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DYNAMIC ANALYSIS OF A RUMOR PROPAGATION MODEL

Rui Ma', Zhuanting Ma?, Baojun Yang®

Rumor propagation rapidly and can cause significant damage. Based
on the premise of a rumor management mechanism, this study analyzes
the propagation rules among latent disseminators, disseminators, and non-
disseminators. We have crafted a rumor propagation model and have estab-
lished the presence of an equilibrium state within it. Additionally, we have
analyzed the local and global stability of this equilibrium, as well as deter-
mined the model’s propagation threshold. By determining the equilibrium
point of the model, we examine the link between this issue and the cri-
sis’s progression pattern, and derive the threshold Ry. The propagation-free
equilibrium is stable within a certain range when Ry < 1, and propagation
exhibits a downward trend until it ultimately subsides. Subsequently, the
factors affecting the threshold Ry are investigated through numerical exper-
iments. Finally, the influence of these factors on the development trend of
rumor is analyzed in detail. This research can help authorities understand
the principles of propagation and offer guidance.
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1. Introduction

The protests over the Israel-Gaza conflict [1, 2, 3] have not only garnered attention
on campus but have also sparked political debate. President Biden has condemned extrem-
ism on both sides, while former President Trump has blamed the Biden administration for
sending the wrong signals. Additionally, some congressional members have proposed more
radical measures, such as deploying the National Guard to university campuses to pro-
tect Jewish Americans, as suggested by Missouri Republican Senator Josh Hawley. These
protests not only raise concerns about campus safety [2] but also touch on broader issues
such as freedom of speech and the politicization of campuses. While lawmakers struggle to
balance these competing interests, calls for accountability are growing. Some have suggested
that students involved in the protests should be expelled from campus, or university funding
should be suspended [4].

The policies implemented by the United States in the latest Palestinian-Israeli conflict
have triggered widespread societal debates and discontent, these sudden public crisis events
will lead to different degrees of rumor crisis, which makes the official face increasing pressure.
After the outbreak of such incidents, all kinds of information propagation rapidly through
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the Internet, and the malicious promotion of we-media platforms makes the rumor of public
opinion emergencies further evolve and the prevention. At this time, if the official fail to
make use of the effective opportunity of rumor governance, it will lead to the further vicious
evolution of rumor, which will eventually seriously threaten social stability and social and
economic development [2, 4].

The complex propagation environment has led to a chaotic and unpredictable rumor,
which is difficult to manage [5, 6, 7]. The convenient propagation of rumor and the rapid
propagation of views are often used by lawbreakers to interfere with the rumor environment.
For sensitive social events, lawbreakers may release misinformation or extreme views, leading
to confusion in the direction of rumor, intensification of social contradictions, and even mass
incidents such as Anti-war protests at universities across the United States, which may hinder
social stability and official work [8].

Grasping the diffusion process of rumor is helpful to take targeted measures when
managing the rumor [9]. At present, most of the models studying rumor propagation mech-
anism are derived from classical infectious disease SIS models [10, 11, 12] or SIR models
[13]. However, due to the complexity of the online environment and the aspects of rapid
propagation, in actual rumor events, the population participating in the event will increase
rapidly and the mobility is very strong. At the same time, the authority’s countermeasures
will also have an impact on the conversion of the three groups of people. Therefore, We
have established the mode should take into account the influence of population flow and
authority intervention on rumor propagation.

This study divides the population in rumor environment into four categories: latent
disseminators, disseminators , non-disseminators and leaver and establishes a LDN model
[14] with rumor channelization coefficient, population inflow rate and outflow rate. In this
study, we examine the propagation mechanism of rumor events within a dynamic rumor us-
ing a model-based approach. We analyze the critical elements that impact the progression
of rumor events. Subsequently, we analyze the solution to the model and propose policy
recommendations.This paper has been arranged as follows: In Section 2, we have formu-
lated the model. The positivity and boundedness of solutions are discussed in Section 3.
Equilibrium points and threshold of the model are given in Section 4. In Section 5, We
analyzed the stability of the model. In Section 6, we validate the model with matlab and
estimate the model parameters sensitivity analysis. Finally in Section 7, some conclusions
are summarized.

2. Model formulationl

Rumor propagation regulations can be outlined as follows:

(1) The propagation of rumor often severe and quick. Some are unalterable (For
example, the leaver C) and the leaver should not reappear the state L(t).

(2) The non-disseminators(/N) are considered to no longer enter the early transmission
phase latent disseminators (L) and susceptible to a frequented propagation issue.

