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KSGNS TYPE REPRESENTATIONS ON KREIN C*-MODULES
ASSOCIATED WITH PROJECTIVE J- COVARIANT («a) -
COMPLETELY POSITIVE MAPS

Tania-Luminita Costache!

In this paper we construct a projective covariant J-representation
associated to a unital projective covariant completely positive linear map. We
give the projective covariant version of KSGNS type representation on a Krein
C™-module associated to a unital projective covariant a-completely positive map
and then we prove that there is a projective covariant J-representation of a crossed
product of a C*-algebra by a locally compact group.
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1. Introduction

The GNS (Gel’'fand-Naimark-Segal) representation theorem is one of the most
useful theorems frequently applied to mathematical physics. The GNS construction
applied to an invariant state, gives a cyclic covariant representation with an invariant
cyclic vector. To every positive linear functional on a C*-algebra A can be associated
a cyclic representation on a Hilbert space H by GNS construction. In [19], Stine-
spring extended this theorem for a completely positive linear map from A into B(H),
the C*-algebra of linear bounded operators on a Hilbert space H, in order to obtain
a representation of A on another Hilbert space K. Stinespring’s dilation theorem is
one of the fundamental and important results for the study of operator algebras and
mathematical physics. In particular, this theorem is the basic structure theorem for
quantum channels: it states that any quantum channel arises from a unitary evo-
lution on a larger system. On the other hand, Paschke [16] (respectively, Kasparov
[12]) showed that a completely positive linear map from A to another C*-algebra of
all adjointable operators on the Hilbert C*-module Hp) induces a x-representation
of A on a Hilbert B-module. Kaplan introduced in [11] the notion of multi-positive
(or n-positive) linear functional on a C*-algebra A and proved that a multi-positive
linear functional on a C*-algebra induces a *-representation of this C*-algebra on a
Hilbert space in terms of the GNS construction. Representations on Hilbert spaces
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are naturally generalized to representations on Hilbert C*-modules. Heo, combined
in [5] these two constructions to obtain a representation of A on a Hilbert C*-module
for completely multi-positive linear maps from A to another C*-algebra. Using this,
he obtained a representation on a Hilbert C*-module associated with completely
bounded linear maps. By KSGNS (Kasparov-Stinespring-Gel’fand-Naimark-Segal)
construction [15], to a strictly completely positive map p from a C*-algebra A on
a Hilbert C*-module F' over a C*-algebra B can be associated a triple (F),,m,,v,)
consisting of a Hilbert B-module F),, a *-homomorphism 7,: A — Lp(F),) and an
adjointable operator v,: F' — F}, which is unique up to a unitary equivalence. If
F = B = C, then the KSGNS construction reduces to the classical GNS construc-
tion. If B = C (so F is a Hilbert space), then we get the Stinespring construction.
In the context of Hilbert C*-modules the construction was given by Kasparov. In
[10], Joita extended KSGNS construction for strict continuous completely multi-
positive linear maps from a locally C*-algebra A to Lp(FE), the C*-algebra of all
adjointable B-module morphisms from E into F, and showed in Theorem 4.3, [10]
a covariant version of this construction. In Theorem 1, [2] we prove a projective
generalization of this construction. We found a projective covariant representa-
tion of a unital C*-dynamical system (G, A, «) on a Hilbert C*-module associated
with a unital completely positive projective u-covariant linear map, extending Stine-
spring’s theorem to Hilbert C*-modules and we constructed a projective covariant
representation on a Hilbert C*-module associated with a completely multi-positive
projective u-covariant linear map. In [3] we proved a covariant projective version
of the Stinespring theorem in terms of Hilbert C*-modules. We also presented an
extension of a projective u-covariant completely positive linear map on the twisted
crossed product to a unique completely positive linear map and we proved the KS-
GNS construction associated with a projective u-covariant completely positive linear
map. Krein spaces arise naturally in situations where the indefinite inner product
has an analytically useful property (such as Lorentz invariance) which the Hilbert
inner product lacks. It is known that in massless quantum field theory the state
space may be a space with an indefinite metric. Motivated by this physical fact,
many people extended the GNS construction to Krein spaces. More generally, Heo,
Hong and Ji introduced in [6] the notion of a-completely positive linear maps be-
tween C*-algebras as a natural generalization of completely positive maps between
C*-algebras and constructed a Stinespring type covariant representation for a pair
of a covariant completely positive map p and a covariant p-map. They established
the KSGNS construction on Krein C*-modules for a C*-algebra with a a-completely
positive map of which the construction leads to J-representation of a C*-algebra. In
[7], Heo, Ji and Kim constructed a KSGNS type covariant representation for a pair
of a covariant a-completely positive map p on a C*-algebra and a covariant p-map
on Krein C*-modules associated to a-completely positive maps. They also gave a
covariant J-representation of a crossed product of a C*-algebra by a locally com-
pact group and a covariant map on the crossed product of a Hilbert C*-module by
a locally compact group. As a generalization of covariant completely positive maps,
Heo, Ji and Kim [8] considered (projective) covariant a-completely positive maps be-
tween locally C*-algebras. They studied (projective) covariant J-representations of
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locally C*-algebras on Krein modules over locally C*-algebras, constructed a covari-
ant KSGNS type representation associated with a covariant a-completely positive
map on a locally C*-algebra and studied extensions to a locally C*-crossed prod-
uct of a-completely positive maps on a locally C*-algebra. The results provided
(projective) covariant representations of a locally C*-crossed product on a Krein
module over a locally C*-algebra. In [9], Heo introduced the notion of a (covariant)
a-completely positive map of a topological group into a (locally) C*-algebra, which
is a counterpart of a (covariant) a-completely positive linear map between (locally)
C*-algebras. He constructed a (covariant) KSGNS type representation of a group
on a Krein module over a (locally) C*-algebra, which is associated to a (covariant)
a-completely positive map of a group (system).

