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FIXED POINT OF o-GERAGHTY CONTRACTION WITH
APPLICATIONS

Muhammad Arshad!, Aftab Hussain?, Akbar Azam?

Cho, Bae and Karapinar [Fized point theorems for a-Geraghty con-
traction type maps in metric spaces, Fixed Point Theory and Applications 20183,
2013:329] established new fized point results in complete metric spaces. In this
paper, we improve the notion of a -Geraghty contraction type mappings and es-
tablish some common fized point theorems for a pair of a-admissible mappings
under the improved notion of a-Geraghty contractive type condition in a complete
metric space. An example was constructed to prove the novelty of our results.
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1. Introduction

The study of fixed point problems in nonlinear analysis emerged as a powerful
and very important tool in the last 60 years. Particularly, the techniques of fixed
point have been applicable to many diverse fields of sciences such as FKconomics,
Engineering, Chemistry, Biology, Physics and Game Theory. Over the years, fixed
point theory has been generalized in multi-directions by several mathematicians.

In 1973, Geraghty [5] studied a generalization of Banach contraction princi-
ple. In 2012, Samet et al. [20], introduced a concept of a — - contractive type
mappings and established various fixed point theorems for mappings in complete
metric spaces. Afterwards, Karapinar and Samet [12], refined the notion and ob-
tained various fixed point results. Hussain et al. [11], generalized the concept of
a-admissible mappings and proved fixed point theorems. Subsequently, Abdeljawad
[1] introduced a pair of a—admissible mappings satisfying new sufficient contractive
conditions different from those in [11, 20], and obtained fixed point and common
fixed point theorems. Salimi et al. [19], modified the concept of o — 1)— contractive
mappings and established fixed point results. Recently, Hussain et al. [10] proved
some fixed point results for single and set-valued o — n — -contractive mappings
in the setting of complete metric space. Mohammadi et al. [17], introduced a new
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notion of o — ¢p—contractive mappings and showed that this is a real generalization
for some previous results. Thereafter, many papers have published on o« — 1)— con-
tractive mappings in various spaces. For more detail see [2-3, 6-9, 14, 16, 18, 20]
and references therein.

2. PRELIMINARIES

In this section, we give some basic definitions, examples and fundamental
results which play an essential role in proving our results.

Definition 2.1. [20] Let S : X — X and o : X x X — [0,00). We say that S is
a-admissible if z,y € X, a(x,y) > 1 = a(Sz, Sy) > 1.

Example 2.1. [15] Consider X = [0,00), and define S: X — X and a: X x X —
[0,00) by Sx = 2z, for all x,y € X and

Y
_Jer x>y ax#0
O‘(x’y)_{o if r<uy.

Then S is a—admissible.

Definition 2.2. [1] Let S,T : X — X and a : X x X — [0,+00). We say that
the pair (S,T) is a-admissible if x,y € X such that a(z,y) > 1, then we have
a(Sz,Ty) > 1 and a(Tz, Sy) > 1.

Example 2.2. Let X = [0,00), and define a pair of self mapping S, T : X — X
and o : X x X — [0,00) by Sz =2z, Tx = 22 for all z,y € X and

e ifx,y>0
a(sc,w:{ Sy

0 otherwise.
Then a pair (S,T) is a-admissible.

Definition 2.3. [13] Let S : X — X and a: X x X — [0,+00). We say that S is
triangular a-admissible if x,y € X, a(z,2z) > 1 and a(z,y) > 1 = a(z,y) > 1.

Example 2.3. [13] Let X = [0,00), Sz = 22 + ¢® and
1 ifz,yec]0,1
ala) ={ 1

0 otherwise.
Hence, S is a triangular a-admissible mapping.

Definition 2.4. [13] Let S : X — X and a : X x X — R. We say that S is a
triangular a-admissible mapping if

(T1) a(x,y) > 1 implies a(Sz, Sy) > 1, z,y € X,
(T2) afx,z) > 1, a(z,y) > 1, implies a(z,y) > 1, z,y,z € X.

