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MONOTONICITY PROPERTIES RELATED TO SOME 
GAMMA FUNCTION ESTIMATES 

Cristinel MORTICI1, Sorinel DUMITRESCU2, Yue HU3 

The aim of this paper is to establish some inequalities to some approximation 
formulas for gamma function that are stronger than other classical such as 
Ramanujan formula. The monotonicity and convexity of corresponding functions are 
demonstrated. However the proving of complete monotonicity of these functions is 
left as an open problem.  

Keywords: Asymptotic approximation, asymptotic expansions, Gamma function, 
Digamma function 

1. Introduction 

The problem of approximating the gamma function defined (for ݔ ൐ 0) by  
ሻݔሺ߁                         ൌ ׬ ஶݐ௫ିଵ݁ି௧݀ݐ

଴  
Is of great interest in many branches of science and consequently it was widely 
studied in the recent past. See [2]-[17] and all reference therein. Undoubtedly, the 
most known formula is Stirling’s formula, e.g., [1],[18] 

ݔሺ߁ ൅ 1ሻ~√2ݔߨ ቀ
ݔ
݁ቁ

௫
. 

Burnside formula [2] 

ݔሺ߁                                       ൅ 1ሻ~√2ߨ ቆ
௫ାభ

మ
௘

ቇ
௫ାభ

మ
 

and Gosper’s formula [5] 

ݔሺ߁                               ൅ 1ሻ~√2ݔߨ ቀ௫
௘
ቁ

௫
ට1 ൅ ଵ

଺௫
 

are slightly better. However, Ramanujan formula, e.g., [17] 

ݔሺ߁              ൅ 1ሻ~√2ݔߨ ቀ௫
௘
ቁ

௫
· ට1 ൅ ଵ

ଶ௫
൅ ଵ

଼௫మ ൅ ଵ
ଶସ଴௫య

ల
 

are much accurate. In the recent past, Nemes [16] proposed the following two 
formulas: 

ݔሺ߁ ൅ 1ሻ~ ቀ௫
௘
ቁ

௫
ݔߨ2√ ቀ1 ൅ ଵ

ଵହ௫మቁ 
ఱೣ
ర          (1) 

and 
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ݔሺ߁ ൅ 1ሻ~ ቀ௫
௘
ቁ

௫
ݔߨ2√ ቆ1 ൅ ଵ

ଵଶ௫మି భ
భబ

ቇ
௫

     (2) 

which give much better results than Ramanujan formula. The advantage of 
formula (1)-(2) is also that they are of a simple form. 

2. The Results 

Usually to an approximation of the form ݂ሺݔሻ~݃ሺݔሻ (in the sense that ௙ሺ௫ሻ
௚ሺ௫ሻ

 tends 
to 1, as x approaches infinity) the following function is associated: 

ሻݔሺߔ                                          ൌ ln ௙ሺ௫ሻ
௚ሺ௫ሻ

 
If ߔ is (completely) monotone, then sharp inequalities related to the 
approximation ݂ሺݔሻ~݃ሺݔሻ can be established. In this sense, we present the 
following results. 
 

Theorem 1. Let 
ሻݔሺܨ                               ൌ ln ௰ሺ௫ାଵሻ

ቀೣ
೐ቁ

ೣ
√ଶగ௫ቀଵା భ

భఱೣమቁ
ఱೣ
ర

 

Then : a) F is strictly decreasing on [2, ).  b) F is strictly convex on [2, ). 
 

Theorem 2. Let  
ሻݔሺܩ                        ൌ ln ௰ሺ௫ାଵሻ

ቀೣ
೐ቁ

ೣ
√ଶగ௫൭ଵା భ

భమೣమష భ
భబ

൱
ೣ 

Then : a) G is strictly decreasing on [2, ).  b) G is strictly convex on [2, ).   
 