In this paper we extend Theorem 3, [2] on Krein C*-modules and construct
a projective covariant J-representation associated to a unital projective covariant
completely positive linear map. In Section 3 we give the projective covariant version
of KSGNS type representation on a Krein C*-module associated to a unital pro-
jective covariant a-completely positive map (Theorem 3.1), as a generalization of
Theorem 2.4, [7]. In Section 4 we construct a projective covariant J-representation
of a crossed product of a C*-algebra (Theorem 4.1).

2. The projective covariant version of KSGNS type representation
on a Krein C*-module associated to a unital projective covariant com-
pletely positive map

We remind some definitions and notations that will be used throughout the
paper.

Definition 2.1. ([19], [1]) Let A and B be two C*-algebras and let M, (A), respec-
tively My, (B) denote the x-algebra of all n x n matrices over A, respectively B with
the algebraic operations and the topology obtained by regarding it as a direct sum of
n? copies of A, respectively B. A linear map p: A — B is completely positive if
the linear map p\™ : M,(A) — M, (B), defined by P(n)([aij]?,j:l) = [p(ai)l} ;=1 s
positive for all positive integers n. We say that p is unital if p(14) = 1p, where
14, respectively 1g is the unit of A, respectively B.

Definition 2.2. ([14]) Let G be a locally compact group with identity e and let T be
the group of complex numbers of modulus one. A multiplier w of G is a function
w: G x G — T with the properties :

i) w(z,e) =w(e,x) =1 forallx € G;
i) w(z,y)w(zy, z) = w(z,yz)w(y, z) for al z,y,z € G.
Definition 2.3. ([13]) A multiplier is normalized if w(z,r=1) =1 for all v € G.

Let G be a locally compact group and let A be a C*-algebra. Let E be a
Hilbert C*-module over A and let £ 4(F) be the Banach space of all adjointable
module homomorphisms from E to E.

Definition 2.4. ([2]) A projective unitary representation of G on E with mul-
tiplier w is a map u: G — L 4(E) such that:
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i) us is a unitary element in L 4o(E) for all s € G;
i) us = w(s, t)usug for all s,t € G.

