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SOME PROPERTIES OF APPROXIMATELY DUAL
CONTINUOUS g-FRAMES IN HILBERT SPACES

Azam YOUSEFZADEHEYNI!, Mohammad Reza ABDOLLAHPOUR?

In this paper, we introduce the notion of approximately dual continuous g-
frames in Hilbert spaces and investigate some of their properties. Furthermore, we
study relations between approximately dual continuous g -frames and dual
continuous g-frames, and between approximately dual continuous g-frames and g-
duals. Also, we introduce the concepts of I'-approximate dual continuous g-frames
and (T, |l I II)-approximate dual continuous g-frames, where I € B(H). Finally,
we discuss Q-duals and Q-approximate dual continuous g-frame, where Q € B(K).
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1 Introduction

The concept of frame for a Hilbert space was introduced by Duffin and
Schaeffer [8] in 1952. They used frames as tools in the study of nonharmonic
Fourier analysis. In 2006, the g-frame as a generalization of frame was introduced
and investigated by Sun [19]. The notion of continuous frames was introduced by
Kaiser in [12] and independently by Ali, Antoine and Cazeau [3]. Gabardo and Han
in [9] defined the concept of dual frames for the continuous frames. In 2008, the
notion of continuous g-frame was introduced by Abdollahpour and Faroughi [1].
Approximately dual frames were defined by Christensen and Laugensen in [5].

Throughout this paper, H is a complex Hilbert space, (Q,u) is a measure
space with positive measure p and {K, }yeq IS @ family of Hilbert spaces. We
denote the space of all bounded linear operators from H into K,, by B(H,K,,)
and we denote B(H,H) by B(H).

Definition 1.1. Let F € [[,,en K- We say that F is strongly measurable, if F as
a mapping of 2 to @,,¢, K, i1s measurable, where
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1_[ K, = {f:0 — U K,: f(w) € K, }.

wEQ wWEQ

Definition 1.2. We say that A = {A,, € B(H,K,,):w € 0} is a continuous g-
frame for H with respect to {K,, }eqo if
(1) foreach f € H, {A,,f}weq IS strongly measurable,
(2) there are two constants 0 < A, < B, < oo such that

A1 < Jo AWf12du(w) < BAlIfII?, f € H. (1.1)
Wecall Ay, and B, the lower and upper continuous g-frame bounds, respectively.
A is called an A,-tight continuous g-frame if A, = B, and a Parseval continuous
g-frame if Ay, = B, = 1. If the right hand inequality in (1.1) holds for all f € H,
we say that A is a continuous g-Bessel family for H with respect to {K,,}wea
with the bound B,.

Proposition 1.3. [1] Let A = {A,, € B(H, K,,):w € 2} be a continuous g-frame
for H with respect to {K,, }.,eq- Then, there exists a unique positive and
invertible operator S,: H — H such that for each f,g € H,

(Safog) = fﬂ (Ney A f, GYd(W),

and Aply < Sp < Buly, where I is the identity operator on H.

The operator S, is called the continuous g-frame operator of A. Also, we have

(f,9) = [o Sx'f. AW Awgydu(w) = [ (f. AuAWSy g)duw), f.g €

H. (1.2)
Let the space

K={Fe 1_[ K,,: F is strongly measurable,f [|IF(W)||2du(w) < o},

Q
WEQ

Obviously, K is a Hilbert space with pointwise operations and the inner product

given by
(F,G) = j (F(w), G(w))du(w), F,G€K.
Q

Proposition 1.4. [1] Let A = {A,, € B(H, K,,):w € 2} be a continuous g-Bessel
family for H with respect to {K,,},,eo. Then, the mapping T,: K — H defined by

(TAF, g) = fn (,Fw), g)du(w), FEeR,geH,

is a linear and bounded operator with ||Tx|| < +/Ba. Moreover, for any g € H
and w € Q,

TA(g)(W) = Ayg.
The operators T, and T, in Proposition 1.4 are called the synthesis and
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analysis operators of A, respectively.

