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CONVERGENCE OF LINEARIZED /¢, PENALTY METHODS FOR
OPTIMIZATION WITH NONLINEAR EQUALITIES

Lahcen E]l BOURKHISSI', Ton NECOARA?

In this paper, we consider nonconvexr optimization problems with nonlinear
equality constraints. We assume that the objective function and the func-tional constraints
are locally smooth. To solve this problem, we introduce a linearized {4 penalty based
method, where q € (1, 2] is the parameter defining the norm used in the construction of the
penalty function. Our method involves linearizing the objective function and functional
constraints in a Gauss-Newton fashion at the current iteration in the penalty formulation
and introduces a quadratic regularization. This approach yields an easily solvable
subproblem, whose solution becomes the next iterate. By us-ing a novel dynamic rule for
the choice of the regularization parameter, we establish that the iterates of our method
converge to an e-first-order solution in O(l/e2+(q_1)/q ) outer iterations. Finally, we put
theory into practice and evaluate the performance of the proposed algorithm by making
numerical comparisons with existing methods from literature.
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1. Introduction

Penalty methods have played a central role in theoretical and numerical optimization, with
their historical origins dating back to at least [4]. Extensive research has explored the
applications of penalty methods to a wide range of problems, as shown by works such
as [1,2,8-11,13,14], among others. For example, [9] studies a polyvalent class of penalty
functions, taking the form of | - [|4, where ¢ > 0, for general constrained problems. This
study establishes bounds that measure the closeness of the penalty solution to the solu-
tion of original problem as a function of the penalty parameter p. In particular, under
strict Mangasarian—Fromovitz constraint qualification and second-order sufficiency, a bound
of the form O(pq—l,l) is derived and it becomes zero for ¢ € (0,1] provided that p is suffi-
ciently large. Paper [2] introduces an algorithm based on a Lipschitz penalty function, with
dynamic quadratic regularization. This method reduces the size of a first-order criticality
measure to a specified accuracy threshold ¢, in a maximum of O(1/¢?) functions evaluations,
provided we are close to feasibility. In an alternative context, [10] focuses on the use of a
quadratic penalty method to handle nonconvex composite problems with linear constraints
proving convergence to an e-critical point in O(1/€?) accelerated composite gradient steps.
Furthermore, the work in [11] introduces an inexact proximal-point penalty method for solv-

ing general problems with nonconvex objective and constraints, proving convergence to an
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e-critical point within O(1/€®) of functions evaluations. The result can be refined, reaching
a complexity of O(1/€%%) for nonconvex objective and convex constraints. Finally, in our
previous work [6], we developed a quadratic penalty method for solving smooth nonconvex
optimization problems with nonlinear constraints, where we linearize both the objective and
functional constraints within the quadratic penalty function in a Gauss-Newton fashion. We
established a complexity bound of O(1/e2-5) of functions evaluations. In this context, our
current method is inspired by [9] and generalizes our previous work [6], as it considers an £,
penalty approach with ¢ € (1, 2], bridging the gap between two extremes: the exact penalty
method based on ¢; norm, where the penalty parameter p is finite but the subproblem lacks
differentiability, and the quadratic penalty method, where the subproblem is smooth but
the penalty parameter p must be of the order inverse of the desired accuracy.

Contributions: Our approach, referred to as the linearized ¢, penalty method (qLP), effec-
tively addresses some of the limitations of the previous studies. Notably, in [2], the sub-
problem is non-differentiable, due to the use of a Lipschitz penalty function, while in [10],
the framework is limited to handling only linear constraints. Hence, our main contributions
are as follows:

(i) At each iteration, we linearize, in a Gauss-Newton fashion, both the cost function
and the nonlinear functional constraints within the ¢, penalty function, where ¢ € (1, 2]
is the parameter defining the norm used in the construction of the penalty function, and
add a dynamic regularization term. This results in a new algorithm, called the linearized ¢,
penalty method (qLP). Notably, our method considerably simplifies the computational cost
of the new iterate, since each iteration reduces to minimizing a strongly convex differentiable
function with Holder continuous gradient, thus making the subproblem easily solvable with
e.g., an accelerated first-order scheme.

(ii) We provide rigorous proofs of global asymptotic convergence, guaranteeing that
the iterates eventually converge to a critical point of the ¢; penalty function, which implies,
for an appropriate choice of p, a (0, €)-first-order solution of the original problem. Further-
more, our method guarantees convergence to an e-first-order solution of the original problem
in O(1/e2+(@=1/49) outer iterations, thus improving the existing bounds.