If A is a C*-algebra, an automorphism of A is an isomorphism of complex

vector spaces v: A — A such that

(1) v(a*) = v(a)* for all a € A;

(2) v(ab) = v(a)v(b) for all a,b € A;

(3) v(I) =1, where I is the identity of A.
The set of all automorphisms of A is denoted by Aut(A); it is a group in a natural
way, the group operation being a composition of mappings, named the group of
automorphisms of A. If A is a C*-algebra, then A is semisimple with unique topology
in the sense of [17] and thus any automorphism of A is continuous in the norm
topology of A. Hence Aut(A) C L(A) and may equip Aut(A) with the relative
topology, the uniform topology. In this topology Aut(A) becomes a topological
group. ([18])

Definition 2.5. ([20]) A C*-dynamical system is a triple (G, A,0), where G is
a locally compact group, A is a C*- algebra and 0 is a continuous action of G on A,
i.e. a continuous homomorphism 6: G — Aut(A).

Definition 2.6. ([2]) Let (G, A, 0) be a C*-dynamical system and let u be a projective
unitary representation of G on a Hilbert B-module E with multiplier w. We say that
a completely positive linear map p from A into Lp(E) is projective u-covariant
with respect to the C*-dynamical system (G, A,0) if p(6s(a)) = usp(a)u’ for all
a€AandseQG.

Definition 2.7. ([6]) Let A be a C*-algebra and let E be a Hilbert A-module. Sup-
pose that a symmetric operator J on E (i.e. J = J* = J~1) is given to produce
an A-valued indefinite inner product (x,y); = (x,Jy), v,y € E. (E,J) is called a
Krein A-module.

For each T € L(E), there is an operator 77 € L(E) such that (T€,n); =
<§,TJ77>J, ¢,m € E and then T” is called the J-adjoint of T. It can easily seen
that 77 = JT*J. Let B be a C*-algebra and let (F,J) be a Krein B-module. We
denote by U (F) the set of all J-unitary operators in L(F), i.e for each s € G,
vlvs = vsv! = I, which is equivalent to v} = Jvg,1.J or v/ = v, 1. Uy(F) is called
the J-unitary group.

Definition 2.8. A projective J-unitary representation of a locally compact
group G into the J-unitary group U (F) is a map v: G — U (F) that satisfies the
following properties:

(1) vi = Jvug1J orv!

(i) vet = w(s,t)vsvy for all s,t € G

Definition 2.9. Let (G, A,0) be a C*-dynamical system, B a C*-algebra, (F,J)
a Krein B-module and w a projective J-unitary representation of G into Uy(F).
We say that a completely positive linear map p from A to L(F) is projective J-
covariant with respect to the C*-dynamical system (G, A, ) if p(64(a)) = ug,o(a)ug
foralla e A and g € G.

= VUg—1;
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Definition 2.10. ([6]) Let A and B be C*-algebras, F' a Hilbert B-module and (F, J)
a Krein B-module. A homomorphism w: A — L(F) is called a representation of
A on the Hilbert C*-module F. A x-representation w: A — L(F) of A on the
Hilbert B-module F' is a representation of A such that w(a*) = mw(a)*, a € A.
A representation m: A — L(F) of A on the Hilbert B-module F is called a J-
representation on the Krein B-module (F,J) if 7 is a representation of A on the
Hilbert C*-module F and w(a*) = w(a)’ = Jr(a)*J, a € A.

Definition 2.11. A projective covariant J-representation of a C*-dynamical
system (G, A, 8) on a Krein B-module (F, J) is a triple (m,v, (F,J)), where 7 is a J-
representation of A on (F,J) andv is a projective J-unitary representation of G into
W (F) such that the (0, v)-covariance property holds: m(05(a)) = vsn(a)v! for all a €
A and s €@q.

The following result is the extension on Krein modules of Theorem 1, [2].