Example 2.4. [13] Let X =R, Sz = /= and a(z,y) = €Y then S is a triangular
a-admissible mapping. Indeed, if a(z,y) = e* Y > 1 then x > y which implies
Sx > Sy. That is, a(Sxz,Sy) = 55 > 1. Also, if a(z,2) > 1, a(z,y) > 1 then
x—22>0,z—y>0. Thatis, r —y > 0 and so a(z,y) =¥ > 1.
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Definition 2.5. [1] Let S, T : X — X and a : X x X — R. We say that a pair
(S,T) is triangular a-admissible if

(T1) a(x,y) > 1, implies a(Sz, Ty) > 1 and a(Tx,Sy) > 1, x,y € X.
(T2) afx,z) > 1, a(z,y) > 1, implies a(z,y) > 1, z,y,z € X.

Example 2.5. Let X = R, and define a pair of self mapping S, T : X — X and
a: X xX = Rby Sz =z, Tx = 2% for all z,y € X and a(z,y) = €*¥. Then a
pair (S,T) is triangular a-admissible mappings.

Definition 2.6. [19] Let S : X — X and let a,n : X x X — [0,+00) be two
functions. We say that S is a-admissible mapping with respect to n if x,y € X,
a(z,y) > n(z,y) = a(Sz,Sy) > n(Sx,Sy). Note that if we take n(x,y) = 1, then
this definition reduces to definition in [20]. Also if we take o(z,y) = 1, then we says
that S is an n-subadmissible mapping.

Example 2.6. Let X = [0,00) and S : X — X be defined by Sz = 5. Define also
a,n: X x X — [0,400) by a(x,y) =3 and n(x,y) =1 for all z,y € X. Then S is
a-admissible mapping with respect to n.

Lemma 2.1. [4] Let S : X — X be a triangular a-admissible mapping. Assume that
there exists xo € X such that a(xg, Sxo) > 1. Define a sequence {x} by xp41 = Sxy.
Then we have a(Ty, Tym) > 1 for all myn € NU {0} with n < m.

Lemma 2.2. Let S,T : X — X be a pair of triangular a-admissible. Assume
that there exists xg € X such that a(xg,Sxg) > 1. Define sequence xai+1 = Swo;,
and xgi49 = Twoit1, where i = 0,1,2,..... Then we have oy, Tn) > 1 for all
m,n € NU{0} with n < m.

We denote by € the family of all functions 3 : [0,4+00) — [0, 1) such that, for
any bounded sequence {t,} of positive reals, §(t,) — 1 implies ¢,, — 0.

Theorem 2.1. [5] Let (X,d) be a metric space. Let S : X — X be a self mapping.
Suppose that there exists B € § such that for all x,y € X,

d(Sz, Sy) < B (d(z,y)) d(z, y).
then S has a fized unique point p € X and {S"x} converges to p for each x € X.

3. MAIN RESULTS

In this section, we prove some fixed point theorems satisfying a-Geraghty
contraction type mappings in complete metric space.

Let (X, d) be a metric space and « : X x X — R be a function. Two mappings
S, T : X — X is called a pair of generalized a-Geraghty contraction type mappings
if there exists 5 € ) such that for all z,y € X,

a(z,y)d(Sz, Ty) < B(M(z,y)) M(z,y) (1)

where

M (z,y) = max {al(ac,y)7 d(z, Sz), d(y, Ty), d(y, Sz) + d(z, Ty) } '

2
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If S =T then T is called generalized a-Geraghty contraction type mapping if there
exists 8 € () such that for all x,y € X,

ofx,y)d(Sz, Ty) < B (N(z,y)) N(z,y)

where

Vo) = ma [, ), o, 7).y, T, A TO AT,

Theorem 3.1. Let (X, d) be a complete metric space, o : X x X — R be a function.
Let S,T : X — X be two mappings. Suppose that the following holds:

(i) (S,T) is a pair of generalized a-Geraghty contraction type mapping;
(ii) (S,T) is triangular a-admissible;

(iii) there exists z¢9 € X such that a(zg, Szg) > 1;

(iv) S and T' are continuous;

Then (S,T) have common fixed point.

