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SCATTERING OF ELECTROMAGNETIC WAVES ON
SQUARE PATCH-TYPE FREQUENCY SELECTIVE SURFACE

Anton Tuzov!

ABSTRACT In this paper an analytical approach for calculating scattering matriz ele-
ments for the case of normal incidence of the plane electromagnetic waves on the square
patch-type Frequency Selective Surface (FSS), which is placed at the interface between
two dielectric media is proposed. Analytical expressions for the reflection and transmis-
sion coefficients are accurate enough for practical purposes as shown by 8D electromag-
netic stmulation results.
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1. Introduction

At present, analytical and numerical methods [1-4,6-10,12-17] are widely used to
solve problems of electromagnetic wave scattering by frequency selective surfaces (FSS).

In this paper an analytical approach for calculating scattering matrix elements for
the case of normal incidence of plane electromagnetic waves on a square patch-type FSS
from both sides, which is placed at an interface between two dielectric media with different
dielectric permittivities, is proposed. Simple analytical expressions for the elements of the
scattering matrix are derived under quasi-static assumption.

A comparison of frequency dependencies of the reflection and transmission coeffi-
cients calculated analytically by the derived formulae and computed numerically by 3D
electromagnetic simulation is carried out. Approximation error estimates of these analytical
expressions are given.

2. Analytical solution
2.1. Electromagnetic field

Let us consider electromagnetic oscillations near the patch-type FSS (see Figure 1)
excited by two plane waves incident normally from both sides:

Eine exp (iklz — iwt), z <0,

Einc — . . ) (1la)
E5e exp(—zkgz — zwt), z >0,
Einc
? exp(iklz - iwt), z <0,
Hy* = . (1b)
“ Ell’lC
-2 exp(—ikgz — iwt), z >0,
Zo
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where E;“C,H;“C are component of electric and magnetic fields of the incident waves, re-
spectively; k1,2 = wy/eoe1,2 o are wave numbers, Zy, o = Zy/\/€1,2 are characteristic
impedance, €1,2 are relative dielectric permittivities of
medium 1 (z < 0) and medium 2 (z > 0), respectively, separated by the FSS plane (z = 0);
Zy = \/lo/€0; €0, o are absolute dielectric permittivity and absolute magnetic permeability
of free space.

The field components of incident waves (1) are homogeneous in the plane of the FSS
(Eire, Hi* do not depend on x, ), hence according to Floquet’s principle [5] the components
E.,Hy, E,, H, of the excited near-field of the F'SS are periodic functions with respect to x,y
with the period equal to the F'SS unit cell size D. Therefore restrict ourself to consideration
of the unit cell (Figure 1 (b)). Here D is the unit cell size, w is the square patch width,
D — w is the gap between patches.

JAY
D=3
D 1
o Y 0
W - w
«—>] 2
D
w 1 1I
D X
> W 0 w D [pw
2 2 2 2
W -
2
(a) (b)

FIGURE 1. Two-dimensional view of patch-type FSS (a) and FSS unit cell (b).

Region I for z = 0 is an infinitesimally thin, perfectly conducting patch,

regions II, ITI, IV — a dielectric medium homogeneous in the plane of the FSS (z = 0) and
in each of the half-spaces: relative dielectric permittivity equals €; for z < 0, 5 for z > 0.

Under the quasi-static condition (D < A, where A is a wavelength) the Helmholtz’s
equation is approximated by the Laplace equation:

AE, =0, AH, =0, AE, =0, AH, =0, (2)
where A is the three-dimensional Laplace operator.

We find a solution of (2) as a linear combination of two particular solutions. Since
any function can be written as a sum of even and odd functions, we will find the component
FE,. for the first particular solution as an even function with respect to z, for the second one
— as an odd function. Other components Hy, E., H, of these particular solutions are either
even or odd functions with respect to z.

