Usually, the torques inputs at start are
high, this insures having second-order behavior of sliding modes while saturat-
ing them.

The e1, e2 plane is divided into two sections by the manifold ψ (see
Figure. 2). The sliding manifold is attractive. The origin, i.e.(e1, e2 = 0)
is reached in finite-time. It can be observed that a super-twisting like phase
evolution happens.

The closed loop system becomes using (20) is given by:
ė1 = e2

ė2 = U

⌊
−α1

⌊
e2 + k2be1e

2
3

⌉ 1
2

⌉0
+ f (z1, z2, t)− θ̈d

(22)
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Table 2. Exoskeleton robot motor specifications [23]

Output
torque (N.m)

Output
speed (rpm)

Type of
Motor

Range of
Motion (rad)

Shoulder
Joint 1

46 3.75 RE40-148867 −π/4 ˜ π/2

Shoulder
Joint 2

46 3.75 RE40-148867 0 ˜ π/2

Elbow Joint
3

27.96 4.76 RE40-148867 0 ˜ 0.694π

Rotation
Joint 4

3.24 4.76
Amax26-
110963

−π/2 ˜ π/2

Wrist Joint 5 0.620 33
Remax17-

215996
−π/4 ˜ 0.416π

4. Numerical Simulations

This section discusses the results of numerical simulation of the trajectory
tracking control task issued from the application of the proposed saturated
finite-time third order sliding mode controller to the five-degrees-of-freedom
upper limb exoskeleton robot. This controller will be compared to the 3-STA
controller in [19] under the same conditions.

The specification about choice of motors of the five-degrees-of-freedom
exoskeleton robot of Figure. 1 are stated in Table. 2 [23]. The saturated
control is designed to respect these motor specifications for each joint of the
exoskeleton robot.

4.1. Methodology

At first, the full dynamic model of the exoskeleton robot (9) is imple-
mented in Matlab/Simulink. Information on the inertial constants of the robot
and the gravitational constants are provided in [11] as well as the uncertainties
affecting these physical elements.

The joint’s initial positions and velocities are selected as:

θ(0) =
[−π

4
π
5
−π
6
−π
4

π
5

]T
and θ̇(0) = [0 0 0 0 0]T respectively.

Whereas the desired trajectories are defined by:

θdj =
(
sin
(
t+ n.

π

5

))
(23)

where j = 0..5 the joints number and n = n+ 1; n(0) = 0

The time-varying permanent disturbance vector τdis is considered in (24).
It is as well depicted in Figure. 3 .
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Figure 3. Disturbance signals applied to the joints of the ex-
oskeleton robot

τ dis = 0.15 θ̇ + 0.1 θ + [0.2 sin(3t) 0.1 cos(4t) 0.1 sin(3t)
0.1 cos(4t) 0.15 sin(4t)]T

(24)

Due to the large number of nonlinear inequalities that must be satisfied
and the fact that the exoskeleton system’s model is very nonlinear and coupled,
it is very difficult to find a set of gains and parameters that satisfy all of the
necessary conditions using the proposed Lyapunov functions. As a result,
the gains are adjusted throughout simulations to get the best performance in
trajectory tracking. Table. 3 lists the employed gains.

Table 3. Parameters of the controllers

3-STA Saturated SSTA
α1 [5.5 10.5 20.5 20.5 10.5] [10.5 20.5 30.5 35.5 10.5]
α2 [1.7 1.7 1.7 5.5 1.7] [2.5 2.1 2.0 7.5 2.7 ]
α3 [10.2 10.2 20.2 5.2 10.2] [10.2 10.2 20.2 25.2 10.2]

4.2. Analysis of obtained results

To analyse the efficiency of the proposed algorithms in achieving the
trajectory tracking control task, we will first consider the position output of
the five joints of the exoskeleton robot. Results of trajectory tracking results
are illustrated in Figure. 4 and Figure. 5.
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Figure 4. Exoskeleton robot trajectory tracking results

It is observed from Figure. 4 that tracking is successfully achieved using
both controllers in finite-time. However, it can be viewed from the zoom
that the saturated finite-time SMC controller behaves slightly better as it
converges faster for all joints without overshoot except for the second joint.
This is confirmed in the trajectory tracking errors plot Figure. 5. This can
be attributed to the coupling and non-linearity of the dynamic model and the
saturation bounds.