Theorem 2.1. Let (G, A,0) be a unital C*-dynamical system such that
0s = I(=the identity map on A), for all s € G, B a C*-algebra, (F,J) a Krein
B-module and u a projective unitary representation of G on F with normalized
multiplier w. If p: A — L(F) is a unital projective u-covariant completely positive
linear map, then there are a Krein module (K,J), a J-representation w of A on the
Krein module (K, J), a projective J-unitary representation v of G into U ;(K) with
multiplier w and an isometry V: F — K such that:
i) pla) =V*n(a)V foralla € A;
i) ug = V*usV for all s € G;
iii) the (0, v)-covariance property holds: 7(05(a)) = vsn(a)v!, for alla € A and s €
G.

Proof. Following the proof of Lemma 4.1, [6], we form the algebraic tensor product
A ®q1g F and endow it with a pre-inner product by setting
(@@ &b®N) 4g, 5 = (€ p(0s(a”)b)n) . To obtain K we divide A gy F by the ker-

nel N = {z € A®auyg F|(z, Z>A®ang = O} of ( A@ JF and complete. K becomes a

Hilbert B-module. For notational convenience, we use the notation a®¢ for the ele-
ment a®&+N of A®qeF/N. Now we define a B-valued indefinite inner-product [, -]
on A®qg F/N by [a®€, bon] = (&, p(a*b)n) p for any a,b € A and &, € F. By con-
struction, for any f, g € A®qF', we have ((0s @ I)f, 9>A®ang ={0s@)(a®E),b® 77>A®ang
(Os @& b® 77>A®algF = (¢, P(95(9s(a)*)b)77>p = (¢, P(95(9s(a*))b)77>F =

(& pla*b)n) p = [a®€,b®n] = [f,g] and by the continuity of #, the inner product
(-,-) ¢ and the indefinite inner product [, -], we have [f,g] = (Jf,9)x, f.g € K for
J =05 ® I. Therefore, J is symmetric on K, so (K, J) is a Krein B-module. The
isometry V: F — K is defined by V& = 1,®€ for all € € F. It is easy to check
that V*: K — F is given by V*(a®¢) = p(a)é. The representation m of A on K is
defined by 7(a)(b®€) = (ab)®¢ for all

£ e F,a,be A Forany d’,b e A and £, € F, we obtain (m(a)(a'®€),b®n) . =

)
((aa)®¢),00n) - = {(aa’) @ £),b @) 4g,, = (& p(Os((aa')))n) p =
(& p(0s(a™)0s(a*)0%(b))n) o = (&, p(Bs(a™)05(a*05 (b)) p =
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<a/ ® ¢, s(a* s(b) ® 77>A®al F= <a,®£) as(a*gs(b))®n>[{ =

(a'®€, (05 ® I)(a"0s(b ®77>K (a'®E, (05 @ I)m(a*)0s(b) @), =

(d'®€, (0 @ Nm(a*) (0 @ I)(b&n) . and so 7(a) is adjointable and w(a)* = (0 ®
DNr(a )( ®1I)=Jm(a*)J, a € A, hence 7 is a J-representation. Let a € A and £ €

F. We have V*r(a)VE = V*r(a)(14R€) = V*(al4®€) = V*(a®€) = p(a)é. So i) is

proved. We define v: G — U (K) by setting vs(a®€) = 0s(a)@usé for all a € A, s €

G, € F.Fora,be Aand &, n € F, we have (v5(a®¥), b®n>K = (0s(a)@usé, b®n>K =
(04() @ s, b & 1) g, 5

(usE, p(0s(0(a)*)b)n) p = (usE, p(0s(0s(a™))0s(05 (b))
(&, usp(0s(05(a)0s(0)))n) p = (& ugp(Os (9s(a*b)))ﬁ>p =
the other hand, we have (a®¢, Jv,—1J(b&n)) - =

