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In this paper, we introduce the notion of approximately dual continuous 𝑔𝑔-
frames in Hilbert spaces and investigate some of their properties. Furthermore, we 
study relations between approximately dual continuous 𝑔𝑔 -frames and dual 
continuous 𝑔𝑔-frames, and between approximately dual continuous 𝑔𝑔-frames and 𝑔𝑔-
duals. Also, we introduce the concepts of 𝛤𝛤-approximate dual continuous 𝑔𝑔-frames 
and (𝛤𝛤, ∥ 𝛤𝛤 ∥)-approximate dual continuous 𝑔𝑔-frames, where 𝛤𝛤 ∈ 𝐵𝐵(𝐻𝐻). Finally, 
we discuss 𝑄𝑄-duals and 𝑄𝑄-approximate dual continuous 𝑔𝑔-frame, where 𝑄𝑄 ∈ 𝐵𝐵(𝐾𝐾�). 
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1  Introduction 
The concept of frame for a Hilbert space was introduced by Duffin and 

Schaeffer [8] in 1952. They used frames as tools in the study of nonharmonic 
Fourier analysis. In 2006, the 𝑔𝑔-frame as a generalization of frame was introduced 
and investigated by Sun [19]. The notion of continuous frames was introduced by 
Kaiser in [12] and independently by Ali, Antoine and Cazeau [3]. Gabardo and Han 
in [9] defined the concept of dual frames for the continuous frames. In 2008, the 
notion of continuous 𝑔𝑔-frame was introduced by Abdollahpour and Faroughi [1]. 
Approximately dual frames were defined by Christensen and Laugensen in [5].  

Throughout this paper, 𝐻𝐻 is a complex Hilbert space, (Ω, 𝜇𝜇) is a measure 
space with positive measure 𝜇𝜇 and {𝐾𝐾𝑤𝑤}𝑤𝑤∈Ω is a family of Hilbert spaces. We 
denote the space of all bounded linear operators from 𝐻𝐻 into 𝐾𝐾𝑤𝑤  by 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤) 
and we denote 𝐵𝐵(𝐻𝐻,𝐻𝐻) by 𝐵𝐵(𝐻𝐻). 

  
Definition 1.1. Let 𝐹𝐹 ∈ ∏𝑤𝑤∈𝛺𝛺 𝐾𝐾𝑤𝑤. We say that 𝐹𝐹 is strongly measurable, if 𝐹𝐹 as 
a mapping of 𝛺𝛺 to ⊕𝑤𝑤∈𝛺𝛺 𝐾𝐾𝑤𝑤 is measurable, where  
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�
𝑤𝑤∈Ω

𝐾𝐾𝑤𝑤 = {𝑓𝑓:Ω ⟶ �
𝑤𝑤∈Ω

𝐾𝐾𝑤𝑤: 𝑓𝑓(𝑤𝑤) ∈ 𝐾𝐾𝑤𝑤}. 

  
Definition 1.2. We say that 𝛬𝛬 = {𝛬𝛬𝑤𝑤 ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ 𝛺𝛺} is a continuous 𝑔𝑔-
frame for 𝐻𝐻 with respect to {𝐾𝐾𝑤𝑤}𝑤𝑤∈𝛺𝛺 if   
(1) for each 𝑓𝑓 ∈ 𝐻𝐻, {Λ𝑤𝑤𝑓𝑓}𝑤𝑤∈Ω is strongly measurable,  
(2) there are two constants 0 < 𝐴𝐴Λ ≤ 𝐵𝐵Λ < ∞ such that  

𝐴𝐴Λ||𝑓𝑓||2 ≤ ∫Ω ||Λ𝑤𝑤𝑓𝑓||2𝑑𝑑𝑑𝑑(𝑤𝑤) ≤ 𝐵𝐵Λ||𝑓𝑓||2,    𝑓𝑓 ∈ 𝐻𝐻. (1.1) 
We call 𝐴𝐴Λ and 𝐵𝐵Λ the lower and upper continuous 𝑔𝑔-frame bounds, respectively. 
Λ is called an 𝐴𝐴Λ-tight continuous 𝑔𝑔-frame if 𝐴𝐴Λ = 𝐵𝐵Λ and a Parseval continuous 
𝑔𝑔-frame if 𝐴𝐴Λ = 𝐵𝐵Λ = 1. If the right hand inequality in (1.1) holds for all 𝑓𝑓 ∈ 𝐻𝐻, 
we say that Λ is a continuous 𝑔𝑔-Bessel family for 𝐻𝐻 with respect to {𝐾𝐾𝑤𝑤}𝑤𝑤∈Ω 
with the bound 𝐵𝐵Λ. 
   
Proposition 1.3. [1] Let 𝛬𝛬 = {𝛬𝛬𝑤𝑤 ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ 𝛺𝛺} be a continuous 𝑔𝑔-frame 
for 𝐻𝐻 with respect to {𝐾𝐾𝑤𝑤}𝑤𝑤∈𝛺𝛺. Then, there exists a unique positive and 
invertible operator 𝑆𝑆𝛬𝛬:𝐻𝐻 ⟶ 𝐻𝐻 such that for each 𝑓𝑓,𝑔𝑔 ∈ 𝐻𝐻,  

〈𝑆𝑆Λ𝑓𝑓,𝑔𝑔〉 = �
Ω
〈Λ𝑤𝑤∗ Λ𝑤𝑤𝑓𝑓,𝑔𝑔〉𝑑𝑑𝑑𝑑(𝑤𝑤), 

and 𝐴𝐴Λ𝐼𝐼𝐻𝐻 ≤ 𝑆𝑆Λ ≤ 𝐵𝐵Λ𝐼𝐼𝐻𝐻, where 𝐼𝐼𝐻𝐻 is the identity operator on 𝐻𝐻.  
    The operator 𝑆𝑆Λ is called the continuous 𝑔𝑔-frame operator of Λ. Also, we have  

〈𝑓𝑓,𝑔𝑔〉 = ∫Ω 〈𝑆𝑆Λ
−1𝑓𝑓,Λ𝑤𝑤∗ Λ𝑤𝑤𝑔𝑔〉𝑑𝑑𝑑𝑑(𝑤𝑤) = ∫Ω 〈𝑓𝑓,Λ𝑤𝑤∗ Λ𝑤𝑤𝑆𝑆Λ−1𝑔𝑔〉𝑑𝑑𝑑𝑑(𝑤𝑤),    𝑓𝑓,𝑔𝑔 ∈

𝐻𝐻. (1.2) 
 Let the space  

𝐾𝐾� = {𝐹𝐹 ∈�
𝑤𝑤∈Ω

𝐾𝐾𝑤𝑤: 𝐹𝐹 𝑖𝑖𝑖𝑖 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚,�
Ω

||𝐹𝐹(𝑤𝑤)||2𝑑𝑑𝑑𝑑(𝑤𝑤) < ∞}. 

 Obviously, 𝐾𝐾� is a Hilbert space with pointwise operations and the inner product 
given by  

〈𝐹𝐹,𝐺𝐺〉 = �
Ω
〈𝐹𝐹(𝑤𝑤),𝐺𝐺(𝑤𝑤)〉𝑑𝑑𝑑𝑑(𝑤𝑤),    𝐹𝐹,𝐺𝐺 ∈ 𝐾𝐾�. 

