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ON FREE GAMMA MODULES
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Let M be a Γ-ring in the sense of Barnes and N be a MΓ-module. In this

study, we define linear independent subset of N and spanning subset of N and obtain
various characterizations of a free gamma module analogous to the corresponding results

in usual module theory.
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1. Introduction

The theory of gamma rings has been introduced by Nobusawa as a generalization of
rings by defining triple products on two abelian groups [10]. Barnes weakened the definition
of gamma ring given by Nobusawa by omitting one of the triple products [3] as follows:

Let M and Γ be two abelian groups. M is said to be a Γ-ring (in the sense of Barnes)
if there exists ternary multiplication M × Γ × M → M satisfying below conditions for all
a, b, c ∈ M , α, β ∈ Γ:

(i) (a+ b)αc = aαc+ bαc, a(α+ β)c = aαc+ aβc, aα (b+ c) = aαb+ aαc
(ii) (aαb)βc = aα (bβc)

In addition, if there exist δ ∈ Γ and e ∈ M such that aδe = eδa = a for all a ∈ M , then a
pair (δ, e) is called strong unity of M .

Many studies have been carried out on the structure of the gamma rings, with the
definition given by Barnes [9, 8, 6].

The notion of gamma modules was first introduced by Kyuno [7]. Later, Ameri and
Sadeghi extended the definition given by Kyuno as follows [2]:

Let M be a Γ-ring and N be an abelian group. N is called left MΓ-module if
the mapping M × Γ × N → N satisfies the following conditions for all n, n1, n2 ∈ N ;
m,m1,m2 ∈ M ve α, α1, α2, β ∈ Γ:

(i) mα(n1 + n2) = mαn1 +mαn2

(m1 +m2)αn = m1αn+m2αn

m(α1 + α2)n = mα1n+mα2n

(ii) (m1αm2)βn = m1α(m2βn)

A right MΓ-module can be defined similarly. An abelian group N is called MΓ-
module if N is both left and right MΓ-module.

We define a unitary left MΓ-module N as follows: Let N be a left MΓ-module and
the Γ-ring M has a strong unity (δ, e). N is called unitary left MΓ-module if eδn = n
for all n ∈ N .
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Example 1.1. Let M =

{[
a 0 a
0 b 0

]
| a, b ∈ Q

}
and Γ =


x 0
0 y
x 0

 | c, d ∈ Q

. If m =

[
a 0 a
0 b 0

]
, m′ =

[
c 0 c
0 d 0

]
∈ M and α =

x 0
0 y
x 0

 ∈ Γ, then

mαm′ =

[
2axc 0 2axc
0 byd 0

]
∈ M.

Therefore, we define ternary product M×Γ×M → M as usual matrix multiplication. Then,
it is easy to see that below equalities hold for all m,m1,m2 ∈ M and α, β ∈ Γ;

(i) (m1 +m2)αm = m1αm+m2αm

m1 (α+ β)m2 = m1αm2 +m1βm2

mα (m1 +m2) = mαm1 +mαm2

(ii) (mαm1)βm2 = mα (m1βm2)

Let e =

[
1/2 0 1/2
0 1 0

]
∈ M and δ =

1 0
0 1
1 0

 ∈ Γ. Then, we have mδe = eδm = m

for all m ∈ M . Hence, M is a Γ-ring with a strong unity (e, δ).

Now, let N =

{[
n11 n12 n13 n14

n21 n22 n23 n24

]
| nij ∈ Q, i = 1, 2, j = 1, 2, 3, 4

}
.

If n =

[
n11 n12 n13 n14

n21 n22 n23 n24

]
∈ N , then one can show that m1αn ∈ N . Thus, we

define the product M × Γ × N → N as usual matrix multiplication. Also, it is easy to see
that below equalities hold for all m,m1 ∈ M , α, β ∈ Γ, n, n1, n2 ∈ N ;

(i) mα(n1 + n2) = mαn1 +mαn2

(m+m1)αn = mαn+m1αn

m(α+ β)n = mαn+mβn

(ii) (mαm1)βn = mα(m1βn)

In addition, the equality eδn = n provides for all n ∈ N . Therefore, N is a unitary
left MΓ-module.