(3) At the initial stage (t = 0), the entire populace remains oblivious to the misinfor-
mation until its propagation through the first rumor. In the transition diagram, the influx
rate of the populace A is marked by users engaging with the pertinent rumor environment.
Conversely, w represents the outflow rate, signifying users who lose interest in the rumor
matter and subsequently disengage from the online platform (as depicted in Figure 1).

(4)We assume that the controlling agent (”authorities”) has the ability to impact the
propagation of the rumor through some policies. In this study we consider the intervention
of the authorities caused people to leave the environment’s propagation rate is ws.
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(5)In numerous epidemiological frameworks, the bilinear incidence rate is frequently
represented by 8ST, (where S, and I indicate the quantity of susceptible individuals and in-
fectious individuals) is frequently used (see [15, 16] and the references therein). Capasso and
Serio [17] brought in the saturated incidence rate lﬁf ofl, where 1 fi 7 tends to a saturation
level as I grow in significance. Furthermore, 51 quantifies the infection force when the dis-
ease encounters a fully susceptible population, while 7 _:a 7 captures the inhibitory influence
stemming from behavioral shifts among susceptible individuals as their quantity rise or due
to the congestion impact of infected individuals. This refined prevalence rate surpasses the
bilinear 8ST model in its realism, as it incorporates behavioral adaptations and crowding
dynamics, ensuring the contact rate remains bounded through judicious parameter selection.
and it was used in many epidemic models afterwards [13, 14, 15] The latent disseminators
gets the propagation by direct contact alone. We consider the saturation propagation rate

ft) = %&g , where ,8 > 0, and S is the rumor rate of humans easy to dissemination

class, and « actions the inhibitory effect of propagating individuals[14, 15, 16]. Hence,we
introduce a compartmental diagram for the rumor propagation
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FIGURE 1. a compartmental diagram for the rumor propagation

( Fig. 1). The system (1) of differential equations plays a pivotal role in regulating
population dynamics.

dL _ , LD

Ry —wl

dt l+aD 2

dD  BLD

o P AN - (k D

dt 1+0[D+7 ( +w+wl) ) (1)
N D (4 w)N

dt - PY w I

dC

E:wL—FwN—F(w—l—wl)D.

The equivalent mathematical representation or formulation for the diffusion dynamics of
rumor is as follows: 7 represents the recurrence rate of rumor propagation, while k& denotes
the termination rate of this propagation.

The refined model exhibits that the variables L, D, and N are independent of C,
indicating their autonomy from C. For in-depth analysis, it suffices to focus on the simplified
system outlined below. Given that we are observing a human population, all parameters
assume positive values. The initial configuration for system (1) is defined as: L > 0, D > 0,
N > 0. We proceed to investigate system (1) within a practical domain characterized by:
insert specific constraints or bounds on L, D, and N if provided, or simply state ”a physically
meaningful range”.

A
U=(L,D,N)e]i’:°;/()<L+D+N§;. 2)

3. Non-negativity and boundedness of the model

In order to system (1) work, It is crucial to indicate that all the state variables
maintain positivity throughout the time span, meaning that given positive initial conditions,
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the solution to system (1) will persist in being positive and within a certain range for all
t > 0.

Lemma 3.1. The symbol U denotes a positively invariant area within system (1), charac-
terized by its ability to attract all solutions to the central region of the positive quadrant.

Proof. We reformulate system (1) into a vector form for simplicity and reduced repetition
G =KF +y,

—BD
L 1+'8aD W _BDA
F: D ,K: —(k+w+w1) , g = 1+aD+FYN ) (3)
N —(v+w) kD
Then, we can get
dF
— >KF
dt —

From above, it holds the integral differential equation
t
F > F(0)exp( | Kdt) > 0. (4)
0
Hence, given the initial condition F'(0) > 0, the solutions of system (1) remain positive for
all ¢ > 0. In the following section of the proof, we integrate all the state variables of system
(1) into one collective variable, aggregated form:

dM _dL _dD _dN
dt — dt  dt dt

=A—-w(lL+D+N)—-wD, (5)
dM
W = A — (,OM — wlD,
then,
aM <A-—wM,
dt
integrate the equation above
A
M < M(0)e " + ;(1 —e ¥, (6)

We can get limy_,oo M < %. so U, is a region that remains invariant under the dynamics of
system (1). O

Remark 3.1. Lemma (1) underscores the uniform persistence of system (1), signifying
that the components of all solutions will eventually converge to a range bounded above and
strictly away from zero, which aligns with biological plausibility.