Proof. Let 1 in X be such that 1 = Szg and zo = T'z;. Continuing this process,
we construct a sequence x, of points in X such that,

T2%+1 = ngi, and T2j+2 = T1'2i+1, where i = 0, 1, 2, ceee

By assumption a(zg,z1) > 1 and a pair (S,T") is a-admissible, By Lemma 14, we
have
a(Tp, Tpy1) > 1 for all n € NU{0}.

Then, we have

d(x2i41,T2i12) = d(Swoi, Txoit1) < w24, T2i41)d(ST24, TT2i41)
B (M (z2;, x2i41)) M (225, T2i41),

IN

for all i € NU{0}. Now

d(xgi, Tx2it1) + (x2i41, ST2;)

d(z2;, 2i4+1), d(x2i, ST2;), d(x2511, TT2i41),

d(z2i, T2i42) }

M (z9;,x2i41) = max 5

= max { d(22, T2iy1), (w2, T2i41), d(T2i11, T2i42),

2

d(z2i, T2i1+1) + d(x2i+1, T2i42)

< max § d(z2, 2i+1), d(T2i4+1, T2i42),

2

— — =

= max {d(v2;, T2i11), d(T2i11, T2i42)} -
Thus
d(72i+1, T2iv2) < B(M(w,v2i+1)) M (22, T2it1);
< B(d(was, v2i41)) (2205 T2i41) < (w21, T2i41)-
That is
d(2i41, T2i+2) < d(@2i; T2i41)- (2)

This, implies that

d(Tpt1, Tnt2) < d(Tp, Tpi1), for all n € NU{0}.

|

|
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So, sequence {d(zn,Zn+1)} is nonnegative and nonincreasing. Now, we prove that
d(xp, Tnt1) — 0. It is clear that {d(xy,,zn41)} is a decreasing sequence. Therefore,
there exists some positive number r such that lim, . d(2n, xn4+1) = r. From (2),
we have
d(@ni1, Tni2)
d(xnv xn-i—l)
Now by taking limit n — oo, we have

1 < B(d(wp, xny1)) <1,

< Bd(wn, Tpy1)) < 1.

that is
lim ﬂ(d(xnaxn+1)) =1

n—oo

By the property of 5, we have
lim d(xy,n+1) = 0. (3)

n—oo
Now, we show that sequence {x,} is a Cauchy. Suppose on contrary that {z,} is
not a Cauchy sequence. Then there exists € > 0 and sequences {z,, } and {z,,}
such that, for all positive integers k, we have my > ng > k,
d(xp,, Tn,) > €
and
ATy, Ty y) < €.

By the triangle inequality, we have

€ d(xpm,,, Tny,);
d(xmkvxnk—l) + d(xnk—1 ) ‘Tnk)3

€+ d(xn, ,Tn,).

VARVAY

N

That is
e<e+d(an, ,Tn,). (4)
for all k£ € N. In the view of (4), (3), we have

Jim d(zm wn,) = € (5)

Again using triangle inequality, we have

d(xmkv$nk) < d(l‘mk’xkarl) + d($mk+l7$nk+1) + d(xnk+l7$nk)
and

d(xmk+1 ’ xnk-ﬂ) S d(xmk+1 ’ «ka) + d(‘rmkﬂ xnk) + d(mnkvxnk-u)'
Taking limit as k¥ — +o0o0 and using (3) and (5), we obtain

lim d(z T = €.
k—+oo ( MEk41 nk+1)

By Lemma 14, a(xp,, Tm,,,) > 1, we have
d($nk+1 ’ xmk+2) = d(Sl‘nk ’ Txmk+1) S Oz(Can ’ xmk-ﬂ)d(sxnk ’ Tﬂjmk+1)
< 5(M(xnk ) wmk+1)>M($nk7xmk+1)'
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Finally, we conclude that

d(xnk+1 ) xmk+2)