Definition 1.5. If A = {A,, € B(H,K,,):w € 2} and ® = {0,, € B(H,K,,):w €
0} are two continuous g-Bessel families for H with respect to {K,, },,eq, Such
that

(f, g) = jﬂ (O, Ang)du(w), f,g € H,

then @ is called a dual continuous g-frame of A.

Let A= {A,, € B(H,K,,):w € Q}be a continuousg-frame for H with respect
to {Ky}wea. Then A = {A,,Sy* € B(H,K,,):w € Q} is a continuous g-frame for
H with respect to {K,,}weq and by (1.2), A is a dual continuous g-frame of A.
We call A the canonical dual of A. Also, if A={A, € B(H,K,,):w € Q} is a

1 1

continuous g-frame for H with respect to {K,}weq, then ASXE = {AWS/:E €
B(H,K,):w € Q} is a Parseval continuous g -frame for H with respect to
{Kw}wen-

Theorem 1.6. [6] For T,U € B(H) the following conditions are equivalent:
(1) Range(T) c Range(U),

(2) TT* < 22UU* for some 1 = 0,

(3) there exists K € B(H) suchthat T = UK.

2 Approximately dual continuous g-frames

In this section we introduce the notion of approximately dual continuous g-
frames in Hilbert spaces and we extend some results of [5], [11], [13], [14], [15],
[16] and [18] to the continuous g-frames.

Definition 2.1. Suppose that A4 = {A,, € B(H,K,,):w € 2} and 6 = {0,, €
B(H,K,,):w € 0} are continuous g-Bessel families for H with respect to
{Ky}wen- We say that A and © are approximately dual continuous g-frames for
H, if

| Iy —TaATg I< 1 or |1y —TeTy < 1.
In this case, we call © (resp. A) an approximate dual continuous g-frame of A
(resp. ©).

Theorem 2.2. If A ={A, € B(H,K,,):w € 2} and 6 = {0,, € B(H,K,,):w €
0} are approximately dual continuous g-frames for H, then both A and @ are
continuous g-frames for H with respect to {K,,},,eo With lower bounds
B;*(1—1 Iy — TyTs ID? and By1(1—Il Iy — ToT; 1)?, respectively.
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Proof. Since || Iy — TaTg II< 1, by [4, Theorem A.5.3], the operator T\Tg is an
invertible operator on H and

Il (TATg) L II< 1
Forall f € H, we have
_ ot g VBa
I V= ATe) AT 1S g 10w 1w

hence © is a continuous g-frame for H with respect to {K,,},,eq With the lower
bound Byt(1—Il Iy — TAT ID?2. Similarly, A is a continuous g-frame for H
with respect to {K,, }weq-

—ll Iy = TpTg II

O

We mention that the sum of two continuous g-frames is not necessarily a
continuous g-frame. Here, we show that the sum of two approximately dual
continuous g-frames is a continuous g-frame.

Theorem 2.3. If A ={A,, € B(H,K,,):w € 2} and 6 = {0,, € B(H,K,,):w €
0} are approximately dual continuous g-frames for H, then A+ 0 = {A,, +
0, € B(H,K,):w € 2} is a continuous g-frame for H with respect to
{KW}WE.Q'
Proof. It is clear that A + O is a continuous g-Bessel family for H with respect to
{K }weq With the bound 2B, + 2Bg. On the other hand, if
" IH - T@T;\< "< 1 or " IH - TATé; "< 1,
then

| 21 — (TeTx + TaTg) II< 2. (2.1)
The operator TgT, + Tz\Tg is a self-adjoint operator, thus by [17, Lemma 2.2.2]
and (2.1), the operator TgT, + TATg is a positive operator. We have

fﬂ | (A + O)F I dp(w) = jﬂ (D + B, (s + ©,)F)du(w)

= Jo W AWf 17 duw) +{(TeTA + TATS)f, f)

+ o 10y f 17 du(w)

> o WAWS 12 duw) + [, I Oy f I du(w)

> (Apn+A40) L fI*, fEH,
so the lower bound condition holds.