Paul and Uddin introduced the concept of free gamma module by defining the linearly
Γ-independence of any subset of a gamma module [11]. However, according to their defini-
tion, some Γ-modules do not have any linearly Γ-independent subsets; see Example 1.2 (i).
Abbas et al., who worked on free gamma modules in 2018, reconsidered the definition of a
linearly independent set in gamma modules [1]. Nevertheless, their definition is inconsis-
tent, as there are examples of subsets which are both Γ-independent and Γ-dependent; see
Example 1.2 (ii).

Example 1.2. Define N , M and Γ as in the Example 1.1.

(i) The MΓ-module N has no linearly Γ-independent subset.

(ii) Let X =

{[
1 0 0 0
0 1 0 0

]
,

[
0 0 1 0
0 0 0 1

]}
be a subset of N . Then, X is both MΓ-

linearly independent and MΓ-linearly dependent.

In this paper, we show that the direct product of MΓ-modules is again MΓ-module
and the direct sum of MΓ-modules is MΓ-submodule of this direct product. We redefined
and gave examples to linear independence and basis in gamma modules to overcome the
problems that we encountered on the definitions of linear independency and generating set
which are shown in the Example 1.2. We also show that a free gamma module can be written
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as the internal direct sum of its cyclic MΓ-submodules. Moreover, we prove that each of
the cyclic MΓ-submodules are isomorphic to the MΓ-module L which is known as the left
operator ring of gamma ring. We also prove that free gamma modules satisfies the universal
property.

In this study, “MΓ-module” will be used instead of “leftMΓ-module” unless otherwise
specified.

2. Some preliminaries on gamma rings

Definition 2.1. [5] Let M be a Γ-ring, a ∈ M and γ ∈ Γ. The map [a, γ] : M → M
defined as [a, γ]m = aγm for every m ∈ M is a group endomorphism. Let L be the set of
all finite sums of the elements [ai, γi] where ai ∈ M and γi ∈ Γ. Then L is a subring of the
endomorphism ring of M which is called the left operator ring of M . Multiplication on
L is defined as ∑

i

[ai, γi]
∑
j

[bj , βj ] =
∑
i,j

[aiγibj , βj ] .

Definition 2.2. [7] Let N be a MΓ-module and Q be a nonempty subset of N . Q is called
a MΓ-submodule if q1 − q2 ∈ Q and mγq ∈ Q for all m ∈ M , q, q1, q2 ∈ Q and γ ∈ Γ.

Definition 2.3. [7] Let M be a Γ-ring. The map φ : N → Q for the MΓ-modules N and Q
is called MΓ-module homomorphism if it satisfies the below conditions for all x, y ∈ N ,
m ∈ M and γ ∈ Γ:

(i) φ(x+ y) = φ(x) + φ(y).
(ii) φ(mγx) = mγφ(x).

In addition, if φ is bijective, then it is called MΓ-module isomorphism. The kernel of
the MΓ-module homomorphism φ is defined as the set {x ∈ N | φ(x) = 0}, denoted by
Kerφ and the image of the MΓ-module homomorphism φ is defined as the set {y ∈ Q | y =
φ(x), x ∈ N}, denoted by Imφ.

Remark 2.1. Let φ : N → Q be a MΓ-module homomorphism. Then, it is clear that
the subsets Kerφ and Imφ are MΓ-submodules of N and Q respectively. If N1 and N2 are
MΓ-submodules of N , then N1 +N2 and N1 ∩N2 are also MΓ-submodules of N .

Definition 2.4. Let N be a MΓ-module and X be a subset of N . The MΓ-submodule
generated by the subset X is defined as the intersection of all MΓ-submodules of N
containing X and denoted by (X). If X is finite, then the MΓ-submodule generated by the
subset X is called finitely generated MΓ-module. If X = {n}, then the MΓ-submodule
generated by the subset is X is called cyclic MΓ-submodule and denoted by (n).