The following double inequality obtained by truncation the classical asymptotic 
series of the gamma function is valid for every ൐ 0 : 

ሻݔሺݑ ൏ ln
ݔሺ߁ ൅ 1ሻ

ቀݔ
݁ቁ

௫
ݔߨ2√

൏  ,ሻݔሺݒ

where 
ሻݔሺݑ ൌ ଵ

ଵଶ௫
െ ଵ

ଷ଺଴௫య ൅ ଵ
ଵଶ଺଴௫ఱ െ ଵ

ଵ଺଼଴௫ళ ൅ ଵ
ଵଵ଼଼௫వ െ ଺ଽଵ

ଷ଺଴ଷ଺଴௫భభ     (3) 
and 

ሻݔሺݒ ൌ ଵ
ଵଶ௫

െ ଵ
ଷ଺଴௫య ൅ ଵ

ଵଶ଺଴௫ఱ െ ଵ
ଵ଺଼଴௫ళ ൅ ଵ

ଵଵ଼଼௫వ.    (4) 
The function ߰ሺݔሻ ൌ  ሻ is called digamma function, while its derivativeݔሺ߁/ሻݔԢሺ߁
߰’ is the trigamma function. The following inequality obtained by truncation the 
asymptotic series of the trigamma function is valid for every ݔ ൐ 0: 
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߰ᇱሺݔሻ ൐ ଵ
௫

൅ ଵ
ଶ௫మ ൅ ଵ

଺௫య െ ଵ
ଷ଴௫ఱ ൅ ଵ

ସଶ௫ళ െ ଵ
ଷ଴௫వ.        (5) 

 
Proof of Theorem 1. By using the recurrence formula ሺݔ ൅ 1ሻ ൌ ߰ሺݔሻ ൅  we , ݔ/1
deduce that 

ሻݔᇱሺܨ ൌ ߰ሺݔሻ െ ln ݔ ൅
1

ݔ2 െ
5
4 ln ൬1 ൅

1
ଶ൰ݔ15 ൅

5
2ሺ15ݔଶ ൅ 1ሻ 

and 

ሻݔᇱᇱሺܨ ൌ ߰ᇱሺݔሻ െ
1
ݔ െ

1
ଶݔ2 ൅

5
ଶݔሺ15ݔ2 ൅ 1ሻ െ

ݔ75
ሺ15ݔଶ ൅ 1ሻଶ. 

By (5), we deduce 

ሻݔᇱᇱሺܨ ൐
1

ଷݔ6 െ
1

ହݔ30 ൅
1

଻ݔ42 െ
1

ଽݔ30 ൅
5

ଶݔሺ15ݔ2 ൅ 1ሻ െ
ݔ75

ሺ15ݔଶ ൅ 1ሻଶ 

ൌ
1

ଽሺ15xଶݔ210 ൅ 1ሻ 

 [950ሺݔ െ 2ሻ଺ ൅ 11400ሺݔ െ 2ሻହ ൅ 55568ሺݔ െ 2ሻସ 
൅140544ሺݔ െ 2ሻଷ  ൅ 193427ሺݔ െ 2ሻଶ ൅ 135756ሺݔ െ 2ሻ ൅ 37061ሿ ൐ 0. 

Hence ܨᇱᇱ ൐ 0 on [2, ), so ܨ is convex on [2, ).  
Now ܨԢ is strictly increasing, with lim௫՜ஶ ሻݔᇱሺܨ ൌ 0. As a result, ܨᇱ ൏ 0, so ܨ is 
strictly decreasing on [2, ). 
 
Proof of Theorem 2. By using the recurrence formula ሺݔ ൅ 1ሻ ൌ ߰ሺݔሻ ൅  we , ݔ/1
deduce that 

ሻݔᇱሺܩ ൌ ߰ሺݔሻ െ ln ݔ ൅
1

ݔ2 െ ݈݊ ቌ1 ൅
1

ଶݔ12 െ 1
10

ቍ

൅
ଶݔ24

ቀ12ݔଶ ൅ 9
10ቁ ቀ12ݔଶ െ 1

10ቁ
 

and 

ሻݔᇱᇱሺܩ ൌ ߰ᇱሺݔሻ െ
1
ݔ െ

1
ଶݔ2 െ

ଶݔሺെ320ݔ18 ൅ ସݔ4800 ൅ 9ሻ

25 ቀ12ݔଶ ൅ 9
10ቁ

ଶ
ቀ12ݔଶ െ 1

10ቁ
ଶ. 