2. Problem formulation and preliminaries
In this paper, we consider the following nonconvex optimization problem:

;Iéﬁgnf(x) st. F(x)=0, (1)
where f : R" — R and F(z) £ (fi(z), ..., fm(x))", with f; : R® — R for all i = 1 : m.
We assume that the functions f,f; € G for all i = 1 : m, where f can be nonconvex
and F nonlinear. Moreover, we assume that the problem is well-posed i.e., the feasible
set is nonempty and the optimal value is finite. Before introducing the main assumptions
for our analysis, we would like to clarify some notations. We use | - [|Z, where ¢ € (1,2],
to denote the g-norm of a vector in R™. For simplicity, || - || denotes the Euclidean norm
of a vector or the spectral norm of a matrix. For a differentiable function f : R® —
R, we denote by Vf(xz) € R™ its gradient at a point x. Moreover, we say that z* is a
eritical point of f if Vf(a*) = 0. For a differentiable vector function F : R™ — R™, we
denote its Jacobian at a given point z by Jr(z) € R™*". Furthermore, for a vector y =
(W1, ym)T € R™ and a positive value a, we denote |y|* = (|y1|%, ..., |ym|*)T and sign(y)o
ly|* = (sign(y1)|y1]% - - -, sign(ym)|ym|®)T € R™. We further introduce the notations:

lp(2;7) £ f(2) + (Vf(@),2 = 7), lp(2;7) £ F(@)+ Jp(@)(z —7) Vz,7.

Let us now present the main assumptions considered for problem (1):
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Assumption 1. Assume that f(x) has compact level sets, i.e., for any a € R, the following
set is either empty or compact:

8o = {z: f(z) <a}.

Assumption 2. Given a compact set§ C R", there exist positive constants My, Mp,0,L¢, Lp
such that f and F satisfy the following conditions:
(i) |IVf@) <My, |[Vf(x) = VI < Lylle =yl Yo,y e8.
(i) | Jr(x)| < Mp,  |[Jr(z) = Jr()ll < Lelle —yl| Vr,y €S,
(#ii) Problem (1) satisfies Linear Independance Constraint Qualification (LICQ) condition
for all x € 8.

Note that these assumptions are standard in the nonconvex optimization literature, in par-
ticular in penalty type methods, see e.g., [2,3,6,15]. In fact, these assumptions are not
restrictive because they need to hold only locally. Indeed, large classes of problems satisfy
these assumptions as discussed below.

Remark 2.1. Assumption 1 holds e.g., when f(x) is coercive (in particular, f(z) is strongly
convez), or f(x) is bounded from bellow. Assumption 2 allows general classes of problems.
In particular, conditions (i) hold if f(x) is differentiable and V f(zx) is locally Lipschitz
continuous on a neighborhood of 8. Conditions (ii) hold when F(x) is differentiable on
a neighborhood of 8 and Jp(x) is locally Lipschitz continuous on 8. Finally, the LICQ
assumption guarantees the existence of dual multipliers and is commonly used in nonconvex
optimization, see e.g., [13,15]. For equality constraints, LICQ holds on a compact set 8
if the smallest singular value of the Jacobian matriz of the functional constraints remains
strictly positive on 8.

The following lemma is an immediate consequence of Assumption 1.
Lemma 2.1. If Assumption 1 holds, then for any p > 0, we have:

P2 inf {f(x)+ gHF(x)Hg} >0 and [2 inf {f(z)} > —oc. @)

We are interested in (approximate) first-order (also called KKT) solutions of optimization
problem (1). Hence, let us introduce the following definitions:

Definition 2.1. [First-order solution and e-first-order solution of (1)] The vector x* is said
to be a first-order solution of (1) if IA* € R™ such that:

V@) + Jp(z))TA\* =0 and F(z*) = 0.
Moreover, & is an (1, e3)-first-order solution of (1) if 3\ € R™ and ky, ky > 0:
IVF(@)+ Jp@)TA| < krer and ||F(2)]| < kaes.

If €1 = e, we refer to & as an e-first-order solution in the previous definition.