Definition 2.5. Let {Ni | i ∈ I} be a family of MΓ-modules indexed by a nonempty set
I. The direct product of MΓ-modules Ni is the set of all functions f : I →

⋃
i∈I

Ni such

that f (i) ∈ Ni for all i ∈ I and denoted by
∏
i∈I

Ni. We denote the functions f ∈
∏
i∈I

Ni by

{ai} where ai = f (i) for each i ∈ I. The direct sum of MΓ-modules Ni is the set of all
f ∈

∏
i∈I

Ni such that f (i) = 0Ni for all but a finite number of i ∈ I and denoted by
∑
i∈I

Ni.

Definition 2.6. A MΓ-module N is called the internal direct sum of a family of its
MΓ-submodules {Ni | i ∈ I} and denoted by

∑
i∈I

Ni if the following conditions are satisfied:

(i) N is written as the sum of the family {Ni | i ∈ I}.
(ii) Nk ∩N∗

k = (0N ) for every k ∈ I where N∗
k is the sum of the family {Ni | i ̸= k}.
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In order to define a gamma free module it is required that the concepts of linear inde-
pendency and generating set. Due to the deficiencies of these concepts which we previously
mentioned, we have redefined the concepts of linear independency and generating set as
follows.

Definition 2.7. Let N be a MΓ-module.

(i) The set of elements x1, . . . , xn ∈ N is said to be linearly independent if the equality
n∑

i=1

miαixi = 0N yields miαiM = (0M ) where mi ∈ M and αi ∈ Γ for every i =

1, . . . , n.
(ii) Any subset X of N is said to be linearly independent set if all finite subsets of X

are linearly independent.
(iii) N is said to be spanned by a subset S of N if every element of N may be written as

a finite linear combination
n∑

i=1

miγisi for mi ∈ M , γi ∈ Γ and si ∈ S. The elements

of the subset S are called generators of N .

Definition 2.8. A linearly independent subset of a MΓ-module N that spans N is called a
basis of N . If N is unitary MΓ-module and N has a nonempty basis X, then N is called
free MΓ-module on the set X.

Example 2.1. Let N be the MΓ-module given Example 1.1. It can be shown that the subset
X of N consisting of the elements

x1 =

[
1 0 0 0
0 1 0 0

]
, x2 =

[
0 1 0 0
0 0 1 0

]
, x3 =

[
0 0 1 0
0 0 0 1

]
, x4 =

[
0 0 0 1
1 0 0 0

]
is linearly independent. Moreover, each n =

[
a b c d
e f g h

]
∈ N can be written as

n = m1γ1x1 +m2γ2x2 +m3γ3x3 +m4γ4x4

for m1 = m2 = m3 = m4 =

[
1/2 0 1/2
0 1 0

]
∈ M and γ1 =

a 0
0 f
a 0

, γ2 =

b 0
0 g
b 0

, γ3 =c 0
0 h
c 0

, γ4 =

d 0
0 e
d 0

 ∈ Γ. This shows that the set X spans the MΓ-module N . Hence, N

is free MΓ-module on the set X.

3. Results

Proposition 3.1. Let N be a MΓ-module. Then the following conditions hold for all
m ∈ M , α ∈ Γ, n ∈ N and k ∈ Z.

(i) 0Mαn = 0N , m0Γn = 0N and mα0N = 0N .
(ii) (−m)αn = m(−α)n = mα(−n) = −(mαn).
(iii) (km)αn = m(kα)n = mα(kn) = k(mαn).

Proof. We show the first part of these equations. Other equations can be verified similarly
by using the definition MΓ-module.

(i) Since 0Mαn = (0M + 0M )αn = 0Mαn + 0Mαn, we get 0N = 0Mαn by adding the
additive inverse of 0Mαn to both sides of the equation.

(ii) Since mαn+ (−m)αn = (m+ (−m))αn = 0Mαn = 0N , we have
(−m)αn = −mαn.

(iii) (km)αn = (m+m+ · · ·+m)αn = mαn+mαn+ · · ·+mαn = k(mαn).
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□

Proposition 3.2. Let φ : N → Q be a MΓ-module homomorphism. Then the following
conditions hold.

(i) φ is injective if and only if Kerφ = (0).
(ii) φ is a MΓ-module isomorphism if and only if there is a MΓ-module homomorphism

ϕ : Q → N such that ϕφ = 1N and φϕ = 1Q.