4. Equilibrium points and threshold

The described system (1) features two equilibrium points that are non-negative.
(i)Propagation - free equilibrium, Ey = (g, 0,0), when no propagation occurs [17, 18,
19], at which all the rumor propagation components are zeros.

BLD
— —wl =
1+aD ~ 0
BLD _ (7)
1+aD+7N (k+w+w)L=0,

kD — (y+w)N = 0.
when D =0, N = 0, We can get Eg = (2,0,0).
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(ii) Interior equilibrium E* = (L*, D*, N*), when propagation persists in the system.
We establish the existence of an equilibrium point E* [19, 20] which is the focus of this
section. Specifically, E* = (L*, D*, N*) represents the positive solution to the equation
derived from model system (1),

BLD B

T aD wL =0,
BLD B (8)
o TN~ (k@)L =0,

kD — (y+w)N = 0.
On solving above, we get

~wE Aty twtw) +ywr + Aa(w + )

L= @+ 1) (B + aw) ’
e C +13)N*’ (9)
ar@ +7)

Now we find the threshold, the number which the amount of secondary propagations. This
is the mean value of propagations carried out by each individual disseminator during their
entire propagation cycle, unhindered by any form of management measure [21, 22]. To solve
the threshold, we use the next-generation matrix [23, 24]. Here in the system(1)D, N are
the propagation contents and we decompose system (1) relating to the propagation contents
as F'—V, where Let S = F(S) —V(S9), where S = (D, N)T, F(S), is the propagation related
term matrix, V'(S), is non propagation related term matrix. The propagation rumor class
equations are the following:

dD BLD
— = N —(k L
dN
g 7y g N
p (y +w)N,
Now, we have
BLD _
F—|15aD| v = YN + (k+w+wy)D . (11)
0 —kD+ (y+w)N
Firstly, we identify the necessary Jacobi matrix.,
OF _BL__
F(S) = == = | (1+aD)? . 12
()= 55 = |57 ) (12)
The jacobi matrices Fy(S), and V;(S) evaluated at Ey = (2,0,0), are provided as
OF [B4 ¢ oV Jw+tw +k —v
F = — = w = — = 1

The threshold Ry is the key metric that corresponds to the largest absolute value among
the eigenvalues of the next generation matrix. Ry = p(F1V; ), signifying its pivotal role in
quantifying the potential for disease spread.

tw+twy
(W) (wtwi+k)—ky  (w+y)(wtwi+k)—ky

wty Y
Vi (S) = l(w+v)(w+};vl+k)kv (w+7)](€w+w1+k)kv] 7 (14)
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Then
D=nRnV"

0 0] | o@ratm T @r@te b

BA 0 wty ol
= [ w :| (w+y)(wtwi+k)—ky  (w+7)(wtwi+k)—ky
k k+w+

[ BA(w+y) Ay 1
— w(w+y)(wtwi+k)—wky  w(wt+y)(wtws+k)—wky
0

Find the feature value

A — BA(w+7) _ BAy
|/\E _ D| — w(w-i—v)(g-‘rwl-i-k)—wk'y w(w-i—'y)(w;\-wl-i-k)—wk:’y (16)
work out;
wlw+7) (w+wy + k) — wky ’ (17)
BAw+1)
>\1 = 07 )\2 = )
ww+v) (w+w + k) —wky
Thus, the threshold is obtained as follows:
A
Ry = BAw +7) (18)

ww+7) (wHw +k) —wky’

We estimated the threshold Ry, a measure of the average secondary spread caused by a
single disseminator. The estimated high Ry for each environment suggests that, without
intervention, outbreaks of rumor could potentially lead to substantial final propagation.
Therefore, once the propagation of rumor sentiment is detected in a given environment,
urgent intervention is crucial.

5. Stability of the model

In this section, we explore the stability characteristics of the model system (1) at
both the Propagation-Free Equilibrium (PFE) and the Interior equilibrium points. We can
get a Dissemination-free equilibrium (PFE) Ey = (é, 0,0), when no propagation occurs. A
Interior equilibrium E* = (L*, D*, N*) , when propagation persists in the system.

5.1. local stability

Initially, we identify the necessary Jacobian matrix and ascertain the sign of its eigen-
values. According to the principles of differential equations, should all eigenvalues of the
Jacobian matrix possess negative real components, it follows that E* is locally asymptoti-
cally stable. We reproduce a definition X = L—L*)Y = D—D*,Z = N — N*, the linearized
system reads as

dx BXY

G 1ray XN

dy  BXY

ay _ _ — 19
7 HQYJwZ (k+w+w)Y = fy (19)
dz

E:kY—wZ—vZ:fg.