 
Proposition 1.4. [1] Let 𝛬𝛬 = {𝛬𝛬𝑤𝑤 ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ 𝛺𝛺} be a continuous 𝑔𝑔-Bessel 
family for 𝐻𝐻 with respect to {𝐾𝐾𝑤𝑤}𝑤𝑤∈𝛺𝛺. Then, the mapping 𝑇𝑇𝛬𝛬:𝐾𝐾� ⟶ 𝐻𝐻 defined by  

〈𝑇𝑇Λ𝐹𝐹,𝑔𝑔〉 = �
Ω
〈Λ𝑤𝑤∗ 𝐹𝐹(𝑤𝑤),𝑔𝑔〉𝑑𝑑𝑑𝑑(𝑤𝑤),    𝐹𝐹 ∈ 𝐾𝐾�,𝑔𝑔 ∈ 𝐻𝐻, 

 is a linear and bounded operator with ||𝑇𝑇Λ|| ≤ �𝐵𝐵Λ. Moreover, for any 𝑔𝑔 ∈ 𝐻𝐻 
and 𝑤𝑤 ∈ Ω,  

 𝑇𝑇Λ∗(𝑔𝑔)(𝑤𝑤) = Λ𝑤𝑤𝑔𝑔. 
    The operators 𝑇𝑇Λ  and 𝑇𝑇Λ∗  in Proposition 1.4 are called the synthesis and 
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analysis operators of Λ, respectively.  
 
Definition 1.5. If 𝛬𝛬 = {𝛬𝛬𝑤𝑤 ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ 𝛺𝛺} and 𝛩𝛩 = {𝛩𝛩𝑤𝑤 ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈
𝛺𝛺} are two continuous 𝑔𝑔-Bessel families for 𝐻𝐻 with respect to {𝐾𝐾𝑤𝑤}𝑤𝑤∈𝛺𝛺, such 
that  

〈𝑓𝑓,𝑔𝑔〉 = �
Ω
〈Θ𝑤𝑤𝑓𝑓,Λ𝑤𝑤𝑔𝑔〉𝑑𝑑𝑑𝑑(𝑤𝑤),    𝑓𝑓,𝑔𝑔 ∈ 𝐻𝐻, 

 then Θ is called a dual continuous 𝑔𝑔-frame of Λ.  
     Let Λ = {Λ𝑤𝑤 ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ Ω}be a continuous𝑔𝑔-frame for 𝐻𝐻 with respect 
to {𝐾𝐾𝑤𝑤}𝑤𝑤∈Ω. Then Λ� = {Λ𝑤𝑤𝑆𝑆Λ−1 ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ Ω} is a continuous 𝑔𝑔-frame for 
𝐻𝐻 with respect to {𝐾𝐾𝑤𝑤}𝑤𝑤∈Ω and by (1.2), Λ� is a dual continuous 𝑔𝑔-frame of Λ. 
We call Λ� the canonical dual of Λ. Also, if Λ = {Λ𝑤𝑤 ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ Ω} is a 

continuous 𝑔𝑔 -frame for 𝐻𝐻  with respect to {𝐾𝐾𝑤𝑤}𝑤𝑤∈Ω , then Λ𝑆𝑆Λ
−12 = {Λ𝑤𝑤𝑆𝑆Λ

−12 ∈
𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ Ω}  is a Parseval continuous 𝑔𝑔 -frame for 𝐻𝐻  with respect to 
{𝐾𝐾𝑤𝑤}𝑤𝑤∈Ω. 
  
Theorem 1.6. [6] For 𝑇𝑇,𝑈𝑈 ∈ 𝐵𝐵(𝐻𝐻) the following conditions are equivalent:   
(1) 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅(𝑇𝑇) ⊂ 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅(𝑈𝑈),  
(2) 𝑇𝑇𝑇𝑇∗ ≤ 𝜆𝜆2𝑈𝑈𝑈𝑈∗ for some 𝜆𝜆 ≥ 0,  
(3) there exists 𝐾𝐾 ∈ 𝐵𝐵(𝐻𝐻) such that 𝑇𝑇 = 𝑈𝑈𝑈𝑈.  

 
2  Approximately dual continuous 𝒈𝒈-frames 
In this section we introduce the notion of approximately dual continuous 𝑔𝑔-

frames in Hilbert spaces and we extend some results of [5], [11], [13], [14], [15], 
[16] and [18] to the continuous 𝑔𝑔-frames.  

 
Definition 2.1. Suppose that 𝛬𝛬 = {𝛬𝛬𝑤𝑤 ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ 𝛺𝛺} and 𝛩𝛩 = {𝛩𝛩𝑤𝑤 ∈
𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ 𝛺𝛺} are continuous 𝑔𝑔-Bessel families for 𝐻𝐻 with respect to 
{𝐾𝐾𝑤𝑤}𝑤𝑤∈𝛺𝛺. We say that 𝛬𝛬 and 𝛩𝛩 are approximately dual continuous 𝑔𝑔-frames for 
𝐻𝐻, if 

 
∥ 𝐼𝐼𝐻𝐻 − 𝑇𝑇Λ𝑇𝑇Θ∗ ∥< 1    𝑜𝑜𝑜𝑜    ∥ 𝐼𝐼𝐻𝐻 − 𝑇𝑇Θ𝑇𝑇Λ∗ ∥< 1. 

 In this case, we call Θ (resp. Λ) an approximate dual continuous 𝑔𝑔-frame of Λ 
(resp. Θ). 
   
Theorem 2.2. If 𝛬𝛬 = {𝛬𝛬𝑤𝑤 ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ 𝛺𝛺} and 𝛩𝛩 = {𝛩𝛩𝑤𝑤 ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈
𝛺𝛺} are approximately dual continuous 𝑔𝑔-frames for 𝐻𝐻, then both 𝛬𝛬 and 𝛩𝛩 are 
continuous 𝑔𝑔-frames for 𝐻𝐻 with respect to {𝐾𝐾𝑤𝑤}𝑤𝑤∈𝛺𝛺 with lower bounds 
𝐵𝐵𝛬𝛬−1(1−∥ 𝐼𝐼𝐻𝐻 − 𝑇𝑇𝛬𝛬𝑇𝑇𝛩𝛩∗ ∥)2 and 𝐵𝐵𝛩𝛩−1(1−∥ 𝐼𝐼𝐻𝐻 − 𝑇𝑇𝛩𝛩𝑇𝑇𝛬𝛬∗ ∥)2, respectively.   
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Proof. Since ∥ 𝐼𝐼𝐻𝐻 − 𝑇𝑇Λ𝑇𝑇Θ∗ ∥< 1, by [4, Theorem A.5.3], the operator 𝑇𝑇Λ𝑇𝑇Θ∗ is an 
invertible operator on 𝐻𝐻 and  

∥ (𝑇𝑇Λ𝑇𝑇Θ∗)−1 ∥≤
1

1−∥ 𝐼𝐼𝐻𝐻 − 𝑇𝑇Λ𝑇𝑇Θ∗ ∥
. 

 For all 𝑓𝑓 ∈ 𝐻𝐻, we have  

∥ 𝑓𝑓 ∥=∥ (𝑇𝑇Λ𝑇𝑇Θ∗)−1(𝑇𝑇Λ𝑇𝑇Θ∗)𝑓𝑓 ∥≤
�𝐵𝐵Λ

1−∥ 𝐼𝐼𝐻𝐻 − 𝑇𝑇Λ𝑇𝑇Θ∗ ∥
(�
Ω
∥ Θ𝑤𝑤𝑓𝑓 ∥2 𝑑𝑑𝑑𝑑(𝑤𝑤))

1
2, 

hence Θ is a continuous 𝑔𝑔-frame for 𝐻𝐻 with respect to {𝐾𝐾𝑤𝑤}𝑤𝑤∈Ω with the lower 
bound 𝐵𝐵Λ−1(1−∥ 𝐼𝐼𝐻𝐻 − 𝑇𝑇Λ𝑇𝑇Θ∗ ∥)2. Similarly, Λ is a continuous 𝑔𝑔-frame for 𝐻𝐻 
with respect to {𝐾𝐾𝑤𝑤}𝑤𝑤∈Ω.                                 
                                                                                

 We mention that the sum of two continuous 𝑔𝑔-frames is not necessarily a 
continuous 𝑔𝑔 -frame. Here, we show that the sum of two approximately dual 
continuous 𝑔𝑔-frames is a continuous 𝑔𝑔-frame.  