Proof. (i) Let φ is an injective MΓ-module homomorphism and n ∈ Kerφ. Then, φ(n) =
0 = φ(0) since φ is an additive group homomorphism. Thus, n = 0 by hypothe-
sis. Conversely, if Kerφ = (0) and φ(n1) = φ(n2), then n1 − n2 ∈ Kerφ = (0) by
hypothesis. Hence, φ is injective.

(ii) Let φ be a MΓ-module isomorphism. We know that φ is bijecive if and only if there
is a map ϕ : Q → N such that ϕφ = IN and φϕ = IQ. Therefore, we only show ϕ is a
MΓ-module homomorphism. Then,

ϕ(q1 + q2) = ϕ ((φϕ) (q1) + (φϕ) (q2)) = ϕ (φ (ϕ(q1) + ϕ(q2)))

= (ϕφ) (ϕ(q1) + ϕ(q2)) = ϕ(q1) + ϕ(q2)

and

ϕ (mγq) = ϕ (mγ (φϕ) (q)) = ϕ (mγφ (ϕ(q))) = ϕ (φ (mγϕ(q)))

= (ϕφ) (mγϕ(q)) = mγϕ(q)

for all q, q1, q2 ∈ Q, m ∈ M and γ ∈ Γ. The converse is an immediate consequence of
the fact that the characterization of bijectivity given above.

□

Proposition 3.3. The left operator ring L of the Γ−ring M is a MΓ-module.

Proof. We show that the map M × Γ× L → L defined by mγ
t∑

i=1

[mi, γi] =
t∑

i=1

[mγmi, γi] is

well defined. The other conditions can be shown easily. Let m = m′, γ = γ′ ,
t∑

i=1

[mi, γi] =

k∑
j=1

[uj , βj ]. Then,

t∑
i=1

[mγmi, γi]x =

t∑
i=1

mγmiγix = mγ

t∑
i=1

miγix

= m′γ′
k∑

j=1

ujβjx =

k∑
j=1

m′γ′ujβjx

=

k∑
j=1

[m′γ′uj , βj ]x

for all x ∈ M . This shows that the mapping M × Γ× L → L is well-defined. □

Proposition 3.4. Let N be a MΓ-module, X be any subset of N and n ∈ N .

(i) MΓn :=

{
t∑

i=1

miγin | t ∈ Z+, mi ∈ M, γi ∈ Γ

}
is a MΓ-submodule of N .

(ii) The cyclic MΓ-submodule generated by n equals to{
kn+

t∑
i=1

miγin | t ∈ Z+, k ∈ Z, mi ∈ M, γi ∈ Γ

}
.
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If N is unitary MΓ-module, then (n) = MΓn.
(iii) The MΓ-submodule generated by X is

s∑
i=1

kixi +

t∑
j=1

mjγjx
′
j | s, t ∈ Z+, ki ∈ Z, xi, x

′
j ∈ X, mj ∈ M, γj ∈ Γ

 .

If N is unitary MΓ-module, then

(X) = MΓX =

{
s∑

i=1

miγixi | s ∈ Z+, xi ∈ X, mi ∈ M, γi ∈ Γ

}
.

Proof. (i) Let
∑
i

miγin,
∑
j

m
′

jγ
′

jn ∈ MΓn. Then, one can easily show that
∑
i

miγin −∑
j

m
′

jγ
′

jn ∈ MΓn and mγ
∑
i

miγin =
∑
i

(mγmi)γin ∈ MΓn for all m ∈ M , γ ∈ Γ. Thus,

MΓn is a MΓ-submodule of N .
(ii) It is clear that the subset

K :=

{
kn+

t∑
i=1

miγin | t ∈ Z+, k ∈ Z, mi ∈ M, γi ∈ Γ

}
of N is a MΓ-submodule and n ∈ K. Thus, (n) is a subset of K. Conversely, since (n) is a
MΓ-submodule of N , it is obvious that K is a subset of (n).