£ (0 ®

(a @5 Jvg-1J (b ®n)) pg,,, 7 = (@@ & (0s @ Dvg-1(0s @ (b)) g, 7 =

(@a®¢&, (0s @ Ivs-1(0s (b)®77)>,4®lp—

(@®&,(0s @ I)(05-1(05(b) @ u _ln)>A®algF =

(@@& (0s @ I)(b @ us1n)) g, k= (@@ 05(b) @ ug1n) 4, 1

(&, ( s(a*)0s(b))ug-—1m) p = (£, p( s(a*b))ug-1m) p. Therefore, v = Jv,-1J, which

means that vs is a J-unitary representation. We show now that v is a projective

representation with multiplier w. Let a € A, s,t € G,& € F. Since 0 is a group ho-

momorphism and w is a projective representation with the multiplier w, we have

vst(aRE) = Gs.t(a)é@ust{ = Qs(a)et(q)®w(s,t)usut§ = w(s,1)05(0:(a))Pus(ul) =

w(s, t)vs(O(a)@ug) = w(s, t)vsv(a®f). So we proved that v is a projective rep-

resentation with multiplier w. We verify now condition ii). Let s € G and £ € F.

We have V*o,VE = Vg (14R€) = V*(05(14)0usé) = VF(1a0usé) = p(1a)usé

Irusé = us€, because p is unital. We prove condition iii). Let a,b € A,s

G,& € F. Then vym(a)v! (b®€) = vem(a)vg-1(bR€) = vem(a)(By-1(b)@ug-1€)
(a‘gs 1(b)®us 1&)

Os5(al,—1 ()@ (ustg—1€) = 05(a)ls(05-1 (b)) Rw(s, s uge-1£ = 05(a)bRIpE =
0s(a)b€ = 7(0s(a))(bRE), so the (6, v)-covariance property holds. O

m 1

3. The projective covariant version of KSGNS type representation
on a Krein C*-module associated to a unital projective covariant a-
completely positive map

Definition 3.1. ([6]) Let A and B be two C*-algebras. A map p: A — B is a
Hermitian map if p(a*) = p(a)*.

Definition 3.2. ([6]) Let A be a C*-algebra and let F' be a Hilbert B-module. A
Hermitian map p defined on A into L(F) is called a-completely positive if there
is a bounded Hermitian map o: A — A such that:
(i) «® = I (the identity map on A);
(ii) for any approximate unit {fi}iel for A, {oz(fi)}ie[ is also an approrimate
unit;
(iii) p(ab) = p(a(a)a(db)) = p(a(ab)) for any a,b € A;

(iv) Z (@i, p(a(a;)*aj)z;) >0 for anyn > 1,a1,...,an € A and x1,...,2, € F;
iji=1
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(v) for each a € A, there is a constant c(a) > 0 such that p(a(aia)*aaj) <
c(a)p(a(a;)*a;) for anyn>1,a1,...,a, € A;

(vi) there is a strictly continuous positive linear map ¢: M,(A) — L(F) and a
constant k > 0 such that p(a(a)*a) < k¢(a*a),a € A.
If A is a unital C*-algebra with unit 1, the condition (ii) is replaced by a(1) =
1.

The following result is the extension to the projective case of Theorem 2.4,
[7].

Theorem 3.1. Let (G, A,0) be a unital C*-dynamical system, let u be a projective
unitary representation of G on a Hilbert B-module E. If p: A — L(E) is a uni-
tal projective (0,wu)-covariant a-completely positive map, then there are a projective
covariant J-representation (mw,v, (F,J)) of (G, A,0) and an isometry V € L(E, F)
such that

(i) pla) =V*r(a)V, for any a € A;
(i) 7(0s(a)) = vsm(a)v! for any s € G and a € A;
(iii) Vus = vV, for any s € G.

Proof. By Theorem 4.4, [6], there are a Krein B-module (F,J), a J-representation
m: A — L(F) and an operator V € L(FE, F) such that p(a) = V*r(a)V, for any
a € A. It is enough to construct a projective J-unitary representation v of G on F'
satisfying (ii) and (iii). We define v: G — L(F) by vs = 0;Qus on F = A®, E (see
Lemma 4.1, [6]).