3. A linearized ¢, penalty method

In this section, we propose a new algorithm for solving nonconvex problem (1) using the ¢,
penalty framework. Let us first introduce few notations. The penalty function associated
with the problem (1) is

P
Pi(x) =f(fﬂ)+§||F(x)||3» (3)
where g€ (1,2]. This penalty function, P4, is differentiable and its gradient is:
VPU(a) = Vi(x) + Jr(2)" (psign(F(2)) o [F(2)|"").

The next lemma states that function sign(-)| - |*, where v € (0, 1], is Holder continuous:
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Lemma 3.1. [Holder] Let v € (0,1]. Then, we have:
| sign(z)|z|” —sign(y)[y|"| < 3lz —y|” Va,y €R.

From the previous lemma, using properties of norms, one can conclude that the function
v %Hvﬂg, with ¢ € (1,2] and v € R™, has the gradient Holder continuous w.r.t. Euclidean
norm || - ||, i.e.:

|| sign(v) o [v|7™! — sign(w) o |w|47| < 3 x m22;q|\v — w7 Yo, w € R™. (4)

This implies the following inequality [5]:

2—¢q
Ljofla < w2+ (sign(w) o ||t~ v — w) + 2Bl —wllt, Vo,weR™.  (5)

Further, let us denote the following function derived from linearization in a Gauss-Newton
fashion of the objective function and the functional constraints, at a given point Z, in the
penalty function:

Pi(w;7) = f(@) + (Vf(2),2 — Z) + §||F(§3) + Jr(T)(z - 2)[[§-

Note that the function j’g(gf) is always convex since ¢ > 1. Let us also introduce the
following criticality measure for the penalty function P2, for conducting our analysis, inspired
by [2]. For 0 < r <1, we define:
A D . 3 D . p— 3 D .
U, (z) = Ph(a; ) — ”yrgl;ﬁlgrﬂ’Z(y,x) =Pi(z) - ”;P;ﬁgrﬂ’%% z). (6)
In particular, following [16], U,.(z) is continuous for all x, and z* is a critical point of
0.

penalty function PJ if ¥,.(z*) = 0. The next lemma states the above claim, see also Lemma
2.1 in [16].

Lemma 3.2. Let ¢ € (1,2], 0 < r < 1 and ¥.(:) be as in (6). Then, ¥.(x) > 0 and
V() = 0 if and only if x is a critical point of the penalty function P%. Moreover, W, (-) is
continuous.

Let us also introduce the following pseudo-criticality measure:
7 2 Pa(o ey P 2
(o, ) 2 P4ase) - min {4050 + Sy - 1?}. ™

We establish later a relation between these two criticality measures.

To solve the optimization problem (1) we propose the following Linearized ¢, penalty (qLP)
algorithm, where we linearize the objective function and the functional constraints, in a
Gauss-Newton fashion, within the penalty function at the current iterate and add an adap-
tive quadratic regularization. To the best of our knowledge qLP algorithm is new and its

Algorithm 3.1 Linearized ¢, penalty (qLP) method

L: Initialization: zg,p >0, and 8 > 1.
2: k+0
3: while stopping criterion is not satisfied do
4: generate a proximal parameter i1 > 3 such that
5: Tpq1 ¢ argmingcpn ?%(m; xr) + %Hx — a3||? satisfies the descent:
5 Br+1
Po@rr1) < Phzpszn) + == lwnrs — k. (8)

k+—k+1
7: end while
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convergence behavior has not been analyzed before in the literature. Note that the objective
function in the subproblem of Step 5 of Algorithm 3.1 is always strongly convex since the
convex function 5’;1)(-; xy) is regularized with a quadratic term. Moreover, it has a locally
Holder continuous gradient with Holder constant proportial to p and exponent ¢ — 1 (see
Lemma 3.1). Therefore, finding a solution of the subproblem in Step 5 is easy as there are
efficient methods that can deal with this type of problems (see e.g., [5]). In the sequel, we
denote:

Axy =x, —xp_1 Vk>1.

Let us show that we can always choose an adaptive regularization parameter ;1 guaran-
teeing the descent property (8). Indeed, since f and F are smooth functions, if one chooses
adaptively (i.e., depending on the current iterate xy):

(2—q)(q—1)

Cn=1) o NG a1 1 a1
Br+1 ZLf+(3><m 2w x 2? q) g+ peLp (Pixr) —f) © 9)
then the descent property (8) follows, as established in the following lemma.