By (5), we get 

ሻݔᇱᇱሺܩ ൐
1

ଷݔ6 െ
1

ହݔ30 ൅
1

଻ݔ42 െ
1

ଽݔ30 െ
ଶݔሺെ320ݔ18 ൅ ସݔ4800 ൅ 9ሻ

25 ቀ12ݔଶ ൅ 9
10ቁ

ଶ
ቀ12ݔଶ െ 1

10ቁ
ଶ 

 

ൌ
1

ଶݔଽሺ120ݔ210 െ 1ሻଶሺ40ݔଶ ൅ 3ሻଶ 
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[94760000ሺݔ െ 2ሻଵ଴ ൅ 1895200000ሺݔ െ 2ሻଽ ൅ 16910297600ሺݔ െ 2ሻ଼ 

൅88625561600ሺݔ െ 2ሻ଻ ൅ 
301964208955ሺݔ െ 2ሻ଺ ൅ 698258097860ሺݔ െ 2ሻହ 

൅1108223852437ሺݔ െ 2ሻସ ൅ 1189597541096ሺݔ െ 2ሻଷ

൅ 824020977173ሺݔ െ 2ሻଶ ൅ 331080529684ሺݔ െ 2ሻ
൅ 58169457989ሿ ൐ 0. 

Hence ܩᇱᇱ ൐ 0 on [2, ), so ܩ is convex on [2, ). 
Now ܩԢ is strictly increasing, with lim௫՜ஶ ሻݔᇱሺܩ ൌ 0. As a result, ܩᇱ ൏ 0, so ܩ is 
strictly decreasing on [2, ). 

 
Corollary 3. The following sharp inequalities are valid for every ݔ ൒ 2: 

ߙ ቀ௫
௘
ቁ

௫
ݔߨ2√ ቀ1 ൅ ଵ

ଵହ௫మቁ
ఱೣ
ర ൏ ݔሺ߁ ൅ 1ሻ ൑ ߚ ቀ௫

௘
ቁ

௫
ݔߨ2√ ቀ1 ൅ ଵ

ଵହ௫మቁ
ఱೣ
ర ,    (6) 

where the constants ߙ ൌ 1 and 
ߚ                                          ൌ ଵ଼଴଴√ଽଵହ

ଶଶ଺ଽ଼ଵ√గ
݁ଶ ൌ 1.000017441 …  

are sharp. 
 
Proof. As the function ܨ is strictly decreasing, by exponentiating we 

deduce the following inequality for every ݔ ൒ 2: 

expሼܨሺ∞ሻሽ ൏
ݔሺ߁ ൅ 1ሻ

ቀݔ
݁ቁ

௫
ݔߨ2√ ቀ1 ൅ 1

ଶቁݔ15
ହ௫
ସ

൑ expሼܨሺ2ሻሽ. 

The conclusion follows from the fact that 
ሺ2ሻܨ                                                   ൌ ln ቀଵ଼଴଴√ଽଵହ

ଶଶ଺ଽ଼ଵ√గ
݁ଶቁ. 

Corollary 4. The following sharp inequalities are valid for every ݔ ൒ 2: 

ߜ ቀ௫
௘
ቁ

௫
ݔߨ2√ ቆ1 ൅ ଵ

ଵଶ௫మି భ
భబ

ቇ
௫

൏ ݔሺ߁ ൅ 1ሻ ൑ ߟ ቀ௫
௘
ቁ

௫
ݔߨ2√ ቆ1 ൅ ଵ

ଵଶ௫మି భ
భబ

ቇ
௫

,      (7) 

where the constants ߜ ൌ 1 and 
ߟ                                        ൌ ଶଶଽସସଵ

ଽହ଺ସ଼ସ√గ
݁ଶ ൌ 1.000016912 … 

are sharp. 
 

Proof. As the function ܩ is strictly decreasing, by exponentiating we 
deduce the following inequality for every ݔ ൒ 2: 
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expሼܩሺ∞ሻሽ ൏
ݔሺ߁ ൅ 1ሻ

ቀݔ
݁ቁ

௫
ݔߨ2√ ቌ1 ൅ 1

ଶݔ12 െ 1
10

ቍ

௫ ൑ expሼܩሺ2ሻሽ. 