O
Theorem 2.4. Let A = {A,, € B(H,K,,):w € 0} be a continuous g-frame and
0 = {06, € B(H,K,):w € 0} be a continuous g-Bessel family for H with
respect to {K,, }.eq- Then, A and @ are approximately dual continuous g-
1

frames for H if and only if there exists D € B(H) such that T,T,; = SjD and ||
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1
Iy —S2D < 1.
Proof. First, suppose that A and O are approximately dual continuous g-frames
for H. Foreach f € H,

I ToTif = sup (ToTif,9) < yBo(| W Awf I du(w))z
llgll=1 Q

Therefore
((TATe)(TAT)*f. f) < Bo(SAf.f) f EH.
So,
(TAT)(TATS)" < BoS2S:2. (2.2)

By (2.2) and Theorem 1.6, there exists D € B(H) such that T,Tg =Sf\D.

Conversely, since
1

Il Iy — TaTg 1=l Iy = S2D 1< 1,
A and O are approximately dual continuous g -frames for H .
O
Theorem 2.5. Let A ={A,, € B(H,K,,):w € 2} be a continuous g-frame and
0 ={0, € B(H,K,):w € 0} be a continuous g -Bessel family for H with
respectto {K,,}wen- Then, A and @ are approximately dual continuous g-frames
1 1

for H if and only if & = AS,2D + I', where D € B(H) is such that Il I, — S2D ||

<1 and I ={I,, € B(H,K,):w € 2} is a continuous g-Bessel family for H

with respect to {K,, },,eo suchthat T,T; = 0.
1

1

Proof. First, we consider © = AS,2D + T, D € B(H), Il Iy —S2D < 1 and T is

acontinuous g-Bessel family for H with respectto {K,,},yeq Suchthat TA\Ty = 0.
Then

1
Tof = T,’{(SAZDf) +Trf, f€H,

and
1

1
TaTof = TATA(S,%Df) + TATEf = S2Df, f € H.
1

Thus TpTg = S2D, and hence
1

I Iy — TATg =1l Iy — S2D II< 1,
that is, A and © are approximately dual continuous g-frames for H.
Conversely, let A and © be approximately dual continuous g-frames for H. By
1 1

Theorem 2.4, there exists D € B(H) such that T\Tg = Sf\D and |l Iy — S/Z_\D <

1
1.Put T =0©—AS,?D. T is a continuous g-Bessel family for H with respect to
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{Ky}weq, Since
j I T, f 12 du(w) < 2(Be+IDI>) NI fI?, fEH.
Q

Forany f € H, we have

1
Tif = Tof — TXS, 2Df.

Therefore
1
TATr f = TaTof — TAT;{SAZDf =0, fEH,
1
and so, TATF =0 . Moreover, ©=AS,’D+T
O

Corollary 2.6. Let A = {A,, € B(H,K,,):w € 0} be a continuous g-frame and
0 = {0, € B(H,K,):w € 0} be a continuous g-Bessel family for H with
respect to {K,, }weq- Then A and O are approximately dual continuous g-frames
for H if and only if

1
— AC 2
0=AS\ 2D +T,

whereD € B(H)for which || S,? — D < — and I' = {I;, € B(H,K,,):w € 0}
N

is a continuous g-Bessel family for H with respect to {K, },veo Such that T,T; =
0.

Theorem 2.7. Let A = {A,, € B(H,K,,):w € 0} be a continuous g-frame and
0 ={06, € B(H,K,):w € 2} be a g-Bessel family for H with respect to
{Ky}wen- Then A and O are approximately dual continuous g-frames for H if

and only if
1

© =AS, 2D —A+TS,,
1

where D € B(H) for which Il Iy —S2D I< 1 and T = {T,, € B(H,K,,):w € Q}
is a continuous g-Bessel family for H with respect to {K,,},yeq Such that T is a
dual continuous g-frame of A.

1 1
Proof. First, we consider ® = AS,*D —A+TS,, D € B(H), Il Iy —S;D II<1
and T is a continuous g-Bessel family for H with respect to {K,, },veq Such that
I" is a dual continuous g-frame of A. We have
1

Tof = TiS,2Df — Tif + TiSaf, f € H.