 
Theorem 2.3. If 𝛬𝛬 = {𝛬𝛬𝑤𝑤 ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ 𝛺𝛺} and 𝛩𝛩 = {𝛩𝛩𝑤𝑤 ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈
𝛺𝛺} are approximately dual continuous 𝑔𝑔-frames for 𝐻𝐻, then 𝛬𝛬 + 𝛩𝛩 = {𝛬𝛬𝑤𝑤 +
𝛩𝛩𝑤𝑤 ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ 𝛺𝛺} is a continuous 𝑔𝑔-frame for 𝐻𝐻 with respect to 
{𝐾𝐾𝑤𝑤}𝑤𝑤∈𝛺𝛺.  
Proof. It is clear that Λ + Θ is a continuous 𝑔𝑔-Bessel family for 𝐻𝐻 with respect to 
{𝐾𝐾𝑤𝑤}𝑤𝑤∈Ω with the bound 2𝐵𝐵Λ + 2𝐵𝐵Θ. On the other hand, if  

∥ 𝐼𝐼𝐻𝐻 − 𝑇𝑇Θ𝑇𝑇Λ∗ ∥< 1    𝑜𝑜𝑜𝑜    ∥ 𝐼𝐼𝐻𝐻 − 𝑇𝑇Λ𝑇𝑇Θ∗ ∥< 1, 
 then  

                 ∥ 2𝐼𝐼𝐻𝐻 − (𝑇𝑇Θ𝑇𝑇Λ∗ + 𝑇𝑇Λ𝑇𝑇Θ∗) ∥< 2. (2.1) 
The operator 𝑇𝑇Θ𝑇𝑇Λ∗ + 𝑇𝑇Λ𝑇𝑇Θ∗ is a self-adjoint operator, thus by [17, Lemma 2.2.2] 
and (2.1), the operator 𝑇𝑇Θ𝑇𝑇Λ∗ + 𝑇𝑇Λ𝑇𝑇Θ∗ is a positive operator. We have  

�
Ω
∥ (Λ𝑤𝑤 + Θ𝑤𝑤)𝑓𝑓 ∥2 𝑑𝑑𝑑𝑑(𝑤𝑤) = �

Ω
〈(Λ𝑤𝑤 + Θ𝑤𝑤)𝑓𝑓, (Λ𝑤𝑤 + Θ𝑤𝑤)𝑓𝑓〉𝑑𝑑𝑑𝑑(𝑤𝑤) 

                       = ∫Ω ∥ Λ𝑤𝑤𝑓𝑓 ∥2 𝑑𝑑𝑑𝑑(𝑤𝑤) + 〈(𝑇𝑇Θ𝑇𝑇Λ∗ + 𝑇𝑇Λ𝑇𝑇Θ∗)𝑓𝑓,𝑓𝑓〉 
             +∫Ω ∥ Θ𝑤𝑤𝑓𝑓 ∥2 𝑑𝑑𝑑𝑑(𝑤𝑤) 
             ≥ ∫Ω ∥ Λ𝑤𝑤𝑓𝑓 ∥2 𝑑𝑑𝑑𝑑(𝑤𝑤) + ∫Ω ∥ Θ𝑤𝑤𝑓𝑓 ∥2 𝑑𝑑𝑑𝑑(𝑤𝑤)    
            ≥ (𝐴𝐴Λ + 𝐴𝐴Θ) ∥ 𝑓𝑓 ∥2 ,    𝑓𝑓 ∈ 𝐻𝐻, 

so the lower bound condition holds.            
  
Theorem 2.4. Let 𝛬𝛬 = {𝛬𝛬𝑤𝑤 ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ 𝛺𝛺} be a continuous 𝑔𝑔-frame and 
𝛩𝛩 = {𝛩𝛩𝑤𝑤 ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ 𝛺𝛺} be a continuous 𝑔𝑔-Bessel family for 𝐻𝐻 with 
respect to {𝐾𝐾𝑤𝑤}𝑤𝑤∈𝛺𝛺. Then, 𝛬𝛬 and 𝛩𝛩 are approximately dual continuous 𝑔𝑔-

frames for 𝐻𝐻 if and only if there exists 𝐷𝐷 ∈ 𝐵𝐵(𝐻𝐻) such that 𝑇𝑇𝛬𝛬𝑇𝑇𝛩𝛩∗ = 𝑆𝑆𝛬𝛬
1
2𝐷𝐷 and ∥
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𝐼𝐼𝐻𝐻 − 𝑆𝑆𝛬𝛬
1
2𝐷𝐷 ∥< 1.   

Proof. First, suppose that Λ and Θ are approximately dual continuous 𝑔𝑔-frames 
for 𝐻𝐻. For each 𝑓𝑓 ∈ 𝐻𝐻,  

∥ 𝑇𝑇Θ𝑇𝑇Λ∗𝑓𝑓 ∥= sup
∥𝑔𝑔∥=1

|〈𝑇𝑇Θ𝑇𝑇Λ∗𝑓𝑓,𝑔𝑔〉| ≤ �𝐵𝐵Θ(�
Ω
∥ Λ𝑤𝑤𝑓𝑓 ∥2 𝑑𝑑𝑑𝑑(𝑤𝑤))

1
2. 

 Therefore  
     〈(𝑇𝑇Λ𝑇𝑇Θ∗)(𝑇𝑇Λ𝑇𝑇Θ∗)∗𝑓𝑓,𝑓𝑓〉 ≤ 𝐵𝐵Θ〈𝑆𝑆Λ𝑓𝑓,𝑓𝑓〉,    𝑓𝑓 ∈ 𝐻𝐻. 

 So,  

          (𝑇𝑇Λ𝑇𝑇Θ∗)(𝑇𝑇Λ𝑇𝑇Θ∗)∗ ≤ 𝐵𝐵Θ𝑆𝑆Λ
1
2𝑆𝑆Λ

1
2 .                                (2.2) 

 By (2.2) and Theorem 1.6, there exists 𝐷𝐷 ∈ 𝐵𝐵(𝐻𝐻)  such that 𝑇𝑇Λ𝑇𝑇Θ∗ = 𝑆𝑆Λ
1
2𝐷𝐷 . 

Conversely, since  

∥ 𝐼𝐼𝐻𝐻 − 𝑇𝑇Λ𝑇𝑇Θ∗ ∥=∥ 𝐼𝐼𝐻𝐻 − 𝑆𝑆Λ
1
2𝐷𝐷 ∥< 1, 

 Λ  and Θ  are approximately dual continuous 𝑔𝑔 -frames for 𝐻𝐻 .                         
 
Theorem 2.5. Let 𝛬𝛬 = {𝛬𝛬𝑤𝑤 ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ 𝛺𝛺} be a continuous 𝑔𝑔-frame and 
𝛩𝛩 = {𝛩𝛩𝑤𝑤 ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ 𝛺𝛺}  be a continuous 𝑔𝑔 -Bessel family for 𝐻𝐻  with 
respect to {𝐾𝐾𝑤𝑤}𝑤𝑤∈𝛺𝛺. Then, 𝛬𝛬 and 𝛩𝛩 are approximately dual continuous 𝑔𝑔-frames 

for 𝐻𝐻 if and only if 𝛩𝛩 = 𝛬𝛬𝑆𝑆𝛬𝛬
−12𝐷𝐷 + 𝛤𝛤, where 𝐷𝐷 ∈ 𝐵𝐵(𝐻𝐻) is such that ∥ 𝐼𝐼𝐻𝐻 − 𝑆𝑆𝛬𝛬

1
2𝐷𝐷 ∥

< 1  and 𝛤𝛤 = {𝛤𝛤𝑤𝑤 ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ 𝛺𝛺}  is a continuous 𝑔𝑔 -Bessel family for 𝐻𝐻 
with respect to {𝐾𝐾𝑤𝑤}𝑤𝑤∈𝛺𝛺 such that 𝑇𝑇𝛬𝛬𝑇𝑇𝛤𝛤∗ = 0.   