2.1.1. The first particular solution. For the first particular solution of (2) we will find the
component F, as an even function with respect to z. It follows from the time-harmonic
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Maxwell’s equations that E, « (rot H),, E, x (rot H),. Hence, Hy,, E, is odd, H, is even
with respect to z.
Asymptotic behavior of E,, F, near edges is defined by the following edge conditions:

z=w/2+pcosp, X 071/27 p— +0. (33’)
z=psin p,

z#0.
y=w/2+p cos @, o8 Pl/z, p— +0. (Sb)

z=psin p,

z#0.

Eac z=w/2+p, O(Eaf
z=0

Ez y=w/2+p, OCEm
—

where p > 0 is the distance between the observation point (z,y,z) and the nearest edge,
p is sufficiently small; distances to another edges are assumed to be much larger than p; ¢
is the polar angle, —m < ¢ < 7, ¢ # 0; the sign o means asymptotic proportionality at
p — +0 (©-notation).

The edge conditions (3) are the strengthening of Meixner’s ones [11, 13]. Note that
exact solution for one-dimensional planar array FSS formed by infinitesimally thin parallel
perfectly conducting strips [2] satisfies (3).

It follows from (3) that in the regions I (z # 0) and II (Vz) (see above 1(b)) near the
0’E, 0’E,
| >

Oz ‘ 0y?
second derivative with respect to y can be neglected. Therefore, we will obtain an analytical
expression for E,, in the regions I, IT under the assumption of independence on y.

At a sufficiently small distance from the edge x = w/2 (so that distances to the an-
other edges y = +w/2 are much larger than distance to x = w/2) the regions I and II
can be approximately regarded as infinite along the y-axis (I - an infinitesimally thin
perfectly conducting strip, IT - a dielectric medium). In this case the incident waves (1)
are E-polarized and electro-quasi-static approximation of Maxwell equations can be used,
ie. E = =V, where ¢ is electric scalar potential. Due to the symmetry of E with re-
spect to the planes x = 0, z = 0 it is sufficient to restrict the computational domain to
{(z,z): 0<x<D/2 z>0}. The corresponding Laplace equation for electric potential
with boundary conditions is:

edges (p is sufficiently small): . Hence, in the Laplace equation (2) the

0? 0?
Ap = A=—+— 4
=0, 502 T g (4a)
p=¢1 for0<z<w/2, z=0andz=0, z>0, (4b)
o=@y forx=D/2, z>0, (4¢)

where @1, P2 are some given constants.
The exact solution of (4) obtained using the conformal mapping method by anal-
ogy with [2], up to a constant multiplier, is: @(z,2) = SVy(z + iz), where Vy(z +

iz) = arccosh (COSh (nlz + mVD)) , a=¥

. Hence
cos o 2D ’

0 0
LII - —— ) = — ) >
E;  (x,2) arr\SVo(z +ix) ax\sV (x +iz), z >0,
0 0
1,11 __ Y9« i) = — SV j >
E) " (x,2) aZ\sVo(z + ix) 55 (x +iz), z>0,

since Vy(z +ix) = V(z + iz), where

Vot i) = arceosh (LD o2 (6)

COos
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Since in the first particular solution E, must be even function with respect to z, we
construct an even extension of F, to the half-space z < 0:
0
Eb(z 2)=F a—%V(x +iz), Vz, (7)
x
where the upper sign (”-”) corresponds to the half-space z < 0, the lower sign (”+”) corre-
sponds to the half-space z > 0; on the plane z = 0 both expressions coincide. Here F is due

to the oddness of the function 8—%‘/(33 + iz) with respect to z.
x

Thus, EL satisfies the edge condition (3a) and approximately satisfies (due to ne-
glecting the second derivative with respect to y) the Laplace equation in three dimensions (2).
In analogy with (7), we derive from (5) that:

Eb(z,2) =F %%V(m +iz), Vz. (8)

The z-component of the time-harmonic Maxwell’s equations: (rotH), =
= —iweper, 2 B, Vz, therefore

aHI,II o
6; :iiw505172£%V(z+iz).