The conclusion follows from the fact that 
ሺ2ሻܩ                                          ൌ ln ቀ ଶଶଽସସଵ

ଽହ଺ସ଼ସ√గ
݁ଶቁ . 

 
The strongness of inequalities (6)-(7) follows also from the fact that the 
differences between sharp constants ߙ, ,ߜ respectively ,ߚ  are very small in ߟ
absolute value. 
Corollary 1-2 present constants bounds for 

             
௰ሺ௫ାଵሻ

ቀೣ
೐ቁ

ೣ
√ଶగ௫ቀଵା భ

భఱೣమቁ
ఱೣ
ర

                       (8) 

and 
                 

௰ሺ௫ାଵሻ

ቀೣ
೐ቁ

ೣ
√ଶగ௫൭ଵା భ

భమೣమష భ
భబ

൱
ೣ.      (9) 

In the sequel we resent new bounds of (8)-(9) which are expressions in ିݔ௞ that 
tends to zero  as ݔ approaches infinity. 

 
Theorem 5. The following inequalities are valid for every ݔ ൒ 2: 

exp ൜
19

ହݔ28350 െ
167

଻ൠݔ283500 ൏
ݔሺ߁ ൅ 1ሻ

ቀݔ
݁ቁ

௫
ݔߨ2√ ቀ1 ൅ 1

ଶቁݔ15
ହ௫
ସ

൏ exp ൜
19

ହൠݔ28350 . 
Proof. We have to proof that ܽ ൐ 0 and ܾ ൏ 0, where 

ܽሺݔሻ ൌ ln
ݔሺ߁ ൅ 1ሻ

ቀݔ
݁ቁ

௫
ݔߨ2√

െ
ݔ5
4 ln ൬1 ൅

1
ଶ൰ݔ15 െ ൬

19
ହݔ28350 െ

167
 ଻൰ݔ283500

and 

ܾሺݔሻ ൌ ln
ݔሺ߁ ൅ 1ሻ

ቀݔ
݁ቁ

௫
ݔߨ2√

െ
ݔ5
4 ln ൬1 ൅

1
ଶ൰ݔ15 െ

19
 .ହݔ28350

By using (3)-(4), we get ܽሺݔሻ ൐ ሻݔሻ and ܾሺݔሺ݌ ൏   ሻ, whereݔሺݍ
ሻݔሺ݌                   ൌ ሻݔሺݑ െ ହ௫

ସ
ln ቀ1 ൅ ଵ

ଵହ௫మቁ െ ቀ ଵଽ
ଶ଼ଷହ଴௫ఱ െ ଵ଺଻

ଶ଼ଷହ଴଴௫ళቁ 
and 

ሻݔሺݍ ൌ ሻݔሺݑ െ
ݔ5
4 ln ൬1 ൅

1
ଶ൰ݔ15 െ

19
 .ହݔ28350
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Thus 

ሻݔᇱᇱሺ݌ ൌ
1

ଵଷሺ15xଶݔ20270250 ൅ 1ሻ 

ൈ ሾ345380490ሺݔ െ 2ሻ଺ ൅ 4144565880ሺݔ െ 2ሻହ

൅ 19614489268ሺݔ െ 2ሻସ 
൅46394157344ሺݔ െ 2ሻଷ +56138769807ሺݔ െ 2ሻଶ ൅ 

൅30236631356ሺݔ െ 2ሻ ൅ 3756240073ሿ ൐ 0. 
and 

ሻݔᇱᇱሺݍ ൌ െ
1

ଶݔଵଵሺ15ݔ2970 ൅ 1ሻଶ 

ൈ ሾ22044ሺݔ െ 2ሻ଺ ൅ 264528ሺݔ െ 2ሻହ ൅ 1274974ሺݔ െ 2ሻସ ൅ 3145712ሺݔ െ 2ሻଷ

൅ 4139925ሺݔ െ 2ሻଶ ൅ 2680532ሺݔ െ 2ሻ ൅ 621331ሿ ൏ 0. 
Finally, ݌ is strictly convex, ݍ is strictly concave on ሾ2, ∞ሻ, with ݌ሺ∞ሻ ൌ ሺ∞ሻݍ ൌ
0, ݌ ݋ݏ ൐ ݍ ݀݊ܽ 0 ൏ ,ሾ2 ݊݋ 0 ∞ሻ.  The proof is now completed. 
 