Proof. First, we consider Θ = Λ𝑆𝑆Λ
−12𝐷𝐷 + Γ, 𝐷𝐷 ∈ 𝐵𝐵(𝐻𝐻), ∥ 𝐼𝐼𝐻𝐻 − 𝑆𝑆Λ

1
2𝐷𝐷 ∥< 1 and Γ is 

a continuous 𝑔𝑔-Bessel family for 𝐻𝐻 with respect to {𝐾𝐾𝑤𝑤}𝑤𝑤∈Ω such that 𝑇𝑇Λ𝑇𝑇Γ∗ = 0. 
Then  

𝑇𝑇Θ∗𝑓𝑓 = 𝑇𝑇Λ∗(𝑆𝑆Λ
−12𝐷𝐷𝐷𝐷) + 𝑇𝑇Γ∗𝑓𝑓,    𝑓𝑓 ∈ 𝐻𝐻, 

 and  

𝑇𝑇Λ𝑇𝑇Θ∗𝑓𝑓 = 𝑇𝑇Λ𝑇𝑇Λ∗(𝑆𝑆Λ
−12𝐷𝐷𝐷𝐷) + 𝑇𝑇Λ𝑇𝑇Γ∗𝑓𝑓 = 𝑆𝑆Λ

1
2𝐷𝐷𝐷𝐷,    𝑓𝑓 ∈ 𝐻𝐻. 

 Thus 𝑇𝑇Λ𝑇𝑇Θ∗ = 𝑆𝑆Λ
1
2𝐷𝐷, and hence  

∥ 𝐼𝐼𝐻𝐻 − 𝑇𝑇Λ𝑇𝑇Θ∗ ∥=∥ 𝐼𝐼𝐻𝐻 − 𝑆𝑆Λ
1
2𝐷𝐷 ∥< 1, 

that is, Λ and Θ are approximately dual continuous 𝑔𝑔-frames for 𝐻𝐻. 
Conversely, let Λ and Θ be approximately dual continuous 𝑔𝑔-frames for 𝐻𝐻. By 

Theorem 2.4, there exists 𝐷𝐷 ∈ 𝐵𝐵(𝐻𝐻) such that 𝑇𝑇Λ𝑇𝑇Θ∗ = 𝑆𝑆Λ
1
2𝐷𝐷 and ∥ 𝐼𝐼𝐻𝐻 − 𝑆𝑆Λ

1
2𝐷𝐷 ∥<

1. Put Γ = Θ − Λ𝑆𝑆Λ
−12𝐷𝐷. Γ is a continuous 𝑔𝑔-Bessel family for 𝐻𝐻 with respect to 
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{𝐾𝐾𝑤𝑤}𝑤𝑤∈Ω, since  

�
Ω
∥ Γ𝑤𝑤𝑓𝑓 ∥2 𝑑𝑑𝑑𝑑(𝑤𝑤) ≤ 2(𝐵𝐵Θ+∥ 𝐷𝐷 ∥2) ∥ 𝑓𝑓 ∥2 ,    𝑓𝑓 ∈ 𝐻𝐻. 

 For any 𝑓𝑓 ∈ 𝐻𝐻, we have  

𝑇𝑇Γ∗𝑓𝑓 = 𝑇𝑇Θ∗𝑓𝑓 − 𝑇𝑇Λ∗𝑆𝑆Λ
−12𝐷𝐷𝐷𝐷. 

 Therefore  

𝑇𝑇Λ𝑇𝑇Γ∗𝑓𝑓 = 𝑇𝑇Λ𝑇𝑇Θ∗𝑓𝑓 − 𝑇𝑇Λ𝑇𝑇Λ∗𝑆𝑆Λ
−12𝐷𝐷𝐷𝐷 = 0,    𝑓𝑓 ∈ 𝐻𝐻, 

 and so, 𝑇𝑇Λ𝑇𝑇Γ∗ = 0 . Moreover, Θ = Λ𝑆𝑆Λ
−12𝐷𝐷 + Γ .                                      

 
Corollary 2.6. Let 𝛬𝛬 = {𝛬𝛬𝑤𝑤 ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ 𝛺𝛺} be a continuous 𝑔𝑔-frame and 
𝛩𝛩 = {𝛩𝛩𝑤𝑤 ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ 𝛺𝛺} be a continuous 𝑔𝑔-Bessel family for 𝐻𝐻 with 
respect to {𝐾𝐾𝑤𝑤}𝑤𝑤∈𝛺𝛺. Then 𝛬𝛬 and 𝛩𝛩 are approximately dual continuous 𝑔𝑔-frames 
for 𝐻𝐻 if and only if  

Θ = Λ𝑆𝑆Λ
−12𝐷𝐷 + Γ, 

where𝐷𝐷 ∈ 𝐵𝐵(𝐻𝐻) for which ∥ 𝑆𝑆𝛬𝛬
−12 − 𝐷𝐷 ∥< 1

�𝐵𝐵𝛬𝛬
 and 𝛤𝛤 = {𝛤𝛤𝑤𝑤 ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ 𝛺𝛺} 

is a continuous 𝑔𝑔-Bessel family for 𝐻𝐻 with respect to {𝐾𝐾𝑤𝑤}𝑤𝑤∈𝛺𝛺 such that 𝑇𝑇𝛬𝛬𝑇𝑇𝛤𝛤∗ =
0.  
 
Theorem 2.7. Let 𝛬𝛬 = {𝛬𝛬𝑤𝑤 ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ 𝛺𝛺} be a continuous 𝑔𝑔-frame and 
𝛩𝛩 = {𝛩𝛩𝑤𝑤 ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ 𝛺𝛺} be a 𝑔𝑔-Bessel family for 𝐻𝐻 with respect to 
{𝐾𝐾𝑤𝑤}𝑤𝑤∈𝛺𝛺. Then 𝛬𝛬 and 𝛩𝛩 are approximately dual continuous 𝑔𝑔-frames for 𝐻𝐻 if 
and only if  

Θ = Λ𝑆𝑆Λ
−12𝐷𝐷 − Λ + Γ𝑆𝑆Λ, 

where 𝐷𝐷 ∈ 𝐵𝐵(𝐻𝐻) for which ∥ 𝐼𝐼𝐻𝐻 − 𝑆𝑆Λ
1
2𝐷𝐷 ∥< 1 and Γ = {Γ𝑤𝑤 ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ Ω} 

is a continuous 𝑔𝑔-Bessel family for 𝐻𝐻 with respect to {𝐾𝐾𝑤𝑤}𝑤𝑤∈Ω such that Γ is a 
dual continuous 𝑔𝑔-frame of Λ.  

Proof. First, we consider Θ = Λ𝑆𝑆Λ
−12𝐷𝐷 − Λ + Γ𝑆𝑆Λ , 𝐷𝐷 ∈ 𝐵𝐵(𝐻𝐻) , ∥ 𝐼𝐼𝐻𝐻 − 𝑆𝑆Λ

1
2𝐷𝐷 ∥< 1 

and Γ is a continuous 𝑔𝑔-Bessel family for 𝐻𝐻 with respect to {𝐾𝐾𝑤𝑤}𝑤𝑤∈Ω such that 
Γ is a dual continuous 𝑔𝑔-frame of Λ. We have  

𝑇𝑇Θ∗𝑓𝑓 = 𝑇𝑇Λ∗𝑆𝑆Λ
−12𝐷𝐷𝐷𝐷 − 𝑇𝑇Λ∗𝑓𝑓 + 𝑇𝑇Γ∗𝑆𝑆Λ𝑓𝑓,    𝑓𝑓 ∈ 𝐻𝐻. 