Then for each f € H,
1 1

TATSf = TATAS, 2Df — TATAf + TAT{SAf = S2Df.
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1
So, TpTg = S;D. Therefore, by Theorem 2.4, A and © are approximately dual
continuous g-frames for H.
Conversely, let A and © be approximately dual continuous g-frames for H. By
1 1

Theorem 2.4, there exists D € B(H) such that Ty\Tg = S2D and || I — S2D II<
1. Put

1
r=0s,!- ASAZDSX1 + ASy L
" is a continuous g-Bessel family for H with respect to {K,,},veq, Since

f Il T, f 1> du(w) < 3(Bg+ll D 112+ B) Il ST 121 £ I, f €H.
Q
We have

1
Tif = TeSx'f — TAS\2DSx'f + TASx'f, f€H,
then
1 1

TATSf = S2DS;f — S2DSFMf + Iyf = f, f €H.
Thus T,Ty = Iy. Thatis, T is a dual continuous g-frame of A. Furthermore,
1

® = AS, 2D — A+ TSa. O

Theorem 2.8. Suppose that A = {A,, € B(H, K,,): w € 0} is an approximate dual
continuous g-frame of @ = {0,, € B(H,K,,):w € 02}.
(1) If U is an isometric operator on H, then AU = {A,,U € B(H,K,,):w € 02} is
an

approximate dual continuous g-frame of ®U = {6,,U € B(H,K,,):w € 2}.
(2) If U isaco-isometric operatoron H,then AU* = {A,,U* € B(H,K,,):w € 0}
isan

approximate dual continuous g-frame of OU* = {6,,U* € B(H,K,,):w € 2}.
Proof. The proof IS easy and we omit it.
O
Proposition 2.9. Assume that A = {A,, € B(H,K,,):w € 2} and 0 = {0,, €
B(H,K,,):w € 0} are approximately dual continuous g-frames for H. For fixed
N € N, consider the corresponding partial sum,

N
r™ =g, + Z 0y, (Iy — TATO™
n=1
Then r'™ = ('™ e B(H,K,,):w € 2} is an approximate dual continuous g-
frame of A and
| Iy — LyTA IS0 Iy — ToT, INTI< 1,
where Ly is the synthesis operator of '™,
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Proof. I'™ s acontinuous g-Bessel family for H with respect to {K,, },eq, Since
N

f 1T F 12 du(w) < (N + 1)Be z (1+JByBo)™ I f I>, f €H.
Q n=0

Moreover,

N
(INTf.9) = (Taf.Lug) = () Uy = ToT"ToTif.g), f.g € H.

n=0
So,
LNTAf = XN=0 Iy — ToT)) " ToTaf
= Yn=o Uy = ToTa) Uy — Uy — TeTA)f
=f— Uy —TeTH)"*'f, f€EH.
Therefore,

I Iy — LyTay I=0 (Iy — To TN NI Iy — TeTx INTI< 1. O
Proposition 2.10. Let A = {A,, € B(H, K,,):w € 2} be a continuous g-frame for

. 2 2
H with respect to {K,,},veq- Then A and AA+BAA = {AA+BA A, € B(H,K,):wE€E

0} are approximately dual continuous g-frames for H.
Proof. By assumption, we have A,ly < Sp < Bply. Therefore,
By —Ap By — Ap
-, <Iy- Sp <
which implies

I Iy —

Iy,

Spll= (I SO, f LSt O
Ay + By A _Ilsfl||l£1|< oAy +By M )l_AA+BA '

It means that A and " iB A are approximately dual continuous g-frames for H.
A A

O
Proposition 2.11. Let A = {A,, € B(H, K,,):w € 2} be a continuous g-frame
for H with respect to {K, },co. Then A and B;'A = {B;'A,, € B(H,K,,):w €
0} are approximately dual continuous g-frames for H.
Proof. We have Al < Sp < Bply. Therefore,
1 By —Ap
OSIH_BA SAS—IH'
By
Hence