Let the Γ-ringM has a strong unity (δ, e). If N is a unitaryMΓ-module, then n = eδn
and

kn+

t∑
i=1

miγin = k(eδn) +

t∑
i=1

miγin.

Hence, we have (n) ⊆ MΓn.
(iii) It is easy to see that the set X is a subset of

S :=


s∑

i=1

kixi +

t∑
j=1

mjγjx
′
j | s, t ∈ Z+, ki ∈ Z, xi, x

′
j ∈ X, mj ∈ M, γj ∈ Γ


and S ⊆ N . Let us show that S is a MΓ-submodule of N . Clearly, S is an abelian subgroup

of N . Let m ∈ M , γ ∈ Γ and
s∑

i=1

kixi +
t∑

j=1

mjγjx
′
j ∈ S. Since

mγ

 s∑
i=1

kixi +

t∑
j=1

mjγjx
′
j

 =

s∑
i=1

kimγxi +

t∑
j=1

(mγmj)γjxj ∈ S,

S is a MΓ-submodule of N . Therefore, (X) ⊆ S. Conversely, any element
s∑

i=1

kixi +

t∑
j=1

mjγjx
′
j of S is contained in (X) since xi ∈ X ⊆ (X) and (X) is a MΓ-submodule of N .

Consequently, we have S = (X).
Finally, let (δ, e) be a strong unity of the Γ-ring M and N be a unitary MΓ-module.

Then, we get MΓX ⊆ (X). Since xi = eδxi for all xi ∈ X, we have

s∑
i=1

kixi +

t∑
j=1

mjγjx
′
j =

s∑
i=1

ki(eδxi) +

t∑
j=1

mjγjx
′
j .

This shows that (X) ⊆ MΓX. As a result, we obtain (X) = MΓX. □
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Theorem 3.1. Let {Ni | i ∈ I} be a family of MΓ-modules.

(i) The direct product
∏
i∈I

Ni is a MΓ-module.

(ii) Direct sum
∑
i∈I

Ni is a MΓ-submodule of direct product
∏
i∈I

Ni .

(iii) For each k ∈ I, the canonical projections πk :
∏
i∈I

Ni → Nk is a MΓ-module epimor-

phism.
(iv) For each k ∈ I, the canonical injections ιk : Nk →

∑
i∈I

Ni is a MΓ-module monomor-

phism.

Proof. (i) The direct product
∏
i∈I

Ni is an abelian group by [4]. Furthermore, it can be

shown that the mapping M × Γ ×
∏
i∈I

Ni →
∏
i∈I

Ni given by mγ{ai} = {mγai} satisfies the

MΓ-module conditions. Therefore,
∏
i∈I

Ni is a MΓ-module.

(ii) The direct sum
∑
i∈I

Ni is a subgroup of direct product
∏
i∈I

Ni by [4]. Let m ∈ M ,

γ ∈ Γ and {ai} ∈
∑
i∈I

Ni. Here ai = 0 for all but a finite number of i ∈ I. Then, we have

mγ{ai} = {mγai} = 0 for all but a finite number of i ∈ I. Hence, mγ {ai} ∈
∑
i∈I

Ni. So the

direct sum
∑
i∈I

Ni is a MΓ-submodule of the direct product
∏
i∈I

Ni.

(iii) For each k ∈ I, the map πk :
∏
i∈I

Ni → Nk given by {ai} 7→ ak is an epimorphism

of groups by [4]. Also, since

πk (mγ {ai}) = πk ({mγai}) = mγak = mγπk ({ai})

for every m ∈ M and γ ∈ Γ, the map πk is an MΓ-module homomorphism for each k ∈ I.

(iv) The map ιk : Nk →
∑
i∈I

Ni given by a 7→ {ai}k :=

{
a, i = k

0, i ̸= k
is a monomorphism

of groups for each k ∈ I by [4]. Also, for each m ∈ M , γ ∈ Γ since ιk (mγa) = {(mγa)i}k =
mγιk {ai}k = mγιk (a), the map ιk becomes a MΓ-module homomorphism. □

Before giving the equivalent conditions of a MΓ-module N to be free, we give a lemma
that can be easily proven by the definition of unitary MΓ-module.