The Jacobian matrix is then given by

A
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Theorem 5.1. Propagation-free equilibrium Eqy of the model is locally asymptotically stable
if Ry < 1, and it is unstable if RO > 1.

We calculate the jacobian matrix Jy of the system around the given Propagation-free
equilibrium (PFE) Ey = (%, 0,0) , when no infection occurs, and it is provided by

o s 0
Jo = 0 %f(kerqul) Y 5
0 k —(w+7)
We calculate the jacobian matrix Jy
A4 w % 0
ME—Jol=] 0 X-LA4(k+wtw) —y :
0 —k A+ (w+7)
After some computations, the characteristic equation is
CAN) =N+ AN+ AN+ A43=0 (20)
where
BA

A1:w+w1+7+k—j,

A
As = (3w + 2w + 2w, +’Y)W—25A—(k‘+w+w1—%)fy
A =w(y+k+w)(y+w) — kwy.

According to Vieta’s theorem:

A
)\1+)\2+)\3=—(w+w1+’y+k)+ﬁf

)

A
A2 + A1 A3 + Ao A3 = (Sw + 2w + 2w, —l—fy)w —2BA — (k;—i—w + wp — %)’y

AMAds =w(y+k+w)(y +w) — kwy.

Consider Ry < 1, and Propagation-free equilibrium point Ey, the characteristic roots,
A1, A2 and A3 are negative. The roots of the characteristic equation have a negative real
part if and only if Routh—Hurwitz criterion that symbol Ej is locally asymptotically stable.
Then, Ej is locally asymptotically stable since the corresponding Routh-Hurwitz criteria is
satisfied, given by A1 > 0, A3 > 0, A1 Ay > A3. When Ry > 1, the three characteristic roots
are not all negative, and the Hurwitz stability criterion that Dissemination-free equilibrium
point Fjy is unstable in this case.

Theorem 5.2. The Interior equilibrium is locally asymptotically stable if and only if Ry > 1.

We find a Jacobian system matrix around the interior equilibrium E* = (L(t)*, D(t)*, N(t)*)

from system (1), It is given by J,

_8D" Cw _BD*

1+aD* (1+aD*)?
L= £  glhym - (Ktwtw) v :
0 k —(w+7)
We calculate the jacobian matrix J,
A 225 tw Ty 0
INE — J.| = —L A= i + (k+w+w) — :

0 —k A+ (w+7).
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After some computations, the characteristic equation is

gA) =N+ b1 A%+ bod + b3 =0 (21)
where
by =3w+w+k+~v+ 152;* - (1+6§]*)*)2’
bg—(kererl)(QanL’y)Jrcu(w+’y)k’er(fﬁf(L);ﬁ;3
+ lfLa*g*Q + 1fg;*(2w+w1 +E+),
bgzw(k+w+w1)(w+7)—kw7+mwﬁ-w)
s et
We can get,
M+ As+d=—Bw+w +k+7)— 1fl;;* + (1f£;*)2,
AaAs + e + Ashg = (kK +w +w1) (2w +7) + w(w +7) — ky + m
et Trap Bt bk )
Adshg = —w(k +w + wy)(w+7) + kwy — mw +v)+ lfL*D*?w( +7)

_ BD*(wtwi +k)(wty) —ky
1+ aD* '

Consider Ry > 1, and Interior equilibrium point E*, the characteristic roots, A4,

A5 and Ag, are negative. According to Hurwitz stability criterion, propagation equilibrium
point E* is locally stable.

5.2. Global stability of the interior equilibrium

Consider the Lyapunov function:
H=[(L-L")+(D-D")+(N-NJ
H =2[(L—-L*)4(D—-D*)+(N—-N*]|[L' +D +N']
=2[(L-L")4+(D—-D*)+ (N —-N"][A—wL —wD —wN —w; D],

Because we know A — wL* — wD* — wN* — w; D* = 0, in other words A = wlL* +
wD* +wN* 4+ w1 D*, we can get

H =2[(L— L")+ (D —D*) + (N — N)|[wL* + wD* + wN* + w; D* — wL*
—wD* —wN* — w1 D*],

=2[(L —L*)+ (D — D*) + (N — N*)][w(L* — L) + w(D* — D) + w(N* — N)
+0J1(D* — D)}

= 2w[(L—L*)4+ (D —D*)+ (N — N")][w+ w1 (D — D*)] < 0.