—1 _1 BA - AA
I Iy — By*Sx II= sup |{(Iy — BR'SAf, )l € ——=< 1,
Ifl=1 By

and so A and B;'A are approximately dual continuous g -frames for H .
O

In [7], Dehghan and Hasankhani Fard defined the concept of g-duals of a
frame in the Hilbert space. Recently, Abdollahpour and Khedmati in [2] extended
this concept to the continuous g-frames, as follows:



Some properties of approximately dual continuous g-frames in Hilbert spaces 191

Definition 2.12. Let A = {A,, € B(H,K,,):w € 2} and 6 = {0,, €
B(H,K,,):w € 0} be two continuous g-Bessel families for H with respect to
{Ky}wen- The family @ is called a g-dual of A, whenever T,T, is an invertible
operator.

Proposition 2.13. If the continuous g-Bessel families A = {A,, € B(H,K,,):w €
0} and
0 ={0, € B(H,K,):w € 0} are approximately dual continuous g-frames for
H,then A and @ are g-duals.
Proof. It IS easy and we remove it.
O

The following examples show that the converse of the statement in
Proposition 2.13 is not true.

Example 2.14. Let A = {A,, € B(H,K,,):w € 2} and 0 = {0,, €
B(H,K,,):w € 0} be dual continuous g-frames for H. Then 34 isa g-dual of
0. But 34 and @ are not approximately dual continuous g-frames for H.

In fact

(TanTof g) = f (33,0, f, 9)du(w) = 3(TATSf, g) = (3f,g), f.g € H.

Q
S0 T3pTg = 3T\Tg = 31y, therefore T55Tg is an invertible operator. But

I f —TaaTof I=21f NI, f€EH.
Thus, 3A and @ are not approximately dual continuous g-frames for H.

Example 2.15. Let A = {A,, € B(H,K,,):w € 2} be a continuous g-frame for

H with respect to {K, },veq- Then,

(1) Every dual continuous g-frame of A is an approximate dual continuous g-
frame of A.

(2) If A isaParseval continuous g-frame for H with respect to {K,, },,cq, then A
Is an approximate dual continuous g-frame of itself.

(3) Suppose that ©; = {8}, € B(H,K,,):w € Q} is a continuous g-Bessel family
for H with respectto {K,, },yeq and A isadual continuous g-frame of ®; for i €
I, where T isa finite set of natural numbers. Suppose that {c;};c; IS a sequence
of complex numbers such that Y;c; ¢; # 0. It was proved in [2], that A and
['={Ty = Yic1 ;O € B(H,K,):w € Q} are g-duals and TpT{f = Yieq if
forany f € H.Here we show that A and T are not approximately dual continuous
g-frames for H. In fact,

I f = TATef =1 f—z of < (1 +Z DI FIl, feH.

i€l i€l
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The following proposition gives a sufficient condition for approximately
dual continuous g-frames to be dual continuous g-frames.

Proposition 2.16. Let A={A, € B(H,K,):weN} and 06 ={0, €
B(H,K,,):w € 02} be two continuous g-Bessel families for H with respect to
{Ky}wen- Then A and O are approximately dual continuous g-frames for H if
and only if there exists an invertible operator U on H with || I; — U lI< 1 such
that A and U ' ={6,U '€ B(H,K,):w € 2} are dual continuous g -
frames.

Proof. Since A and © are approximately dual continuous g-frames for H, we
have

| Iy — TaTg II< 1, and hence the operator ToTg is an invertible operator on H. It
is sufficient to put U = T,Tg. For each f,g € H, we have