Lemma 3.1. Let M be a Γ-ring with a strong unity and N be a unitary MΓ-module. If
mγM = (0) for each m ∈ M and γ ∈ Γ, then mγN = (0).

Proof. Let (δ, e) be any strong unity of the Γ-ring M and mγM = (0). Then, mγe = 0
since e ∈ M . Therefore, 0 = (mγe)δn = mγ(eδn) = mγn for all n ∈ N . Hence, we get
mγN = (0).

□

Theorem 3.2. Let M be a Γ-ring with a strong unity, L be the left operator ring of M and
F be a unitary MΓ-module. Then, the following conditions are equivalent:

(i) F has a nonempty basis.
(ii) F can be written as the internal direct sum of its cyclic MΓ-submodules, each of which

is isomorphic to MΓ-module L.
(iii) F is MΓ-module isomorphic to a direct sum of copies of the left MΓ-module L.
(iv) There exists a nonempty set X and a function i : X → F with the following property:

given any unitary MΓ-module N and function f : X → N , there exists a unique
MΓ-module homomorphism f̄ : F → N such that f̄ i = f .
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Proof. (i) ⇒ (ii) Let X be a nonempty basis of MΓ-module F and x ∈ X. By Proposition
3.3 and Proposition 3.4 (i), L andMΓx are bothMΓ-modules. The map f : L → MΓx, given

by
∑
i

[mi, γi] 7→
∑
i

miγix is a MΓ-module epimorphism. Moreover, if
t∑

i=1

[mi, γi] ∈ Kerf ,

then
t∑

i=1

miγix = 0. Since {x} ⊂ X is linearly independent, the equation miγiM = (0) is

satisfied, thus [mi, γi] = 0 from the definition of the left operator ring L for each i. Hence,
t∑

i=1

[mi, γi] = 0 is provided and the map is a monomorphism. Consequently, MΓx ≃ L as

MΓ-module.
Now, since X spans the MΓ-module F , every u ∈ F can be written such that u =

m1γ1x1 + · · · + mnγnxn for mi ∈ M , γi ∈ Γ ve xi ∈ X. Therefore, the MΓ-module F is

written as the sum of the family {MΓx | x ∈ X}. Also, let v ∈
( ∑

x∈X

MΓx

)⋂
MΓx∗ for

x ̸= x∗. So, there exist mi, ki ∈ M , γi, βi ∈ Γ such that v =
∑
x∈X

(∑
i

miγix

)
=
∑
i

kiβix
∗.

In this case, ∑
i

miγix1 + · · ·+
∑
i

miγixn −
∑
i

kiβix
∗ = 0

is obtained. This equation can be written as(∑
i

miγie

)
δx1 + · · ·+

(∑
i

miγie

)
δxn −

(∑
i

kiβie

)
δx∗ = 0

with a strong unity (δ, e) of the Γ-ring M . Since X is a linearly independent set, the

equations

(∑
i

miγie

)
δM =

(∑
i

kiβie

)
δM = (0) and

∑
i

kiβiM = (0) are provided. Then

by Lemma 3.1,
∑
i

kiβiF = (0) is obtained. Since x∗ ∈ F , we have v =
∑
i

kiβix
∗ = 0. Hence,( ∑

x∈X

MΓx

)⋂
MΓx∗ = (0). This implies that F =

∑
x∈X

MΓx.

(ii) ⇒ (iii) Assume that F is the internal direct sum of the family of submodules
{MΓx | x ∈ X}. Thus, for each x ∈ X, F ≃

∑
x∈X

MΓx andMΓx ≃ L. Therefore, F becomes

isomorphic to a direct sum of MΓ-modules L.
(iii) ⇒ (i) Suppose that (δ, e) is a strong unity of the Γ-ring M and F ≃

∑
x∈X

L as

MΓ-module. Take an element θxi
of the MΓ-module

∑
x∈X

L where the xi-th component is

[e, δ] and the other components are 0L = [0M , δ]. If
k∑

i=1

miβiθxi = 0 then miβie = 0 since

[0M , δ] = miβi[e, δ] = [miβie, δ] for each i. Therefore, miβiM = 0 equality is provided for
each i. Thus, the subset {θxi

| xi ∈ X} of the MΓ-module L is linearly independent. In
addition, since 

∑
j

[mj , γj ]


i

 =
∑
i

∑
j

[mj , γj ]