M(‘rnk’ xmk+1)

< BIM (znys Ty 1))

Keeping (3) in mind and letting & — 400 in the above inequality, we obtain
lim B(d(zn,, Tmy,,)) = 1.
k—o0

So, limy_0 d(Zny,, Ty, ) = 0 < €, which is a contradiction. Using similar technique
for other cases, it can be easily seen that {x,} is a Cauchy sequence. Since X
is complete so there exists p € X such that x, — p implies that z9;11 — p and
ZTojy2 — p- As S and T are continuous, so we get Txo;11 — Tp and Sxo;10 — Sp.
Thus p = Sp similarly, p = T'p, we have Sp = Tp = p. Then (S,T) have common
fixed point. O

In the following Theorem, we dropped the continuity.

Theorem 3.2. Let (X, d) be a complete metric space, o : X x X — R be a function.
Let S, T : X — X be two mappings. Suppose that the following holds:

(i) (S,T) is a pair of generalized a-Geraghty contraction type mapping;

(i) (S,T) is triangular a-admissible;

(iii) there exists xg € X such that a(zg, Sz¢) > 1;

(iv) if {z,,} is a sequence in X such that a(x,,z,+1) > 1 for all n € NU {0}
and =, = p € X as n — 400, then there exists a subsequence {x,, } of {z,} such
that a(zy,,p) > 1 for all £.

Then (S,T) have common fixed point.

Proof. Follows the similar lines of the Theorem 16. Define a sequence x9;11 = Sxa;,
and x9;49 = Tx9;41, where ¢ = 0,1,2,.... converges to p € X. By the hypotheses of
(iv) there exists a subsequence{xy, } of {x,} such that a(z2,,,p) > 1 for all k. Now
by using (3.1) for all k, we have
d($2nk+1an) = d(sx2nkan) S a(xan,p)d(ngnk,Tp)
< 5 (M($2nk7p)) M(.%'an,p)-

On the other hand, we obtain

d T2n 7T +d ,SQZ’ n
M(x2nk7p) :maX{d(ﬂfznk,p),d(:cgnk,Sxan)vd(p, Tp), (22 k p) (p 2 k)}

2

Letting kK — oo then we have

lim M(z2p,,p) = d(p,Tp). (6)

k—o0

Suppose that d(p, T'p) > 0. From (6), for an enough large k , we have M (z2,, ,p) > 0,
which implies that

B(M(CI?anp)) < M(Z'an,p)-
Then, we have
d($2nkan) < M(l'an,p) (7)
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Letting k& — oo inequality (7), we obtain that d(p,Tp) < d(p,Tp), which is a con-
tradiction. Thus, we find that d(p, Tp) = 0, implies p = T'p. Similarly p = Sp. Thus
p=Tp=5Sp. O

If M(z,y) = max{d(x,y),d(a:,Sx),d(y,Sy),W} and S = T in
Theorem 16 and Theorem 17 , we have the following corollaries.

Corollary 3.1. Let (X,d) be a complete metric space and let S is a—admissible
mappings such that the following holds:

(i) S is a generalized a-Geraghty contraction type mapping;

(ii) S is triangular a-admissible;

(iii) there exists z¢g € X such that a(zg,Tp) > 1;

(iv) S is continuous;

Then S has a fixed point p € X, and S is a Picard operator, that is, {S™xz¢}
converges to p.

Corollary 3.2. Let (X,d) be a complete metric space and let S is a—admissible
mappings such that the following holds:

(i) S is a generalized a-Geraghty contraction type mapping;

(ii) S is triangular a-admissible;

(iii) there exists o9 € X such that a(zg, Szg) > 1;

(iv) if {z,} is a sequence in X such that a(z,,zn+1) > 1 for all n € NU {0}
and z, — p € X as n — 400, then there exists a subsequence{z,, } of {x,} such
that a(zy,,p) > 1 for all k.

Then S has a fixed point p € X, and S is a Picard operator, that is, {S™xo}
converges to p.