For any a;,a}; € A and &;,&; € F (i = 1,n,j = 1,m), using relation (4.1) in
6] and conditions ( ) and (iii) in Deﬁmtlon 3.2, we have:

< al®§i),2a3®§;-> =) (0(ai) ® ug(&), af @ &) =
j=1

i=1j=1

D> (us(&), pla(Bs(ai))ah)es) = DN (& plalbs(af)ah)us(€))) =

i=1j=1 i=1j=1

o> (& plal@s(ap)alalay)us(€))) = DY (& plal@s(aalal)ui(€))) = > (& plalatby

i=1j=1 i=1j=1 i=1j=1
DO (& plafad)a(Bs-1 (aa))ui(€))) =
i=1j=1
< a; ® &,y _o(f-1(a(d)))) ® U§(£§)> =
i=1 j=1
<Za"®€“ (voBy—10a)Ru; Za ®§]>
=1 7=1

Hence v¥ = (00,1 0a) ®@ul, s € G, so that v,.1 = v! = 0,1 @ u}, because
v = (@01 00) Ul = (@@ 1) (01 @) (@@ ) = (@@ )(fy1 Dug) (@@ ) =
= Jug—1J (by Lemma 4.1, [6]). This means that v is a J-unitary representation of
G on F.

1(a(c
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Now we show that v is a prOJectlve representatmn Let s1,s2 € G, a; € A and

& € E (i =1,n). We have vg, s, Zai ®&) = 295152 a;) @ Ugy s, (&) =

i=1 i=1
2081 (0s;(ai)) @ w(s, s2)us, (usy (&) = ZW<317 52)0s, (055 (ai)) ® us, (us, (&) =
i=1 i=1

w(sh 82)2931 (932 (ai))®usl (U32 (§z>) = W(Sl, 82)’081 (2932 (ai)®u82 (éz)) — (.U(Sl, 52)’0511}32 (Zaz®
&)- So, 1;:1; projective. =1 i=1

Since V(y) = 1®y (see Remark 4.5, [6]) and p is unital, we have vsV(Zai ®
i=1

&) = 1®Zaz®& = 05(1) ® us Zm@& =1®u, Zm@& =

=1 =1 =1

V(uS(Zai ®E&)) = VuS(Zai ® &), so that vV = Vus.
; i=1

n
Forall s€ G,a; € Aand & € E (i =i,n), let y = Zai ® & and we have, by
i=1

relation (4.5), [6], that 7( = Z a)a; ® & =
Za Os-1(ai)) ® usus-1(&) = Z (afs-1(ai)) ® usug-1(&) =

vs(Za93—1 ((11) & Us—l(gi)) = Usﬂ'(a)(zes—l (al) ® us—l(gi)) =

=1 =1
n

vsw(a)vs_l(Zai ® &) = vem(a)v? (y). Hence we proved (ii). O
i=1
Let F', L be two Hilbert B-modules. Then L(F,L) can be regarded as a
Hilbert £(F')-module with the following operations
(i) L(F,L) x L(F) > (T,S)— TS € L(F,L)
(i) L(F, L) x £(F,L) > (Ty, Ts) — (T1, T») = T Ty € L(F)

Definition 3.3. ([7]) Let E be a Hilbert A-module and let p: A — L(F) be
linear map. A linear map ¢: E — L(F,L) is called a p-map if (¢(z),d(y))

p((z,y)), z,y€E.

I s

If (F,Jr) is a Krein B-module and p is a nondegenerate Jp-representation,
then a p-map ¢: E — L(F, L) is linear and satisfies the relation ¢(za) = ¢(x)Jpp(a)Jp, for any x €
E and a € A.

Definition 3.4. ([7]) Let (G, A,0) be a C*-dynamical system and let (E,Jg) be
a Krein A-module. A group homomorphism 7: G — U, (E) such that for any
se€G,ae€ A and x,2’ € E, we have

(i) Ts(xa) = 75(x)0s(a)
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(i) (75(x), 75(2")) 1, = Os((2, 2") 1)

is called a O-compatible action of G on (E, Jg).