The function V(x + iz) defined by (6) is an analytic function in the regions under consider-
ation (—w/2<x<D—-w/2,z<0and —w/2 <z <D —w/2,z>0) (in each half-spaces
z < 0, z > 0 separately). Hence, its real and imaginary parts, considered as functions of
two real variables, satisfy the Cauchy—Riemann equations in these regions, so that

gHLI P
5‘1 :iiweozslg%?ﬁV(x—i—iz). (9)
Integrating (9) with respect to = yields
€1+ €2

HyM(z,2) = +iweg RV (z +iz). (10)

2
Here an additive function of integration is defined so that H,, is odd function with respect
to z, as the first particular solution requires.

It follows from boundary conditions for the electromagnetic field at the planar inter-
face between two dielectric media that H, in the regions II, III, IV is continuous across the

interface (z = 0): H, =H, . Continuity and oddness of H, with respect to z
2=—0 z=+0
results in
11, 111, IV _
H, . 0. (11)

Note that H,' defined by (10) satisfies the interface condition (11).
It follows from (11), (10), (6) that

D—w/2 D—w/2 w/2
def 1 W 1
(Hy) =53 / / Hy‘zz¥oda:dy:ﬁ / H, Zzy)daz:
—-w/2 —w/2 —w/2
. €1+ €2
=F iweg w/Dlncos a, (12)
w/2 w/2
D
since / §RV($+Z'Z)‘ de="R / arccosh <COS(7T$/)) dx=—Dlncosa.
2=F0 cosa
—w/2 —w/2

Let us obtain an analytical expression for E, in the regions I (Vz), IV (Vz). For this purpose,
we first derive analytical expressions for H,,.
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Asymptotic behavior of H,, near the edge y = w/2 is defined by:

Hy y=w/2—p, X Hy y=w/_2+pcoscp, o8 P71/27 p— +Oa (13&)
- T
and near the edge x = w/2 by:
Hy r=w/2—p, X Hy z=w/24p cos ¢, o8 p1/27 P — +0 (13b)
z= z=psin @,
27#0.
The edge conditions (13) are the strengthening of Meixner’s ones [11,13]. Note that ex-

act solution for one-dimensional planar array FSS formed by infinitesimally thin parallel
perfectly conducting strips [2] satisfies (13).

It follows from (13) that in the Laplace equation (2) in the regions I (Vz) and IV

0*H, 0*H,

oy? Ox?
H, on x is weak (compared with dependence on y) in the regions I, IV (Vz) (here, at z =0,
consistently with (11), H}V = 0).

At a sufficiently small distance from the edge y = w/2 (so that distances to the
another edges x = £+ w/2 are much larger than distance to y = w/2) the regions I and IV
can be approximately regarded as infinite along the x-axis (I - an infinitesimally thin
perfectly conducting strip, II - a dielectric medium).

In this case the incident waves (1) are H-polarized and magneto-quasi-static ap-
proximation of Maxwell equations can be used, i.e. H = —V1, where ¢ is magnetic scalar
potential. Due to the symmetry of H with respect to the planes y = 0, z = 0 it is sufficient
to restrict the computational domain to {(y,z): 0 <y < D/2, z > 0}. The corresponding
Laplace equation for magnetic potential with boundary conditions is:

(z # 0) near the edges (p is sufficiently small): . Hence, dependence of

>> ‘

0?02
Ay = A=—mdt5 14
¥ =0 Oy2 + 922’ (14a)
=191 fory=0, 220, (14b)
=1y forw/2<y<D/2, z=0andy=D/2, z>0, (14c)

where 11, o are some given constants.
The exact solution of (14) obtained using the conformal mapping method by analogy
with [2], up to a constant multiplier, is:

w(y7 Z) = %\IIO(Z + Zy)a

inh iy)/ D
where Wo(z + iy) = arcsinh o (W(Z +)/D) , a= ™, Hence,
sin o 2D
HYY(y,2) = Sz +ig)= 5 RU(y +i2), 220, (15)
v Oy oy -
since Wo(z + iy) =i ¥(y + iz), where
) . (sin(n(y+iz)/D) ™w
v = =— 16
(y + iz) = arcsin < no , =5, (16)