If M(z,y) = max {d(z,y),d(z,Sz),d(y,Sy)} and S = T in Theorem 16, The-
orem 17, we obtain the following corollaries.

Corollary 3.3. [4] Let (X,d) be a complete metric space, a« : X x X — R be a
function. Let S': X — X be a mapping then suppose that the following holds:

(i) S is a generalized a-Geraghty contraction type mapping;

(ii) S is triangular a-admissible;

(iii) there exists z¢9 € X such that a(zg, Szg) > 1;

(iv) S is continuous;

Then S has a fixed point p € X, and S is a Picard operator, that is, {S"xo}
converges to p.

Corollary 3.4. [4] Let (X,d) be a complete metric space, o : X x X — R be a
function. Let S: X — X be a mapping then suppose that the following holds:

(i) S is a generalized a-Geraghty contraction type mapping;

(ii) S is triangular a-admissible;

(iii) there exists z¢p € X such that a(zg, Szg) > 1;

(iv) if {z,} is a sequence in X such that a(x,,z,+1) > 1 for all n € NU {0}
and z, — p € X as n — 400, then there exists a subsequence{zy, } of {z,} such
that a(zy,,p) > 1 for all k.
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Then S has a fixed point p € X, and S is a Picard operator, that is, {S™xo}
converges to p.

Let (X,d) be a metric space, and «,n : X x X — R be two function. Two
mappings S,T : X — X is called a pair of generalized a-n-Geraghty contraction
type mappings if there exists 8 € ) such that for all z,y € X,

a(r,y) > n(z,y) = d(Sz,Ty) < B (M(z,y)) M(z,y) (3.8)

where

M(x,y) = max {d(w,y), d(z, Sx),d(y, Ty), d(y, Sz) + d(z, Ty) } .

2

Theorem 3.3. Let (X,d) be a complete metric space. Let S is a—admissible map-
pings with respect to n such that the following holds:

(i) (S,T) is a pair of generalized a-n-Geraghty contraction type mapping;
(i) (S,T) is triangular a-admissible;

(iii) there exists xg € X such that a(xg, Szo) > n(xo, Sxo);

(iv) S and T are continuous;

Then (S,T') have common fixed point.

Proof. Let x1 in X be such that 1 = Szg and xo = T'xy. Continuing this process,
we construct a sequence x, of points in X such that,

L2i+1 = SLL'Qi, and T2;4+2 = TZL'QiJrl, where i = 0, 1, 2, P

By assumption a(xg,z1) > n(xo, 1) and a pair (S5,7) is a-admissible with respect
to n, we have, a(Sxo,Tx1) > n(Szp,Tr1) from which we deduce that a(zy,z9) >
n(z1, z2) which also implies that a(T'z1, Szo) > n(Txz1, Sxz2). Continuing in this way
we obtain a(xy, Tni1) > N(xn, Tnt1) for all n € NU {0}.
d(w2i41, T2i42) = d(Sw2:, Tr2i41) < (24, ¥2i41)d(ST2i, TT2i41)
< B(M(w2:; 22i+1)) M (22, T2i41),
for all i € NU{0}. Now

d(x2i, x2i41), d(z2i, ST2;), d(X2i41, T22i41),

d(zo;. T o 1 Saos
M($2i7x2i+l) —  max (93217 $2z+1)+($2z+1, 9321)}

2

= max  d(x, T2i41), d(T2i, 2i4+1), d(T2i4+1, T2i42),

d(z2;, £2i42)
2

d(x2i, x2i+1) + d(T2i4+1, T2i+2) }

< max § d(z2;, 2i4+1), d(T2i41, T2i42),

2

—— — =

It

= max {d(z2;, 2i41), d(T2i11, T2i42) } -

Therefore, we have
B (M (z2i, v2i11)) M (22i, T2i11)

d(x2i41, T2i12) )
B (d(z2i, x2i41)) d((x2i, 2i41) < d(z2i, T2i41)-

IA A

This, implies that
d(Tpt1, Tnt2) < d(p, Tpi1), for all n € NU{0}.
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Follows the similar lines of the Theorem 16. Hence p is common fixed point of S
and T. O