Lemma 3.3. [Ezistence of Bry1] If the sequence {zy}r>0 generated by Algorithm 3.1 is
in some compact set 8§ on which Assumptions 1 and 2 hold and we choose Br11 as in (9),
then the descent property (8) holds. Consequently, the following decrease condition is also
satisfied:

PY(in) < Palae) — P gy — (10)

Proof. See Appendix. O

From Lemma 3.3 it follows that when using a backtracking scheme, with a geometrically
increasing parameter p > 1, Bi41 can be always upper bounded as:

_g—1

1
_ 2—q)(g—1) q - _
ﬂésupﬂk§ﬂ<Lf+(3Xm( kX )x22q)qqqqlp3Lp(Pf)q>- (11)

k>1
Next lemma, whose proof is straightforward, guarantees the following for zj41.

Lemma 3.4. Let Assumption 2 hold on a compact set 8 and assume that the sequence
{zk >0 generated by Algorithm 8.1 is in 8. Then, we have:

a Phar) — Pl@rt1)
e TEA AR 12)

Due to space limitation, the proofs of some lemmas are omitted, but the details can be found
in [7].

4. Convergence analysis

In this section, we derive the efficiency of qLP algorithm (ALgorithm 3.1) for finding an
e-first-order solution of the problem (1). In the sequel, we are using the ¢, penalty function,
P4, as a Lyapunov function and denote by:

P, = fPZ(xk) vk > 0. (13)

It is clear, from Lemma 3.3, that { P }r>0 is decreasing and later we prove that it is bounded
from bellow. The following lemma shows that if the sequence {zy}r>0 generated by Algo-
rithm 3.1 is bounded, then the Lyapunov sequence {Pj}r>o is also bounded. Its proof is
based on the decrease (10).



28 Lahcen El Bourkhissi, Ion Necoara

Lemma 4.1. Consider Algorithm 8.1 and let {Py}r>0 as defined in (13). If the sequence
{wx}r>0 generated by Algorithm 3.1 is in some compact set & on which Assumptions 1 and
2 hold. Then, there exists P < oo such that:

P<P. <P Vk>0, (14)
where P is defined in (2).

Let us now investigate the computational complexity of Algorithm 3.1 for generating an
e-first-order solution. First, we relate the model decrease W (zy,Br+1) to the optimality
measure U, (zy) in (6).

Lemma 4.2. Let 0 < r < 1 and let U,(-) be defined by (6). If the sequence, {xx}k>0

generated by Algorithm 3.1 is in some compact set 8§ on which Assumption 2 holds, then:

U (g, Br1) > %min (1, ;];ET:Q)) U, (k). (15)

Proof. See appendix. O

Lemma 4.2 indicates that rj in (12) is well-defined whenever the current iteration is not
a first-order critical point, i.e., ¥,.(zx) # 0. Let 0 < ¢ < 1. The following theorem
1

demonstrates that after K > O(’Z—E) iterations of Algorithm 3.1, the criticality measure
\I/E(:I,'k) S 62.

Lemma 4.3. Consider Algorithm 3.1 and let { Py }k>0 be defined as in (13). If the sequence
{zk k>0, generated by Algorithm 3.1 is in some compact set & on which Assumptions 1 and
2 hold. Then, for any e € (0,1], after

K=[23(P-P)e? =0 (M)

iterations of Algorithm 3.1, we obtain ¥ () < €2.

Proof. See Appendix. O

In the next theorem, we prove that when the optimality measure W (xy) is sufficiently
small, then we have an approximate critical point of the penalty function ng(~) and and an
e-first-order solution for the problem (1).

Theorem 4.1. If the sequence {xx}r>0 generated by Algorithm 3.1 is in some compact set
8 on which Assumptions 1 and 2 hold and let x) be an iterate satisfying W (xy) < €2 for a
given 0 < € < 1. Then, there exists A\ such that

IV £ (@) + Jr(ze) Ml < e. (16)

Moreover, if p=0 (eq%l), then xy, is an e-first-order solution for (1), within k = O (1>

-1
21 g
E+ q

iterations.
Proof. Let us denote:

sp=arg I\Hﬁig j’g(xk + s; 1) =arg Hnﬁig flzr) +(Vf(xk),s) + gHF(Ik) + Jr(z)s]|2.