(f, 9) = ((TaT&) (TATE) S g) = fn (O Uf, Ay g)dp(w),

hence A and ®@U~? are dual continuous g-frames.
For the converse, suppose that there exists an invertible operator U on H with ||
Iy — U lI< 1 such that A and ®U~? are dual continuous g-frames. So,
Il Iy — TpTe =1 Iy — (TAToU DU 1=l Iy — U I< 1,

therefore, A and © are approximately dual continuous g -frames for H .
O

In [15], Mirzaee Azandaryani introduced the notion of I'-approximate dual
g-frames and (T, |l T |I)-approximate dual g-frames, where T' € B(H). In the
following, we generalize these concepts to the continuous g-frames.
Definition 2.17. Let A={A, €B(HK,):weN} and ©6={0,€
B(H,K,,):w € 02} be two continuous g-Bessel families for H with respect to
{Ky}wen and I' € B(H). Then
(1) © is called a T'-approximate dual continuous g-frame of A, if || T — T, Tg <
1.
(2) @ is called a (T, Il T I))-approximate dual continuous g-frame of A, if | T —
TATg I<I T 1,

where || T [I< 1.

Proposition 2.18. Let A = {A,, € B(H,K,,):w € 2} be a continuous g-frame
for H with respect to {K,, },veq. Let I' € B(H) be a positive operator. Then
(1) If Aisa |l T |l-tight continuous g-frame for H with respect to {K,, },yeq and
ITlI<1,

then A isa (T, Il T II)-approximate dual continuous g-frame of itself.
(2) If A isan Ap-tight continuous g-frame for H with respect to {K, },,eq and ||
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['lI< Ay < 1,then A isa I'-approximate dual continuous g-frame of itself.
Proof. The proof is similar to the proof of [15, Proposition 4.2], so we remove it
here. O

3 Q-approximate dual continuous g-frames

In 2014, the concept of Q -duals for fusion frames were defined by
Heineken and et al. [10]. Also, Q-duals and Q-approximate duals for g-frames
were introduced by Mirzaee Azandaryani [15]. Here, we generalize these notions
to the continuous g-frames as follows:

Definition 3.1. Suppose that 4 = {A,, € B(H,K,,):w € 2} and 6 = {0,, €
B(H,K,,):w € 0} are two continuous g-Bessel families for H with respect to
{KW}WE.Q' N
(1) If there exists an operator Q € B(K) such that T,QTg = I, we say that A is
a Q-dual of

0.
(2) If there exists an operator Q € B(K) such that || I; — T,QTg lI< 1, we say
that A isa

Q-approximate dual continuous g-frame of 0.

Clearly, if A = {A,, € B(H, K,,):w € Q} is an approximate dual continuous

g-frame (resp. dual continuous g-frame) of ® = {©,, € B(H, K,,):w € Q},then A
Is a Q-approximate dual continuous g-frame (resp. Q-dual) of ©, by considering

Q =Iz.

Theorem 3.2. Suppose that A = {A,, € B(H,K,,):w € 2} and 0 = {0,, €
B(H,K,,):w € 0} are two continuous g-Bessel families for H with respect to
{Ky}wen- If A isa Q-approximate dual continuous g-frame of @, then
(1) © isa Q*-approximate dual continuous g-frame of A.
(2) A and @ are continuous g-frames for H with respect to {K,, }wecn-
Proof. (1) By assumption, there exists Q € B(K) such that || I; — T,QTg lI< 1,
thus

I Iy — TeQ"Tx I=Il (Iy — TaAQTe)" I=Il Iy — TAQTe 1< 1,
and so, ® isa Q*-approximate dual continuous g-frame of A.

(2) By (1) and [4, Theorem A.5.3], the operator TgQ*T, is an invertible

operator on H and

Il (TeQ Ty~ IS e

Foreach f € H,
I f =1l (TeQ*Ty) *(TeQ*T)f ISl (TeQ*Tx)~* Il ToQ*TASf |
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1Q Il y/Bo

S ;
1=l Iy — TeQ* Ty |

( f I A f 12 du(w))2,
Q
SO
Q12 Bgl(l—ll Iy — TeQ Ty II)2 Il f ||2Sf I Ay f I du(w), f €H.
Q

Hence A is acontinuous g-frame for H with respectto {K, },eq- Similarly, © is
a continuous g-frame for H with respect to {K,, },,eq With the lower bound

I Q 72 By (1—Il Iy — TAQTg )2
O
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