Definition 3.5. Let (F,Jr) and (L,Jr) be Krein B-modules. For a 6-compatible
action T of G on (E,Jg) and a map ¢: E — L(F, L), if there are a projective Jp-
unitary representation v: G — Wy, (F) and a projective Ji-unitary representation
w: G — Wy, (L) such that ¢(7s(v)) = wsp(x)vF for any x € E and s € G, then ¢
is called projective (1,w,v)-covariant.

Proposition 3.1. Let E be a Hilbert A-module and let F, L be Hilbert B-modules.
If p: A — L(F) is a unital projective (0,u)-covariant a-completely positive map
and if p: E — L(F, L) is a projective (T, w, u)-covariant p-map such that the closure
[¢(E)F) is orthogonal complemented in L, then there is a pair (7, V, (E', J)), (IL, W, F"))
such that

(i) (E',J) is a Krein B-module and F' is a Hilbert B-module;

(ii) m: A — L(E') is a J-representation;

(iii) II: E — L(E', F') is a J o m-map;

(iv) V € L(F,E') is an isometry and W € L(L, F') is a projection satisfying the

conditions (i)-(iii) in Theorem 4.4, [6] and ¢p(x) = W*II(z)V, for allx € E

Moreover, there are a projective J-unitary representation v and a map w': G —

W(F") such that
(1) (m,v,(E',J)) is a projective covariant J-representation of (G, A,0);
(2) II is projective (1,w’,v)-covariant.

Proof. The proof follows the proof of Theorem 3.2, [7] and Theorem 3.1. O

Remark 3.1. A pair ((x,V,(E',J)), (II, W, F")) satisfying conditions (i) and (i) in
Theorem 4.4, [6] and ¢(z) = W*II(z)V, x € E is called a

KSGNS type representation for a pair (p,$). Such a representation is said to be
minimal if E' = [r(A)V(F)] and F' = [¢(E)(F)]. The pair (=, V,(E',J)), (I, W, F"))
constructed in the Corollary 3.1 is minimal and it is unique up to a unitary equiva-
lence, by Theorem 3.5, [7].

4. Extension on the crossed product A xy G of a projective covariant
a-completely map

Let G be a locally compact group with left Haar measure dt. By uniqueness of
left Haar measure, there is a function A: G — (0, 00) such that d(ts) = A(s)dt and
d(t~1) = A(t)"tdt. Let (G, A, 0) be a unital C*-dynamical system and let C.(G, A)
be the set of all continuous functions from G into A with compact support. The set
C.(G, A) is a linear space with the multimplication, involution and norm of C.(G, A)
as follows: (fxg)(s) = Joy F(£)00(g(t~5))dt, F*(s) = Als) [0, (F(s~ )] and | flls =
Jo I f@)]ldt. The completion of C.(G, A) with respect to [ - |1 becomes a Banach
x-algebra denoted by L'(G, A). We define a norm on L*(G, A) by ||f]| = sup||=(f)]],