Theorem 6. The following inegalities are valid for every ൒ 2 : 

exp ൜
2369

ହݔ3628800 െ
21313

଻ൠݔ36288000 ൏
Γሺx ൅ 1ሻ

ቀݔ
݁ቁ

௫
ݔߨ2√ ቌ1 ൅ 1

ଶݔ12 െ 1
10

ቍ

൏ exp ൜
2369

 .ହൠݔ3628800
 
Proof. We have to proof that ܿ ൐ 0 and ݀ ൏ 0, where 

    ܿሺݔሻ ൌ ln ୻ሺ୶ାଵሻ

ቀೣ
೐ቁ

ೣ
√ଶగ௫

െ ݔ ln ቆ1 ൅ ଵ
ଵଶ௫మି భ

భబ
ቇ െ ቀ ଶଷ଺ଽ

ଷ଺ଷଶ଼଼଴଴௫ఱ െ ଶଵଷଵଷ
ଷ଺ଶ଼଼଴଴଴௫ళቁ 

and 

             ݀ሺݔሻ ൌ ln ୻ሺ୶ାଵሻ

ቀೣ
೐ቁ

ೣ
√ଶగ௫

െ ݔ ln ቆ1 ൅ ଵ
ଵଶ௫మି భ

భబ
ቇ െ ଶଷ଺ଽ

ଷ଺ଷଶ଼଼଴଴௫ఱ. 

By using (3)-(4), we get ܿሺݔሻ ൐ ሻݔሻ and ݀ሺݔሺݎ ൏  ሻ, whereݔሺݏ

ሻݔሺݎ         ൌ ሻݔሺݑ െ ݔ ln ቆ1 ൅ ଵ
ଵଶ௫మି భ

భబ
ቇ െ ቀ ଶଷ଺ଽ

ଷ଺ଷଶ଼଼଴଴௫ఱ െ ଶଵଷଵଷ
ଷ଺ଶ଼଼଴଴଴௫ళቁ 

and 

ሻݔሺݏ ൌ ሻݔሺݒ െ ݔ ln ቌ1 ൅
1

ଶݔ12 െ 1
10

ቍ െ
2369

 ହݔ36328800

Thus 
ሻݔሺ"ݎ                ൌ ோሺ௫ିଶሻ

ଵଶଽ଻ଶଽ଺଴଴଴଴௫భయሺଵଶ଴௫మିଵሻమሺସ଴௫మାଷሻమ ൐ 0 
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and 
ሻݔሺ"ݏ                      ൌ െ ௌሺ௫ିଶሻ

ଵଽ଴଴଼଴௫భభሺଵଶ଴௫మିଵሻమሺସ଴௫మାଷሻమ ൏ 0, 
where ܴ and ܵ are polynomials of degree 10 with all coefficients positive. 
Finally, ݎ is strictly convex, ݏ is strictly concave on ሾ2, ∞ሻ, with ݎሺ∞ሻ ൌ ሺ∞ሻݏ ൌ
0, so ݎ ൐ 0 and ݏ ൏ 0 on ሾ2, ∞ሻ. The proof is now completed. 
By a completely monotonic function ݖ onሺ0, ∞ሻ we mean that ݖ has derivatives of 
all orders and 
                                                           ሺെ1ሻ௡ݖ௡ሺݔሻ ൒ 0,                                     (10) 
for every integer ݊ ൒ 0 and ݔ א ሺ0, ∞ሻ. Completely monotonic functions 
involving gamma function are of great interest in the problem of approximating 
gamma and polygamma functions. Sharp bounds for these functions can be 
established. 