Then for each 𝑓𝑓 ∈ 𝐻𝐻,  

𝑇𝑇Λ𝑇𝑇Θ∗𝑓𝑓 = 𝑇𝑇Λ𝑇𝑇Λ∗𝑆𝑆Λ
−12𝐷𝐷𝐷𝐷 − 𝑇𝑇Λ𝑇𝑇Λ∗𝑓𝑓 + 𝑇𝑇Λ𝑇𝑇Γ∗𝑆𝑆Λ𝑓𝑓 = 𝑆𝑆Λ

1
2𝐷𝐷𝐷𝐷. 



Some properties of approximately dual continuous g-frames in Hilbert spaces     189 

So, 𝑇𝑇Λ𝑇𝑇Θ∗ = 𝑆𝑆Λ
1
2𝐷𝐷. Therefore, by Theorem 2.4, Λ and Θ are approximately dual 

continuous 𝑔𝑔-frames for 𝐻𝐻. 
Conversely, let Λ and Θ be approximately dual continuous 𝑔𝑔-frames for 𝐻𝐻. By 

Theorem 2.4, there exists 𝐷𝐷 ∈ 𝐵𝐵(𝐻𝐻) such that 𝑇𝑇Λ𝑇𝑇Θ∗ = 𝑆𝑆Λ
1
2𝐷𝐷 and ∥ 𝐼𝐼𝐻𝐻 − 𝑆𝑆Λ

1
2𝐷𝐷 ∥<

1. Put  

Γ = Θ𝑆𝑆Λ−1 − Λ𝑆𝑆Λ
−12𝐷𝐷𝑆𝑆Λ−1 + Λ𝑆𝑆Λ−1. 

 Γ is a continuous 𝑔𝑔-Bessel family for 𝐻𝐻 with respect to {𝐾𝐾𝑤𝑤}𝑤𝑤∈Ω, since  

�
Ω
∥ Γ𝑤𝑤𝑓𝑓 ∥2 𝑑𝑑𝑑𝑑(𝑤𝑤) ≤ 3(𝐵𝐵Θ+∥ 𝐷𝐷 ∥2+ 𝐵𝐵Λ) ∥ 𝑆𝑆Λ−1 ∥2∥ 𝑓𝑓 ∥2 ,    𝑓𝑓 ∈ 𝐻𝐻. 

 We have  

𝑇𝑇Γ∗𝑓𝑓 = 𝑇𝑇Θ∗𝑆𝑆Λ−1𝑓𝑓 − 𝑇𝑇Λ∗𝑆𝑆Λ
−12𝐷𝐷𝑆𝑆Λ−1𝑓𝑓 + 𝑇𝑇Λ∗𝑆𝑆Λ−1𝑓𝑓,    𝑓𝑓 ∈ 𝐻𝐻, 

 then  

𝑇𝑇Λ𝑇𝑇Γ∗𝑓𝑓 = 𝑆𝑆Λ
1
2𝐷𝐷𝑆𝑆Λ−1𝑓𝑓 − 𝑆𝑆Λ

1
2𝐷𝐷𝑆𝑆Λ−1𝑓𝑓 + 𝐼𝐼𝐻𝐻𝑓𝑓 = 𝑓𝑓,    𝑓𝑓 ∈ 𝐻𝐻. 

 Thus 𝑇𝑇Λ𝑇𝑇Γ∗ = 𝐼𝐼𝐻𝐻. That is, Γ is a dual continuous 𝑔𝑔-frame of Λ. Furthermore, 

 Θ = Λ𝑆𝑆Λ
−12𝐷𝐷 − Λ + Γ𝑆𝑆Λ.                                                          

                                            
Theorem 2.8. Suppose that 𝛬𝛬 = {𝛬𝛬𝑤𝑤 ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ 𝛺𝛺} is an approximate dual 
continuous 𝑔𝑔-frame of 𝛩𝛩 = {𝛩𝛩𝑤𝑤 ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ 𝛺𝛺}.   
(1) If 𝑈𝑈 is an isometric operator on 𝐻𝐻, then 𝛬𝛬𝛬𝛬 = {𝛬𝛬𝑤𝑤𝑈𝑈 ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ 𝛺𝛺} is 
an 
   approximate dual continuous 𝑔𝑔-frame of 𝛩𝛩𝛩𝛩 = {𝛩𝛩𝑤𝑤𝑈𝑈 ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ 𝛺𝛺}.  
(2) If 𝑈𝑈 is a co-isometric operator on 𝐻𝐻, then 𝛬𝛬𝑈𝑈∗ = {𝛬𝛬𝑤𝑤𝑈𝑈∗ ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ 𝛺𝛺} 
is an 
   approximate dual continuous 𝑔𝑔-frame of 𝛩𝛩𝑈𝑈∗ = {𝛩𝛩𝑤𝑤𝑈𝑈∗ ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ 𝛺𝛺}.  
Proof. The proof is easy and we omit it.                                           
  
Proposition 2.9. Assume that 𝛬𝛬 = {𝛬𝛬𝑤𝑤 ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ 𝛺𝛺} and 𝛩𝛩 = {𝛩𝛩𝑤𝑤 ∈
𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ 𝛺𝛺} are approximately dual continuous 𝑔𝑔-frames for 𝐻𝐻. For fixed 
𝑁𝑁 ∈ ℕ, consider the corresponding partial sum,  

Γ𝑤𝑤
(𝑁𝑁) = Θ𝑤𝑤 + �

𝑁𝑁

𝑛𝑛=1

Θ𝑤𝑤(𝐼𝐼𝐻𝐻 − 𝑇𝑇Λ𝑇𝑇Θ∗)𝑛𝑛. 

 Then 𝛤𝛤(𝑁𝑁) = {𝛤𝛤𝑤𝑤
(𝑁𝑁) ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ 𝛺𝛺} is an approximate dual continuous 𝑔𝑔-

frame of 𝛬𝛬 and  
∥ 𝐼𝐼𝐻𝐻 − 𝐿𝐿𝑁𝑁𝑇𝑇𝛬𝛬∗ ∥≤∥ 𝐼𝐼𝐻𝐻 − 𝑇𝑇𝛩𝛩𝑇𝑇𝛬𝛬∗ ∥𝑁𝑁+1< 1, 

 where 𝐿𝐿𝑁𝑁 is the synthesis operator of 𝛤𝛤(𝑁𝑁).   
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Proof. Γ(𝑁𝑁) is a continuous 𝑔𝑔-Bessel family for 𝐻𝐻 with respect to {𝐾𝐾𝑤𝑤}𝑤𝑤∈Ω, since  

�
Ω
∥ Γ𝑤𝑤

(𝑁𝑁)𝑓𝑓 ∥2 𝑑𝑑𝑑𝑑(𝑤𝑤) ≤ (𝑁𝑁 + 1)𝐵𝐵Θ�
𝑁𝑁

𝑛𝑛=0

(1 + �𝐵𝐵Λ𝐵𝐵Θ)2𝑛𝑛 ∥ 𝑓𝑓 ∥2 ,    𝑓𝑓 ∈ 𝐻𝐻. 

 Moreover,  

〈𝐿𝐿𝑁𝑁𝑇𝑇Λ∗𝑓𝑓,𝑔𝑔〉 = 〈𝑇𝑇Λ∗𝑓𝑓, 𝐿𝐿𝑁𝑁∗ 𝑔𝑔〉 = 〈�
𝑁𝑁

𝑛𝑛=0

(𝐼𝐼𝐻𝐻 − 𝑇𝑇Θ𝑇𝑇Λ∗)𝑛𝑛𝑇𝑇Θ𝑇𝑇Λ∗𝑓𝑓,𝑔𝑔〉,    𝑓𝑓,𝑔𝑔 ∈ 𝐻𝐻. 