Assume that we are in the case ||s;| < e. Then the above problem is essentially un-
constrained and convex, and first-order conditions provide that Vfﬁ%(mk + shyxr) = 0,
and so there exists A, = psign(F(zx) + Jr(xr)st) o |F(zk) + Jp(zk)si|9™! such that
Vf(zr) + Jr(zk)T A = 0, which implies that (16) holds. It remains to consider ||s}| = e.
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Then first-order conditions for s; imply that there exist A\i = psign(F(zx) + Jr(zr)sy) ©
|F(zr) + Jr(zk)si|?71, ul > 0, and 2} € 9(||s;]|) such that

V(zr) + Je(ee)T A 4+ ulzp = 0. (17)
It follows from the definition of W,.(xy) that
U (zg) = j’g(xk; xp) — (T’Z(xk + s§; k)
* p *
= (V) si) + 4 (I @i)ll§ = I1F (zk) + T (@) sil)
and replacing V f(xy) from (17) into the above, we deduce:
P * * * |k *
We(we) = 4 (IF @lE = I1F () + Tr(e)silld) + sk, Jr(ee) T Ae) + ui sk, 21)
= g (IF @ol1E = 1F (@) + Tp(a)silld) + (st Tp(a) T Ae) + ug x e, (18)

where we also used that (s}, z;) = [|s;|| = €. Let o(s) = E[[F(xx) + Jr(ay)s|d, which is
convex; then (0) — ¢(s5) > (—s5)T Jr(zk)T A, where A\, = psign(F(zg) + Jr(xg)s)) o

|F (1) + Jp(xx)s;|97t. We then deduce that:
g (IF(@i)ll2 = [ F () + Te(@r)spll?) + (s5)T e ()T Ae > 0,

and thus from (18) and the fact that ¥ (z;) < €2, we have:
€2 > U (xg) > uj, X €.
From (17) and ||zf|| = 1, we deduce
wp = up|lzil = IV f (k) + Tr(zr) k] <e.

Hence, (16) holds with A\, = psign(F(zg) + Jp(zg)si) | F(xx) + Jr(zg)si|?7t. Now, let us
consider a KKT point z* € 8. LICQ ensures the existence of a corresponding y* such that:
Vi(@*)+ Jp(z*) y* =0 and F(z*) = 0.

Let us analyze how much Aj deviates from a Lagrange multiplier y*. We have:
y' = —Jr(@") V().
Moreover, considering:
IV f(xn) + Jr(zr) Al <
it then follows that there exists a vector d € R™ with ||d|| < 1 such that:
Vf(xk) + Jp(wk)T)\k = ed.
This implies:
AL = —Jp(xk)+Vf($k) + EJF(LUk)+d.
Hence:
Ak = y* | = (| = Tp(ee) TV f ) + Tp(a) TV f(2") + edp(zr) T d|
< |NJp(a*) "V f(@*) = Tp(xe) TV f ()| + €| Jr(zp) Td]|.
Given the continuity of J;S and Vf, along with the fact that z; and x* belong to the

compact set 8§ and that ||d|| < 1, we conclude that there exists a constant M; > 0 such that:
A — y*|| < M. Then: ||Agx]] < M; + |ly*||. Consequently:

|1 A =
1P (ee) + Tp(a)sy)) = WL (' ;”q) < 0(0). (19)
pat
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It then follows that:

IE ()l < 1F(zx) + Tr(en)sill + ([T (zx) sk
<1 (ew) + Jr(zx)sill + Mr|lsill < O(e) + Mpl|sg |-

Moreover, since ||s} || < €, we get:

IV £ (@) + Jp (k) Akl < € and [|F(z2)]| < O(e),
1
after K =0 (‘;;’) =0 (qul) iterations. O

Remark 4.1. Note that from the convergence rate to an e-first-order solution of problem

(1) which is of order O (qul outer iterations (i.e., number of functions, gradients and
€ q

Jacobians evaluations), as q approaches values close to 1, the convergence rate of Algorithm
3.1 becomes O (6%), which coincides with the standard convergence rate for exact penalty
methods [2, 12]. On the other hand, when q = 2, the convergence rate becomes O (62‘%),
matching the rate of quadratic penalty methods established e.g., in [6]. Furthermore, for
the total complexity (inner and outer iterations), note that the subproblem in Step 5 of
our algorithm is unconstrained with a strongly convexr objective function whose gradient is