 θxi

for every

{(∑
j

[mj , γj ]

)
i

}
∈
∑
x∈X

L,
∑
x∈X

L is spanned by subset {θxi
| xi ∈ X}. Thus the

set {θxi
| xi ∈ X} is a basis of

∑
x∈X

L. As a result, since F ≃
∑
x∈X

L , MΓ-module F also

has a basis.
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(i) ⇒ (iv) Let X be a basis of F and i : X → F be the inclusion map. Suppose
we are given a map f : X → N . Since the set X is a basis of F , each element u of F
can be written as u =

∑
i

miγiai for mi ∈ M , γi ∈ Γ and ai ∈ X. Since the set X is

linearly independent, the map f̄ : F → N given by f̄(u) = f̄(
∑
i

miγiai) =
∑
i

miγif(ai) is

well-defined and MΓ-module homomorphism such that f̄ i = f . Finally, we must show that
f̄ is unique. Suppose g : F → N is an MΓ-module homomorphism such that gi = f . Since
g(a) = g(i(a)) = f(a) for every a ∈ X, one can show that g = f̄ .

(iv) ⇒ (iii) Suppose that (iv) is provided. The set Y = {θxi
| xi ∈ X} is a basis of

the MΓ-module
∑
x∈X

L by the proof of (iii)⇒(i). By hypothesis, there is unique MΓ-module

homomorphism f̄ :
∑
x∈X

L,→ F for the function j : Y →
∑
x∈X

L and the strong unitary

MΓ-module F such that f̄ j = f .
Now, let us show that f̄ is a MΓ-module isomorphism. Since |X| = |Y |, there is a

bijection map g : Y → X. Consider the composition map ig : Y → F for the inclusion
map i : X → F . By the proof of (iii) ⇒ (i) ⇒ (iv), the MΓ-module

∑
x∈X

L satisfies the

hypothesis. Thus the diagrams given below are commutative:

Y
g //

j

��

X

i

��∑
x∈X

L
f̄

// F

X
g−1

//

i

��

Y

j

��
F

φ
// ∑
x∈X

L

Denoting identity map defined on any set A by 1A and combining these two diagrams, we
get the diagram given below.

Y
g //

j

��

X
g−1

//

i

��

Y

j

��∑
x∈X

L
f̄

// F
φ
// ∑
x∈X

L

Therefore, we obtain (φf̄)j = j(g−1g) = j1Y = j. Thus by 1 ∑
x∈X

Lj = j and the uniqueness

property of the f̄ , we have φf̄ = 1 ∑
x∈X

L. Similarly, one can show that f̄φ = 1F . Therefore,

F is isomorphic to
∑
x∈X

L. □

Corollary 3.1. Let M be a Γ-ring with a strong unity. Then, every unitary MΓ-module N
is a homomorphic image of a free MΓ-module F . If N is finitely generated, then F can be
chosen to be finitely generated.

Proof. Let X be a set of generators of N and F be the free MΓ-module on the set X. Then
the inclusion map i : X → N induces a MΓ-module homomorphism f̄ : F → N such that
X ⊆ Imf̄ from the Theorem 3.2 (iv). Since X generates N , there exist mi ∈ M and γi ∈ Γ
such that n =

∑
i

miγixi for every n ∈ N . Hence, we get Imf̄ = N since f̄ is a MΓ-module

homomorphism. □
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4. Conclusion

In this study, the free gamma module structure is considered. The definition of a
free gamma module has been given in the literature, but some deficiencies/errors have been
detected in the definitions of linear independence and generating sets. According to their
definitions, an example of a free gamma module cannot be given or a set can be both linearly
dependent and linearly independent. To overcome these problems, in this paper, we redefine
linear independence, generator set and some basic concepts related to gamma modules and
then give a characterization of a free gamma module. In obtaining this characterization, we
consider the unitary gamma module defined on a gamma ring with strong unity, which have
not been considered before in the literature.
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