Figure. 6 shows the control signals of the saturated and the unsaturated
finite-time SMC controllers. Saturation bounds are depicted as well. It should
be noted that disturbances and uncertainties are time varying, state-dependent
and non-vanishing. The control inputs are continuous signals.

Therefore, it is noticed from Figure. 6 that when applying the unsatu-
rated controller, the maximum torque input to each joint of the exoskeleton
robot exceeds the saturation limits presented by dashed lines on the plots. In
contrast, the saturated control inputs are always within the saturation lim-
its defined by the physical constraints on the associated motor to each joint
of the exoskeleton robot without altering the tracking precision. It can also
be viewed, that for the elbow joint 3, both controllers respect the saturation
conditions. This can be confirmed from Figure. 7 (right).
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Figure 5. Tracking error curves for the exoskeleton robot joints

It is reported in Figure. 7 metrics to evaluate the precision of the two
controllers to be compared. To the left, the plot of the root-mean square
tracking errors (RMSE) are displayed for each joint. It indicates the best fit
to the desired trajectory. The smaller the RMSE the closer the output to the
desired one. It is calculated using the following formula:

erri =

[
N.$∑
t=0

(θi(t)− θid(t))2 /N

]1/2
(25)

with i = 1..5 is the joint’s number, N is the sample’s number and $ = 0.001s
is the sampling period.
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Figure 6. Control input torques applied to the exoskeleton
robot

From the bar plot, it is noticed that the precision of the two controllers
is good with slight advantage to the saturated control. On the other hand,
it is quite clear from the bar plot of the maximum absolute input torques
Figure. 7 that the saturated controller delivers less energy to the exoskeleton
robot’s actuators. It can be noticed that two first joints of the exoskeleton
robot related to shoulder movements are associated to more powerful motors.

In theory, by increasing the order of the controller, the precision obtained
in the sliding surface increases, but in turn, the complexity of the control law
and the consumption of computational resources increases. On the other hand,
in practice, the maximum achievable precision is restricted by the presence of
limitations on the physical constraints on actuators which should be taken
into account. These limitations usually that do not allow the properties of
sliding modes to be exploited to the maximum. Throughout this work, a
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Figure 7. Root-mean square of tracking error (left) and max-
imum energy comparison (right)

saturated finite-time higher order sliding mode controller founded on the third-
order homogeneous super-twisting controller achieved trajectory tracking task
efficiently by compensating for certain types of disturbances with a finite-time
convergence and an increase in the precision.

5. Conclusion

In the present work, a new saturated finite-time higher-order sliding mode
control algorithm was examined for the first time to control a five-degrees-of-
freedom upper limb exoskeleton robot, obtaining highly satisfactory results.
Trajectory tracking control objective of the position of the joints of the ex-
oskeleton robot under the proposed controllers was carried out with a good
performance and faster finite-time convergence. The saturated controller’s pro-
duces continuous control system which alleviates the chattering problem and
compensates for disturbances and uncertainties. Furthermore, it takes into ac-
count the physical limitations on actuators of the exoskeleton robot and thus
delivers a bounded input torque sufficient enough to achieve the control task
while preserving life-time of the actuators. Numerical simulation results are
presented to demonstrate the efficacy of the proposed approach. In order to
avoid overestimation of the gains of the controller and the necessity to have
prior knowledge about bounds of uncertainties, our future research will focus
on the proposition of adaptation laws, as well as an experimental evaluation
of the proposed control strategies.
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