Holder continuous with exponent ¢ — 1. According to [5], solving this subproblem to an
2

p3a—2
q 2—q
ﬁ g—1¢3q—2

steps (i.e., products of the form Jacobian at xy, times vectors), up to a logarithmic factor.

accuracy €syy = € using an accelerated gradient method requires O gradient

By selecting p = O (eq%l) and B8 = O (p%> =0 <qll), the worst-case complexity of

q

solving the subproblem simplifies to O ( 11> . Thus, the total complexity for obtaining

e3q—2

1

=1 1
ot 4
€ + a

an e-first-order solution of problem (1) is O -
3¢—2

). In particular, as ¢ — 1, this
complexity approaches O (6%,), while for g = 2, it reduces to O (62%) The optimal total
complezity is O (ﬁ) and it is achieved for g =1+ % ~ 1.33. Paper [2], which employs a

Lipschitz penalty function approach, has a total complezity of order O (6%), when employing
the scheme in [5], which is usually higher than our total complexity for any q € (1,2].
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Appendix
Proof of Lemma 3.3. Note that the subproblem’s objective function z +— j’g(~;xk) +

% ||z — 21 ||? is strongly convex with strong convexity constant ;1. Combining this with

the optimality of z;11 and the fact that ‘J_)g(xk; wg) = Ph(x1), we get:
P13 28) < P(@R) = Brallons — . (20)

Further, since f has a Lipschitz gradient, we have the following.

L
fansn) = lp(rrensan) < SHlzken — i (21)



Convergence of linearized ¢, penalty methods for optimization with nonlinear equalities 31

Moreover, using the fact that the gradient of 2| - [|Z is Holder continuous, we obtain:

p p
5||F($k+1)||3 - 6||1F($k+1;$k)||3

(5)

< (psign (Ir(zry1528)) © [lp(@hsr; 26) |77 Fpir) = lr(Trga; 2r))
3 x m 7"

L PP (@hsn) — L (whg; )|

2-q
< pllr (@ o)1 [P (2n41) = Ue(@neas ) |) + P02 F (2rr) — e (@pe o) |

1

m qXE
=p (Z L, ($k+1;$k)|q_1 X |fil@rs1) — I, ($k+1;33k)|>

i=1

2—gq
I xm=z
7/)”}7(%“) — lp(zpyr; )] 2

Further, using Holder inequality, we get:

p p
gIIF(ka)IIZ - glllF(ka;mk)IIZ

q—1 1
m “q m q
<p (Z s, ($k+1;xk)|q> X (Z |fil@gs1) — Ly ($k+1;$k)|q>
=1 =1
3% mQ%qp

IE(@rr1) = Lp (@hpns on) ||

2—q
= pllle(@rrn; o) 18I (he1) = Le(@pgas an) [l + 2L Fangn) = le(@pgs o) ||

2— 2—q
< plllr (@i a)[§7 x m = x ||[F (@) = Le(@pgn; o) | + 2L Fapga) — Lo (ks 2x) |2

Ass. 2

2-q 2—gq
< plllr (@ )l BT Az ||+ 2L (B Ay ][?)” (22)

where the second inequality follows from the fact that ||v|j2 < ||v]4 < m lvll2, Vg € (1,2]
and v € R™. Furthermore, using Young’s inequality, which states that for any r, s € (1,00)

satisfying the conjugate relation % + % = 1, the following inequality holds for all nonnegative

scalars a,b: ab < % + ¥ Using this for r = ¢ and s = 757, we bound Pl (zpgr; o) 197
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as follows:
-1 q—1
. -1 1 Bry1—L L a .
pllp(zprsze)ld — -2~ < <6k+1iLf> <§|Il1:(.76k+17 xk)HS)
-1

__r Lr ! Dq . ) qa-

= 7= (ﬂk+1 — Lf) (PU(wpgrsxn) — f@hgr) + f(@re1) = Lp(@rgrs 2n))

(20),(21)  p < Lp )q_l < 2Bk+1 — Ly )q_l

< Pl(xy) — f(x - Az |
S 2\ =1L "(zk) = f(zrs1) 5 |Azpyq |
<7 br )ql (PUan) = f(2ri1) — (Brgr — L) [|Azkga]2) "
=9 \ Br+1 — Ly
(f@rt1)2]) P ( Lp )q_l g—1
< Plxr) = f) = (Besr — L Azpyq|?
malanon) F) = (Ber — Lp) [ Azga )
3 (2—q%(q—1) I q—1 q
xXm q N
< bt (e ) (Pylm) f) (Brs1 — L) Az )
3 (27(1%((;171) I q—1 1
Xm - —
< v T (e )" (27 (a0 = ) = (B — L) Az 2070)
5 (2fq%l(zq71> 92— . g—1 1 xm%pﬂ’_l
Xm X 4 a —
< q?—4 s (ﬁkﬂiLf) (?q xk j q2—4 = |‘Awk+1”2(q 2
2-q)(g—1)