We proved in Theorem 1-2 that functions ܨ and ܩ satisfy (10) for 
݊ ൌ 0, 1. However, we propose as an open problem that proof of the fact that ܨ 
and ܩ are completely monotonic. 

3. Further possible extensions 

In this final section we show how to above theoreticals results can be 
extended. As a constant ଵ

ଵ଴
 appears in (9), an idea is to consider a new term ௕

௫మ in 
(8) to obtain the approximation  

ݔሺ߁                               ൅ 1ሻ~ ቀ௫
௘
ቁ

௫
ݔߨ2√ ቆ1 ൅ ଵ

ଵହ௫మା ್
ೣమ

ቇ

ఱೣ
ర

.    (11) 

In order to find the value of b that provides the most accurate approximation (11), 
we use the method first presented in [11]. This method was proven to be also a 
strong tool for constructing asymptotic expansions or to accelerating some 
convergences and it was highly used by other authors in the recent past. See, e.g., 
[3]-[4], [6]-[9]. The relative error sequence is 

߱௡ ൌ ln Γ ሺn ൅ 1ሻ െ n ln ݊ ൅ ݊ െ
1
2

ln ݊ߨ2 െ
5݊
4

ln ቌ1 ൅
1

15݊ଶ ൅ ܾ
݊ଶ

ቍ. 

We are interested in the case when ߱௡ is of higher possible speed of convergence. 
But ߱௡ is of convergence rate ݊ିሺ௞ିଵሻ when ߱௡ െ ߱௡ାଵ  converges to zero as 
݊ି௞. As 

߱௡ െ ߱௡ାଵ ൌ ൬
1

36 ܾ ൅
19

5670൰
1

݊଺ െ ൬
1

12 ܾ ൅
19

1890൰
1

݊଻ ൅ ܱ ൬
1

଼݊൰, 

The fastest sequence ߱௡ is obtained when the coefficient of ଵ
௡ల vanishes, that is 

ܾ ൌ െ ଷ଼
ଷଵହ

. Now (11) becomes  
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ݔሺ߁                          ൅ 1ሻ~ ቀ௫
௘
ቁ

௫
ݔߨ2√ ቆ1 ൅ ଵ

ଵହ௫మା యఴ
యభఱೣమ

ቇ

ఱೣ
ర

. 

Then we prove the monotonicity and convexity of the function  

ሻݔሺܪ ൌ ln
ݔሺ߁ ൅ 1ሻ

ቀݔ
݁ቁ

௫
ݔߨ2√ ቌ1 ൅ 1

ଶݔ15 െ 38
ଶݔ315

ቍ

ହ௫
ସ

. 

Using the method from the previous sections, we deduced that ܪ is increasing and 
concave on ሾ2, ∞ሻ. From the monotonicity of ܪ (more precisely ܪሺ2ሻ ൑ ሻݔሺܪ ൑
 ሺ∞ሻሻ we got the followingܪ

Theorem 7. The following inequality is valid for every real ݔ ൒ 2  ׷

ݒ · ቀ
ݔ
݁ቁ

௫
ݔߨ2√ ቌ1 ൅

1

ଶݔ15 െ 38
ଶݔ315

ቍ

ହ௫
ସ

൑ ݔሺ߁ ൅ 1ሻ

൏ ߱ · ቀ
ݔ
݁ቁ

௫
ݔߨ2√ ቌ1 ൅

1

ଶݔ15 െ 38
ଶݔ315

ቍ

ହ௫
ସ

, 

where the constants 

ݒ ൌ
1427403961

226687113682124 √37781
√38411

ߨ√
݁ଶ ൌ 0.9999968306 … 

and ߱ ൌ 1.000000 are sharp. 
Personal computations we made lead us to the conclusion that െܪ should 

be completely monotonic. However, the rigorous proof of the complete 
monotonicity of െܪ we leave as an open problem. 

The results stated in this paper are part of the problem of estimating the 
gamma function for large values of the argument. A possible subject of interest 
for the future is the behavior of functions ܨ, ,ܩ  .on intervals near origin ܪ
However, we are convinced that different method should be exploited, since the 
inequalities used in this paper give good results only for large values of the 
variable. 
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