 So,  
 𝐿𝐿𝑁𝑁𝑇𝑇Λ∗𝑓𝑓 = ∑𝑁𝑁

𝑛𝑛=0 (𝐼𝐼𝐻𝐻 − 𝑇𝑇Θ𝑇𝑇Λ∗)𝑛𝑛𝑇𝑇Θ𝑇𝑇Λ∗𝑓𝑓 
       = ∑𝑁𝑁

𝑛𝑛=0 (𝐼𝐼𝐻𝐻 − 𝑇𝑇Θ𝑇𝑇Λ∗)𝑛𝑛(𝐼𝐼𝐻𝐻 − (𝐼𝐼𝐻𝐻 − 𝑇𝑇Θ𝑇𝑇Λ∗))𝑓𝑓 
       = 𝑓𝑓 − (𝐼𝐼𝐻𝐻 − 𝑇𝑇Θ𝑇𝑇Λ∗)𝑁𝑁+1𝑓𝑓,    𝑓𝑓 ∈ 𝐻𝐻. 

 Therefore,   
  ∥ 𝐼𝐼𝐻𝐻 − 𝐿𝐿𝑁𝑁𝑇𝑇Λ∗ ∥=∥ (𝐼𝐼𝐻𝐻 − 𝑇𝑇Θ𝑇𝑇Λ∗)𝑁𝑁+1 ∥≤∥ 𝐼𝐼𝐻𝐻 − 𝑇𝑇Θ𝑇𝑇Λ∗ ∥𝑁𝑁+1< 1.           

Proposition 2.10. Let 𝛬𝛬 = {𝛬𝛬𝑤𝑤 ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ 𝛺𝛺} be a continuous 𝑔𝑔-frame for 
𝐻𝐻 with respect to {𝐾𝐾𝑤𝑤}𝑤𝑤∈𝛺𝛺. Then 𝛬𝛬 and 2

𝐴𝐴𝛬𝛬+𝐵𝐵𝛬𝛬
𝛬𝛬 = { 2

𝐴𝐴𝛬𝛬+𝐵𝐵𝛬𝛬
𝛬𝛬𝑤𝑤 ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈

𝛺𝛺} are approximately dual continuous 𝑔𝑔-frames for 𝐻𝐻. 
Proof. By assumption, we have 𝐴𝐴Λ𝐼𝐼𝐻𝐻 ≤ 𝑆𝑆Λ ≤ 𝐵𝐵Λ𝐼𝐼𝐻𝐻. Therefore,  

−
𝐵𝐵Λ − 𝐴𝐴Λ
𝐴𝐴Λ + 𝐵𝐵Λ

𝐼𝐼𝐻𝐻 ≤ 𝐼𝐼𝐻𝐻 −
2

𝐴𝐴Λ + 𝐵𝐵Λ
𝑆𝑆Λ ≤

𝐵𝐵Λ − 𝐴𝐴Λ
𝐴𝐴Λ + 𝐵𝐵Λ

𝐼𝐼𝐻𝐻, 

 which implies  

∥ 𝐼𝐼𝐻𝐻 −
2

𝐴𝐴Λ + 𝐵𝐵Λ
𝑆𝑆Λ ∥= sup

∥𝑓𝑓∥=1
|〈(𝐼𝐼𝐻𝐻 −

2
𝐴𝐴Λ + 𝐵𝐵Λ

𝑆𝑆Λ)𝑓𝑓,𝑓𝑓〉| ≤
𝐵𝐵Λ − 𝐴𝐴Λ
𝐴𝐴Λ + 𝐵𝐵Λ

< 1. 

 It means that Λ and 2
𝐴𝐴Λ+𝐵𝐵Λ

Λ are approximately dual continuous 𝑔𝑔-frames for 𝐻𝐻.    

 
Proposition 2.11. Let 𝛬𝛬 = {𝛬𝛬𝑤𝑤 ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ 𝛺𝛺} be a continuous 𝑔𝑔-frame 
for 𝐻𝐻 with respect to {𝐾𝐾𝑤𝑤}𝑤𝑤∈𝛺𝛺. Then 𝛬𝛬 and 𝐵𝐵𝛬𝛬−1𝛬𝛬 = {𝐵𝐵𝛬𝛬−1𝛬𝛬𝑤𝑤 ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈
𝛺𝛺} are approximately dual continuous 𝑔𝑔-frames for 𝐻𝐻.   
Proof. We have 𝐴𝐴Λ𝐼𝐼𝐻𝐻 ≤ 𝑆𝑆Λ ≤ 𝐵𝐵Λ𝐼𝐼𝐻𝐻. Therefore,  

0 ≤ 𝐼𝐼𝐻𝐻 − 𝐵𝐵Λ−1𝑆𝑆Λ ≤
𝐵𝐵Λ − 𝐴𝐴Λ
𝐵𝐵Λ

𝐼𝐼𝐻𝐻. 

 Hence  

∥ 𝐼𝐼𝐻𝐻 − 𝐵𝐵Λ−1𝑆𝑆Λ ∥= sup
∥𝑓𝑓∥=1

|〈(𝐼𝐼𝐻𝐻 − 𝐵𝐵Λ−1𝑆𝑆Λ)𝑓𝑓,𝑓𝑓〉| ≤
𝐵𝐵Λ − 𝐴𝐴Λ
𝐵𝐵Λ

< 1, 

 and so Λ  and 𝐵𝐵Λ−1Λ  are approximately dual continuous 𝑔𝑔 -frames for 𝐻𝐻 .               
 

In [7], Dehghan and Hasankhani Fard defined the concept of 𝑔𝑔-duals of a 
frame in the Hilbert space. Recently, Abdollahpour and Khedmati in [2] extended 
this concept to the continuous 𝑔𝑔-frames, as follows:  
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Definition 2.12. Let 𝛬𝛬 = {𝛬𝛬𝑤𝑤 ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ 𝛺𝛺} and 𝛩𝛩 = {𝛩𝛩𝑤𝑤 ∈
𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ 𝛺𝛺} be two continuous 𝑔𝑔-Bessel families for 𝐻𝐻 with respect to 
{𝐾𝐾𝑤𝑤}𝑤𝑤∈𝛺𝛺. The family 𝛩𝛩 is called a 𝑔𝑔-dual of 𝛬𝛬, whenever 𝑇𝑇𝛩𝛩𝑇𝑇𝛬𝛬∗ is an invertible 
operator.  
 
Proposition 2.13. If the continuous 𝑔𝑔-Bessel families 𝛬𝛬 = {𝛬𝛬𝑤𝑤 ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈
𝛺𝛺} and 
𝛩𝛩 = {𝛩𝛩𝑤𝑤 ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ 𝛺𝛺} are approximately dual continuous 𝑔𝑔-frames for 
𝐻𝐻, then 𝛬𝛬 and 𝛩𝛩 are 𝑔𝑔-duals.  
Proof. It is easy and we remove it.                                                       
 
      The following examples show that the converse of the statement in 
Proposition 2.13 is not true.  
 
Example 2.14. Let 𝛬𝛬 = {𝛬𝛬𝑤𝑤 ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ 𝛺𝛺} and 𝛩𝛩 = {𝛩𝛩𝑤𝑤 ∈
𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ 𝛺𝛺} be dual continuous 𝑔𝑔-frames for 𝐻𝐻. Then 3𝛬𝛬 is a 𝑔𝑔-dual of 
𝛩𝛩. But 3𝛬𝛬 and 𝛩𝛩 are not approximately dual continuous 𝑔𝑔-frames for 𝐻𝐻.  

In fact  

〈𝑇𝑇3Λ𝑇𝑇Θ∗𝑓𝑓,𝑔𝑔〉 = �
Ω
〈3Λ𝑤𝑤∗ Θ𝑤𝑤𝑓𝑓,𝑔𝑔〉𝑑𝑑𝑑𝑑(𝑤𝑤) = 3〈𝑇𝑇Λ𝑇𝑇Θ∗𝑓𝑓,𝑔𝑔〉 = 〈3𝑓𝑓,𝑔𝑔〉,    𝑓𝑓,𝑔𝑔 ∈ 𝐻𝐻. 