© Buar —Ly _3xm = pLi 2(q-1)

T e i) (23)
where in the sixth inequality we used the fact that for any @ > b > 0 and any v € (0, 1], we
have: (a —b)” < 2177a” — b, and setting v = ¢ — 1 € (0, 1]. Further, using (23) in (22), we
get:

p p
aHF(mlﬁl)”g - g\llF(ﬂckH;fEk)Hg
< B Ay |2 = 3 m*3 L (ks — b ) Ak |20 < 2R Ay 2. (24)

Moreover, we have:
P (@p11) = Ph(wprrsan) = f(@ppr) = Lp(@ppnsan) + 21 F (@) |4 — 2llle (@ zn) 12

Using (21) and (24) in the previous relation, it follows (inequality (8)):

o Br
Phlwrir) < Ph(pprsan) + 2+1 Az ]
Finally, using (20), we get the decrease in (10). This proves our statement. O

Proof of Lemma 4.2 Let us first assume that By 17% < ¥,.(2). Then:

: P ﬁk . T k
min {Tg(xk + s;a8) + T+1||5H2 < min § P(xg + s528) + %“3”2

sERn [IslI<r
W,
< Hnﬁlg {qu T + S; xk)} + ﬁk-i_Tlr < thl? {qu T + S; xk)} + %,

and so, from (7) and (6), it follows that:

(g, Brs1) > @Z(xk;xk) — min| <, ’?g(a:k + s;a8) — w =W, (zx) — w = w7
which proves (15) in the case when By 17? < W,.(2x).

Now let Byi17? > U, (z) and sj 2 arg min <, (T)g(:rk + s;x). Then, by defining s

L
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Tk+1 — Tk, We get:

= Br +1 2 v (xk) Bri1 || Vr () ’
P . < g)q *. *
p(n + skiwe) + [kl Tk + Byyir2 BTk Ty Brsir? *
— \IJ ( ) ) \I/T(l’k)Z
<Py + ST |+ g,
p( M B R 204172
where, to obtain the second inequality, we used ||s}|| < r. This and (7) give
] ) ) W, (z4) V, (24)?
U > P9 (zg; 1) — P e -5 2
(T, Brr1) = PP (zwyzn) — P <f’3k + Booar? Sk Tk 2Bt (25)

Using 0 <3 (x’“) < 1 and the fact that ﬂ’q is convex, we obtain:

P (w —i—\I’ (xk)s}z;xk> < (1— ¥, (@ )>‘J_’ (wh;w8) + ¥, (@ )Tq (zk + sp5 k),

Bry1r? Bry1r? Bry1r? P

which substituted into (25) gives

2
Wk, Bunn) 2 57 (T onin) = P o+ shimn)) - 3200
U ()? U(wk)? Wp(xp)?
T Brsrrr 2B 2Bpqar?
where we also used (6) and the choice of s;. This concludes our proof. O

Proof of Lemma 4.3 It suffices to prove that given any e¢ € (0, 1], the total number of
iterations of Algorithm 3.1 with W, (zy) > €2 is at most

ks 3(P-p) <0 ().

Using Lemma, 4.2 with the fact that 8, <  for any k > 1, it follows that:
\Dei(xk>
Be
Thus, while Algorithm 3.1 does not terminate, ¥.(xy) > €2 and € < 1 provide

= 1
U(2g, Bpr1) > 3 min (17 > U (x), fork>0.

€2 2
(g, Bey1) = 1mln( ¥ 2) 2 _ 2%’

where the equality follows from the fact that 3 > 1. Combining the above inequality with
(12), we get

2
€
Pi(xr) — Po(xrt1) = V(an, Bry1) > 2%
Let K > 0. Summing up the above inequality over k, we get
K 2
P— P> [PUay) — Ph(arpr)] > K—,
2p
k=0
and so K < ZB(P ) <0 ( Ll ), which proves our claim. |
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