Theorem 3.4. Let (X, d) be a complete metric space and let (S,T') are a—admissible
mappings with respect to n such that the following holds:

(i) (S,T) is a pair of generalized a-Geraghty contraction type mapping;

(i) (S,T) is triangular a-admissible;

(iii) there exists ¢ € X such that a(zg, Sxg) > n(xo, Sx0);

(iv) if {x,} is a sequence in X such that a(xy,,zp+1) > n(zn, xpy1) for all
n € NU{0} and z,, = p € X as n — 400, then there exists a subsequence{z,, } of
{zn} such that a(zy,,p) > n(xy,,p) for all k.

Then S and T has common fixed point.

Proof. Follows the similar lines of the Theorem 17. O

If M(x,y) = max < d(x,y),d(x, Sz),d(y, Sy ,M and S = T in the
2
Theorem 22, Theorem 23 , we get the following corollaries.

Corollary 3.5. Let (X,d) be a complete metric space and let S is a—admissible
mappings with respect to n such that the following holds:

(i) S is a generalized a-Geraghty contraction type mapping;

(i) S is triangular a-admissible;

(iii) there exists g € X such that a(zg, Sxo) > n(xo, Szo);

(iv) S is continuous;

Then S has a fixed point p € X, and S is a Picard operator, that is, {S™xz¢}
converges to p.

Corollary 3.6. Let (X,d) be a complete metric space and let S is a—admissible
mappings with respect to n such that the following holds:

(i) S is a generalized a-Geraghty contraction type mapping;

(i) S is triangular a-admissible;

(iii) there exists g € X such that a(zg, Sxo) > n(xo, Szo);

(iv) if {x,} is a sequence in X such that a(xy,,zp+1) > 9z, 2ny1) for all
n € NU{0} and z,, = p € X as n — 400, then there exists a subsequence{z,, } of
{zn} such that a(zy,,,p) > n(zy,,p) for all k.

Then S has a fixed point p € X, and S is a Picard operator, that is, {S"xo}
converges to p.

Example 3.1. Let X = {i, j, k} with metric

0 ifz=y
if v,y € X — {k}
if v,y € X — {i}.

a(m,y):{ 10 if v,y € X, }

d(xa y) =

NI = gl

and

otherwise
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Define mapping T : X — X as follows:

[ iifot
T(@_{ kif o= j.

and f3:[0,+00) — [0,1). Then
a(z,y)d(Tz,Ty) £ B(M(z,y))M(z,y).

Indeed, let x = j and y = k then

MR = e {d ), . TG)). (k. T, !

I - G
e AR AR AN

Theorem 2.1[4], is not valid to get fixed point of T. Since

a(j, k)d (T(5), T(k)) £ B(M (4, k)) M (4, k).

Now, we prove that Theorem 16 can be applied to common fixed point of S and T.
Now, consider S : X — X be a mapping such that Sz =i for each x € X.

d(5, T (k)) + d(k, T(5)) }

where

M(.k) = max{d(j,m,d(j,su)),d(k,m)),
4 5 12
= max{7,1,7,14} =1.

d(Sj, Tk) = d(i,i) = 0.

a(z,y)d(Sz,Ty) < B(M(z,y)) (M(z,y)) -
Hence all the hypothesis of the Theorem 16 is satisfied, So .S and T have common
fixed point.

d(5,T(k)) + d(k, 5(.7'))}
2

and

Remark 3.1. More detailed, applications and examples see in [4] and references
therein. Our results are more general than those in [4, 10, 19] and improve several
results existing in literature.

4. Conclusions

This paper presents some common fixed point theorems for a pair of a-
admissible mappings under the improved notion of a-Geraghty contractive type
condition. The presented theorems extend, generalize and improve many new and
classical results in fixed point theory, in particular the very famous Banach con-
traction principle. The present version of these results make significant and useful
contribution in the existing literature.
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