 So 𝑇𝑇3Λ𝑇𝑇Θ∗ = 3𝑇𝑇Λ𝑇𝑇Θ∗ = 3𝐼𝐼𝐻𝐻, therefore 𝑇𝑇3Λ𝑇𝑇Θ∗ is an invertible operator. But  
∥ 𝑓𝑓 − 𝑇𝑇3Λ𝑇𝑇Θ∗𝑓𝑓 ∥= 2 ∥ 𝑓𝑓 ∥ ,    𝑓𝑓 ∈ 𝐻𝐻. 

 Thus, 3Λ and Θ are not approximately dual continuous 𝑔𝑔-frames for 𝐻𝐻.  
 
Example 2.15. Let 𝛬𝛬 = {𝛬𝛬𝑤𝑤 ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ 𝛺𝛺} be a continuous 𝑔𝑔-frame for 
𝐻𝐻 with respect to {𝐾𝐾𝑤𝑤}𝑤𝑤∈𝛺𝛺. Then,   
(1) Every dual continuous 𝑔𝑔-frame of Λ is an approximate dual continuous 𝑔𝑔-
frame of Λ.  
(2) If Λ is a Parseval continuous 𝑔𝑔-frame for 𝐻𝐻 with respect to {𝐾𝐾𝑤𝑤}𝑤𝑤∈Ω, then Λ 
is an approximate dual continuous 𝑔𝑔-frame of itself.  
(3) Suppose that Θ𝑖𝑖 = {Θ𝑤𝑤𝑖𝑖 ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ Ω} is a continuous 𝑔𝑔-Bessel family 
for 𝐻𝐻 with respect to {𝐾𝐾𝑤𝑤}𝑤𝑤∈Ω and Λ is a dual continuous 𝑔𝑔-frame of Θ𝑖𝑖 for 𝑖𝑖 ∈
𝕀𝕀, where 𝕀𝕀 is a   finite set of natural numbers. Suppose that {𝑐𝑐𝑖𝑖}𝑖𝑖∈𝕀𝕀 is a sequence 
of complex numbers such that ∑𝑖𝑖∈𝕀𝕀 𝑐𝑐𝑖𝑖 ≠ 0 . It was proved in [2], that Λ  and      
Γ = �Γ𝑤𝑤 = ∑𝑖𝑖∈𝕀𝕀 𝑐𝑐𝑖𝑖Θ𝑤𝑤𝑖𝑖 ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ Ω�  are 𝑔𝑔 -duals and 𝑇𝑇Λ𝑇𝑇Γ∗𝑓𝑓 = ∑𝑖𝑖∈𝕀𝕀 𝑐𝑐𝑖𝑖𝑓𝑓 
for any 𝑓𝑓 ∈ 𝐻𝐻. Here we show that Λ and Γ are not approximately dual continuous 
𝑔𝑔-frames for 𝐻𝐻. In fact,  

∥ 𝑓𝑓 − 𝑇𝑇Λ𝑇𝑇Γ∗𝑓𝑓 ∥=∥ 𝑓𝑓 −�
𝑖𝑖∈𝕀𝕀

𝑐𝑐𝑖𝑖𝑓𝑓 ∥≤ (1 + �
𝑖𝑖∈𝕀𝕀

|𝑐𝑐𝑖𝑖|) ∥ 𝑓𝑓 ∥ ,    𝑓𝑓 ∈ 𝐻𝐻. 
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The following proposition gives a sufficient condition for approximately 
dual continuous 𝑔𝑔-frames to be dual continuous 𝑔𝑔-frames.  

 
Proposition 2.16. Let 𝛬𝛬 = {𝛬𝛬𝑤𝑤 ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ 𝛺𝛺}  and 𝛩𝛩 = {𝛩𝛩𝑤𝑤 ∈
𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ 𝛺𝛺}  be two continuous 𝑔𝑔 -Bessel families for 𝐻𝐻  with respect to 
{𝐾𝐾𝑤𝑤}𝑤𝑤∈𝛺𝛺 . Then 𝛬𝛬 and 𝛩𝛩 are approximately dual continuous 𝑔𝑔-frames for 𝐻𝐻 if 
and only if there exists an invertible operator 𝑈𝑈 on 𝐻𝐻 with ∥ 𝐼𝐼𝐻𝐻 − 𝑈𝑈 ∥< 1 such 
that 𝛬𝛬  and 𝛩𝛩𝑈𝑈−1 = {𝛩𝛩𝑤𝑤𝑈𝑈−1 ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ 𝛺𝛺}  are dual continuous 𝑔𝑔 -
frames.  

  
Proof. Since Λ and Θ are approximately dual continuous 𝑔𝑔-frames for 𝐻𝐻 , we 
have  
∥ 𝐼𝐼𝐻𝐻 − 𝑇𝑇Λ𝑇𝑇Θ∗ ∥< 1, and hence the operator 𝑇𝑇Λ𝑇𝑇Θ∗ is an invertible operator on 𝐻𝐻. It 
is sufficient to put 𝑈𝑈 = 𝑇𝑇Λ𝑇𝑇Θ∗. For each 𝑓𝑓,𝑔𝑔 ∈ 𝐻𝐻, we have  

〈𝑓𝑓,𝑔𝑔〉 = 〈(𝑇𝑇Λ𝑇𝑇Θ∗)(𝑇𝑇Λ𝑇𝑇Θ∗)−1𝑓𝑓,𝑔𝑔〉 = �
Ω
〈Θ𝑤𝑤𝑈𝑈−1𝑓𝑓,Λ𝑤𝑤𝑔𝑔〉𝑑𝑑𝑑𝑑(𝑤𝑤), 

hence Λ and Θ𝑈𝑈−1 are dual continuous 𝑔𝑔-frames. 
For the converse, suppose that there exists an invertible operator 𝑈𝑈 on 𝐻𝐻 with ∥
𝐼𝐼𝐻𝐻 − 𝑈𝑈 ∥< 1 such that Λ and Θ𝑈𝑈−1 are dual continuous 𝑔𝑔-frames. So,  

∥ 𝐼𝐼𝐻𝐻 − 𝑇𝑇Λ𝑇𝑇Θ∗ ∥=∥ 𝐼𝐼𝐻𝐻 − (𝑇𝑇Λ𝑇𝑇Θ∗𝑈𝑈−1)𝑈𝑈 ∥=∥ 𝐼𝐼𝐻𝐻 − 𝑈𝑈 ∥< 1, 
 therefore, Λ  and Θ  are approximately dual continuous 𝑔𝑔 -frames for 𝐻𝐻 .                
 

In [15], Mirzaee Azandaryani introduced the notion of Γ-approximate dual 
𝑔𝑔 -frames and (Γ, ∥ Γ ∥) -approximate dual 𝑔𝑔 -frames, where Γ ∈ 𝐵𝐵(𝐻𝐻) . In the 
following, we generalize these concepts to the continuous 𝑔𝑔-frames.  
Definition 2.17. Let 𝛬𝛬 = {𝛬𝛬𝑤𝑤 ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ 𝛺𝛺}  and 𝛩𝛩 = {𝛩𝛩𝑤𝑤 ∈
𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ 𝛺𝛺}  be two continuous 𝑔𝑔 -Bessel families for 𝐻𝐻  with respect to 
{𝐾𝐾𝑤𝑤}𝑤𝑤∈𝛺𝛺 and 𝛤𝛤 ∈ 𝐵𝐵(𝐻𝐻). Then   
(1) Θ is called a Γ-approximate dual continuous g-frame of Λ, if ∥ Γ − 𝑇𝑇Λ𝑇𝑇Θ∗ ∥<
1.  
(2) Θ is called a (Γ, ∥ Γ ∥)-approximate dual continuous g-frame of Λ, if ∥ Γ −
𝑇𝑇Λ𝑇𝑇Θ∗ ∥<∥ Γ ∥, 
    where ∥ Γ ∥< 1.  
 