Consequently, the internal equilibrium E*(L*, D*, N*) of system (1) is shown to be globally
asymptotically stable, in accordance with LaSalle’s Invariance Principle.
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6. Numerical simulation

Existing literature lacks a definitive and consistent standard for the parameter ranges
within the model, typically only requiring them to be positive. Drawing on parameter values
from related works and considering stability constraints, we assign parameter values for our
numerical simulations. These simulations validate the logical coherence of our theoretical
findings. We then carry out numerical simulations using these parameter values to confirm
the accuracy of our earlier inferences. In conclusion, we conduct a sensitivity analysis on
the model to investigate the relationship between the basic reproductive number and the

various parameters.
In this section, we delve into the influence of diverse parameters on the threshold value.

Through Matlab simulations, we gain a comprehensive understanding of which parameter
exerts the most significant influence on L, D, NandC. We choose 8, w, w1, k, v, a, A. The

influence of A, k,w, 8,vyandw; on L, D, NandC' is analyzed by assigning values.
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FIGURE 2. The densities of L, D, N, and C under parameter .

Fig. 2(a) (b), B is propagation rate from population L to population D, and shows
that as § increases, D increase and L decrease; 8 has the greatest influence on D and L; the
speed of D increase is from fast to slow; the speed of N and C increase is from fast to slow;
D increases first and then becomes stable; and L decreases first and then becomes stable.
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FI1GURE 3. The densities of L, D, N, and C under parameter w.
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FIGURE 6. The densities of L, D, N, and C under parameter ~.

In Fig. 3(a)(b), w represents the outflow rate from population L, D, and N to popu-
lation C, and shows that when w increases, C increase and L, D and N decrease. The curves
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FIGURE 7. The densities of L, D, N, and C under parameter «.
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F1GURE 8. The densities of L, D, N, and C under parameter A.

of L, D and N flatten out. In Fig. 4(a) (b), w; is the leave the environment’s dissemination
rate from population D to population C; when w; increases, C increase; wy has the greatest
influence on C and as f increases, the number of C increase.

In Fig. 5(a) (b), k is the termination rate of this propagation from population D to
population N, and shows that when k increases, N increase and D decrease. The curves of
L and D flatten out. In Fig. 6(a) (b), y represents the recurrence rate of rumor propagation
forgetting rate from population N to population D; when v increases, D increase; the number
of 7 increases, N decrease.

In Fig. 7(a) (b), The parameter o exerts an inhibitory influence on the individuals
responsible for rumor propagation, demonstrating that as « rises, L increases while D de-
creases. Additionally, o has a negligible impact on N and C, with the corresponding curves
exhibiting a tendency to remain relatively flat. Considering Fig. 8(a)(b), parameter A has
a greater impact on the latent disseminators, therefore, latent disseminators who are more
likely to believe and spread them.

The sensitivity analysis of w and v on Ry is shown in Fig. 9(a) (b). The sensitivity
analysis of 8 and A on Ry is shown in Fig. 10(a) (b). The sensitivity analysis of w; and k on
Ry is shown in Fig. 11(a) (b). When both variables decline, it suggests that implementing
rumor prevention strategies and establishing a set of punitive measures can effectively control
the spread of rumors.
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Contour Plot of RO Sensitivity
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7. Conclusion

The dynamics of rumor refers to the study of the dynamic states of mathematical
models that illustrate the evolution of rumor. As a powerful tool, it aids in analyzing key
elements of rumor, providing theoretical and quantitative foundations for the development
of preventive . Recently, the prevention of rumor have become critical issues, closely related
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to human welfare and daily life. Therefore, researching the propagation dynamics of rumor
is of significant importance.

In this paper, we categorize the population within the rumor environment into four
groups: latent disseminators, disseminators, non-disseminators, and leavers. We then estab-
lish an LDN model that incorporates factors such as the rumor channelization coefficient,
population inflow and outflow rates. Acknowledging the limitations of preventive measures,
we consider the propagation rates to be of a saturated type. We derive the threshold of the
model, which is crucial in assessing the stability of propagation. By identifying the model’s
equilibrium point, we analyze its relationship with the crisis’s development trend and derive
the threshold Ry. Subsequently, we examine the factors influencing Ry through numerical
experiments. Finally, we provide a detailed analysis of how these factors impact the devel-
opment trend of rumor. When Ry < 1, the propagation-free equilibrium is stable within
a specific range, and propagation exhibits a downward trend until it ultimately dissipates.
Based on these findings, we offer policy recommendations.
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