where 7 ranges over all Hilbert space representations of L'(G, A). This norm | - ||
becomes a C*-norm. The completion of L!(G, A) with respect to this norm is called
the crossed product of A by G, denoted by Ax¢G. Let E be a Hilbert A-module.
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The linear space C.(G, E) is a pre-Hilbert A x4 G- module with the action of AxyG
on C.(G, E) and the inner product glven by (& - f = [ &t (t=1s))dt, € €
Ce(GLE), | € Ce(G, A) and (£,£) (s) = Jg 01 (( ()5( )))dt €£’€CC(G,E)-
The crossed product F x. G of E by G is defined by completion of C.(G, E)
with respect to the inner product. Then E X, G becomes a Hilbert A x4 G-module
(see Proposition 3.5, [4]). Let E be a Hilbert A-module and let F',L be Hilbert
B-modules. Suppose that p: A — L(F) is a unital projective (6, u)-covariant -
completely positive linear map and that ¢: E — L(F, L) is a projective (7, w,u)-
covariant p-map such that [¢(F)F] is orthogonal complemented in L. By Corollary
3.1, there is a KSGNS type representation ((m, V, (E', J)), (II, W, F")) for a pair (p, ¢)
such that (m, v, (E’,J)) is a projective covariant .J-representation of (G, A,0) and II
is projective (7,w’,v)-covariant. The bounded maps TXU: C’ (G,A) = L(F') and
IIxo: CC(G E) — L(E’ F’) defined by (7 x v)(f) = [57(f(s))vsds, f € Ce(G,A)
and (II x v)(§) = [, IL(E(s))vsds, & € Ce(G, E) can be extended to A xg G and
Ex:G, respectlvely and the extensions are denoted by the same symbols. For each
f € C(G,A) and z € E, we have that (IT x v)(&) = [, (xf(s))vsds = II(z) (7 x
v)(f), £ =af € Co(G,E) and ((II x v)())* = ((7T X v)(f))*(H(:c))* We obtain
that the closed linear span [(II x v)(E x, G)E'] is equal to the Hilbert B-module F”,
which means that II X v is nondegenerate. We define the maps a: A xgG — A Xy G
and 5: A xg G > L(F) by @(f)(s) = a(f()) and 5(f) = V*(r x 0)(f)V, f €
C.(G,A), s € G. We define a group action 6 of G on A x¢ G by (6,(f))(s) =
0:(f(t7tst)), f € Ce(G, A), where 7 and V are given by Theorem 4.4, [6] and v is
given as in Theorem 3.1.

Theorem 4.1. If a and 0 are equivariant, i.e. Osoa = aofs (s € G), a(0) =0, u is
a projective J-unitary representation with the multiplier w, which satisfies w(s,t) =
w(t,s), for all s,t € G and p: A — L(F) is a unital projective (0,u)-covariant
a-completely positive linear map, then
(1) p is a projective (6, u)-covariant &-completely positive map such that p(f) =
fG p(f(s))usds, fe CC(G’ A)
(2) the triple (7w x v,v, (E',J)) is a projective covariant J-representation of (A Xg
G,G,0).

Proof. (1) Following the proof of Theorem 4.2, [7] and applying Theorem 3.1, we
get that p is a-completely positive map and p(f) = [, p(f(s))usds.

We prove now that p is projective (5, u)-covariant.

Let f € Ce(G, A) and t € G. Then 5(0,(f)) = [ p(0u(f)(s))usds =
Ja PO (F(t 1 st) usds = [ uep(f(t " st))ufusds = [ uep(f (" st))up-1ugds =
Joup(fE L st)u-ruguy—1ds = [ uep(f(E st))up-1usw(t, ™ upu-1ds =
Joyuep(f ()0 (T, s)eo(t, £~ Yy g ds =
Joyuep(f () (T, 5)eo(t, £ Yo, £y yud ds =

t)

ut(fo p(F (" st)w (=L, s)w(t ™ w(t s, huy1qds)ui = up(f)uf,
because w(t~1, s)w(t—1s, t)w(t, t D =w(s, tDw(t, t-1s)w(t, t71) =
w(s, tDw(t™1, s)w(t, tDw(tt=1, s)w(t, t=1) = |w(t, t=1)|Pw(e, s) w1, s) 2 =1
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(2) Let t € G and f € C.(G, A). Since 7 is projective (6, v)-covariant, we have
by (ii), Theorem 3 1 :

(m x v)(B:(f = [ 7( )vsds = [ m(0:(f(t st)))vsds =

Joum(f(Etst))vf vsds fG Ve f(t st))vtfwsvttqu =
Joum(fE 1 st))vp-1vsw(t, ) vpv-1ds =

Jovem(f(t™ Lst (=1, 8)vp—14w(t, t~ v ds =
Jour(fE st))w(t L, s)w(t, tHw(t s, t)v-140{ ds =
fG v (f(t™ St))vt—lstvtNdS = vy(m X U)(f)”il

Hence 7 x v is (A, v)-covariant. By Corollary 3.1 and Theorem 4.2, [7], we
proved that (7 x v,v,(E’,J)) is a projective covariant J-representation of (A Xy
G,G,0). O
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