Proposition 2.18. Let 𝛬𝛬 = {𝛬𝛬𝑤𝑤 ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ 𝛺𝛺} be a continuous 𝑔𝑔-frame 
for 𝐻𝐻 with respect to {𝐾𝐾𝑤𝑤}𝑤𝑤∈𝛺𝛺. Let 𝛤𝛤 ∈ 𝐵𝐵(𝐻𝐻) be a positive operator. Then   
(1) If Λ is a ∥ Γ ∥-tight continuous 𝑔𝑔-frame for 𝐻𝐻 with respect to {𝐾𝐾𝑤𝑤}𝑤𝑤∈Ω and 
∥ Γ ∥< 1,  
   then Λ is a (Γ, ∥ Γ ∥)-approximate dual continuous g-frame of itself.  
(2) If Λ is an 𝐴𝐴Λ-tight continuous 𝑔𝑔-frame for 𝐻𝐻 with respect to {𝐾𝐾𝑤𝑤}𝑤𝑤∈Ω and ∥
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Γ ∥< 𝐴𝐴Λ <    1, then Λ is a Γ-approximate dual continuous g-frame of itself.  
Proof. The proof is similar to the proof of [15, Proposition 4.2], so we remove it 
here.       

  
3  𝑸𝑸-approximate dual continuous 𝒈𝒈-frames 
In 2014 , the concept of 𝑄𝑄 -duals for fusion frames were defined by 

Heineken and et al. [10]. Also, 𝑄𝑄-duals and 𝑄𝑄-approximate duals for 𝑔𝑔-frames 
were introduced by Mirzaee Azandaryani [15]. Here, we generalize these notions 
to the continuous 𝑔𝑔-frames as follows:  

 
Definition 3.1. Suppose that 𝛬𝛬 = {𝛬𝛬𝑤𝑤 ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ 𝛺𝛺} and 𝛩𝛩 = {𝛩𝛩𝑤𝑤 ∈
𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ 𝛺𝛺} are two continuous 𝑔𝑔-Bessel families for 𝐻𝐻 with respect to 
{𝐾𝐾𝑤𝑤}𝑤𝑤∈𝛺𝛺.   
(1) If there exists an operator 𝑄𝑄 ∈ 𝐵𝐵(𝐾𝐾�) such that 𝑇𝑇Λ𝑄𝑄𝑇𝑇Θ∗ = 𝐼𝐼𝐻𝐻, we say that Λ is 
a 𝑄𝑄-dual of 
   Θ.  
(2) If there exists an operator 𝑄𝑄 ∈ 𝐵𝐵(𝐾𝐾�) such that ∥ 𝐼𝐼𝐻𝐻 − 𝑇𝑇Λ𝑄𝑄𝑇𝑇Θ∗ ∥< 1, we say 
that Λ is a 
   𝑄𝑄-approximate dual continuous 𝑔𝑔-frame of Θ.   
      Clearly, if Λ = {Λ𝑤𝑤 ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ Ω} is an approximate dual continuous 
𝑔𝑔-frame (resp. dual continuous 𝑔𝑔-frame) of Θ = {Θ𝑤𝑤 ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ Ω}, then Λ 
is a 𝑄𝑄-approximate dual continuous 𝑔𝑔-frame (resp. 𝑄𝑄-dual) of Θ, by considering 
𝑄𝑄 = 𝐼𝐼𝐾𝐾�.  
 
Theorem 3.2. Suppose that 𝛬𝛬 = {𝛬𝛬𝑤𝑤 ∈ 𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ 𝛺𝛺} and 𝛩𝛩 = {𝛩𝛩𝑤𝑤 ∈
𝐵𝐵(𝐻𝐻,𝐾𝐾𝑤𝑤):𝑤𝑤 ∈ 𝛺𝛺} are two continuous 𝑔𝑔-Bessel families for 𝐻𝐻 with respect to 
{𝐾𝐾𝑤𝑤}𝑤𝑤∈𝛺𝛺. If 𝛬𝛬 is a 𝑄𝑄-approximate dual continuous 𝑔𝑔-frame of 𝛩𝛩, then   
(1) 𝛩𝛩 is a 𝑄𝑄∗-approximate dual continuous 𝑔𝑔-frame of 𝛬𝛬.  
(2) 𝛬𝛬 and 𝛩𝛩 are continuous 𝑔𝑔-frames for 𝐻𝐻 with respect to {𝐾𝐾𝑤𝑤}𝑤𝑤∈𝛺𝛺.   
Proof. (1) By assumption, there exists 𝑄𝑄 ∈ 𝐵𝐵(𝐾𝐾�) such that ∥ 𝐼𝐼𝐻𝐻 − 𝑇𝑇Λ𝑄𝑄𝑇𝑇Θ∗ ∥< 1, 
thus  

∥ 𝐼𝐼𝐻𝐻 − 𝑇𝑇Θ𝑄𝑄∗𝑇𝑇Λ∗ ∥=∥ (𝐼𝐼𝐻𝐻 − 𝑇𝑇Λ𝑄𝑄𝑇𝑇Θ∗)∗ ∥=∥ 𝐼𝐼𝐻𝐻 − 𝑇𝑇Λ𝑄𝑄𝑇𝑇Θ∗ ∥< 1, 
 and so, Θ is a 𝑄𝑄∗-approximate dual continuous 𝑔𝑔-frame of Λ.  
 (2) By (1) and [4, Theorem A.5.3], the operator 𝑇𝑇Θ𝑄𝑄∗𝑇𝑇Λ∗ is an invertible 
operator on 𝐻𝐻 and  

∥ (𝑇𝑇Θ𝑄𝑄∗𝑇𝑇Λ∗)−1 ∥≤
1

1−∥ 𝐼𝐼𝐻𝐻 − 𝑇𝑇Θ𝑄𝑄∗𝑇𝑇Λ∗ ∥
. 

 For each 𝑓𝑓 ∈ 𝐻𝐻,  
 ∥ 𝑓𝑓 ∥=∥ (𝑇𝑇Θ𝑄𝑄∗𝑇𝑇Λ∗)−1(𝑇𝑇Θ𝑄𝑄∗𝑇𝑇Λ∗)𝑓𝑓 ∥≤∥ (𝑇𝑇Θ𝑄𝑄∗𝑇𝑇Λ∗)−1 ∥∥ 𝑇𝑇Θ𝑄𝑄∗𝑇𝑇Λ∗𝑓𝑓 ∥ 
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≤
∥ 𝑄𝑄 ∥ �𝐵𝐵Θ

1−∥ 𝐼𝐼𝐻𝐻 − 𝑇𝑇Θ𝑄𝑄∗𝑇𝑇Λ∗ ∥
(�
Ω
∥ Λ𝑤𝑤𝑓𝑓 ∥2 𝑑𝑑𝑑𝑑(𝑤𝑤))

1
2, 

 so  

∥ 𝑄𝑄 ∥−2 𝐵𝐵Θ−1(1−∥ 𝐼𝐼𝐻𝐻 − 𝑇𝑇Θ𝑄𝑄∗𝑇𝑇Λ∗ ∥)2 ∥ 𝑓𝑓 ∥2≤ �
Ω
∥ Λ𝑤𝑤𝑓𝑓 ∥2 𝑑𝑑𝑑𝑑(𝑤𝑤),    𝑓𝑓 ∈ 𝐻𝐻. 

Hence Λ is a continuous 𝑔𝑔-frame for 𝐻𝐻 with respect to {𝐾𝐾𝑤𝑤}𝑤𝑤∈Ω. Similarly, Θ is 
a continuous 𝑔𝑔-frame for 𝐻𝐻 with respect to {𝐾𝐾𝑤𝑤}𝑤𝑤∈Ω with the lower bound 
                        ∥ 𝑄𝑄 ∥−2 𝐵𝐵Λ−1(1−∥ 𝐼𝐼𝐻𝐻 − 𝑇𝑇Λ𝑄𝑄𝑇𝑇Θ∗ ∥)2.                      
            
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