Thus, Hj 'V (y, z) defined by (15) satisfies only the edge condition (13a) and exactly
satisfies the corresponding two-dimensional Laplace equation ((2) without the second de-
rivative with respect to x).
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As we have remarked, dependence of H, on z is weak in the regions I (Vz), IV (Vz),
hence H, can be constructed by combining (15) and (10) in a manner similar to [3].

Hy(z,y,2z) = C?RV(:U)%?]‘E\IJ(Q/ +iz), z >0,

where C' is an undetermined constant multiplier. Since in the first particular solution
H, must be odd function with respect to z, we construct an odd extension of H, to the
half-space z < 0:

Hy(z,y,z) == C%V(m)%?ﬁ\ll(y +1iz), Vz. (17)

0
Here =+ is due to the evenness of the function —R¥(y+iz) with respect to z. Furthermore,

0
H,(x,y, z) satisfies the condition (11). i
Thus, Hy(x,y, z) defined by (17) in the regions I (Vz), IV (Vz) is valid also in IT (z = 0),
III (z = 0) consistently with (11). Here, Hy(z,y,2), in contrast to HL'V(y, z), satisfies
both (13a) and (13b) edge conditions and approximately satisfies (due to the smallness of
the second derivative with respect to x) the Laplace equation in three dimensions (2).
To determine the constant C, calculate (H,) again:

w/2 w/2
1
(Hy) = iCﬁ%\P(y F i0) . / RV (x) dx = ¥C% In cos v, (18)
7W/2 7W/2
w/2 w/2
since / RV (z)dr = —Dlncosa, R¥(yF i0)| = R[arcsin(lF i0)—
—w/2 —w/2

— arcsin(—1 F i0)] = 7. Comparing (18) with (12), we obtain

f1t+ e Y, then (17) takes the form:
™

C=iweg

E1+E2 W 0

Hy(z,y,2) =tiweg 5 ;%V(m)a—y%\ll(erzz) (19)
The y-component of the time-harmonic Maxwell’s equations: (rot E), = = iwuoH,, Vz,
therefore
8E3; 2 €1+ €2 w 3 .
= — —RU .
R “%%V(x)ay% (y +iz)

The function ¥(y + iz) defined by (16) is an analytic function in the regions under consid-
eration. Hence, its real and imaginary parts, considered as functions of two real variables,
satisfy the Cauchy—Riemann equations, so that

oF, 5 €E1té2 W 0 o .
= — — U . 2
5, — TW e 5 Ho RV (x) 53 (y +1i2) (20)
Integrating (20) with respect to z yields in the regions I (Vz), IV (Vz2)
E.(z,y,2) = Fuw?eg £l ;_EQ;LO%S‘EV(x)%\II(eriz). (21)

Here an additive function of integration is defined from interface conditions for the electro-
magnetic field.
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It follows from (7), (21) that

D—w/2 D—w/2 D—w/2
def 1 w
() / / B[ dedy=—; / Elr,2)|__ dot (22)
—-w/2 —w/2 w/2
D—w/2 w/2
1 TW 5 E1FE2 W .
+ﬁ / / Ex(x,y,z)‘z:¥odmdy=—ﬁ+w ) Tuoglncoswlnsma,
w/2 —w/2
D—w/2
since / Bz, 2) o= [SV(D—w/2F i0)—SV(w/2F i0)] =
w/2
= F S[arccosh(—1 =+ i0) — arccosh(1 £ i0)] = —,
D—w/2 D—w/2

i D
/ S (y + 22)‘ szFody =F / arccosh (smg;yo/é)) dy = & DInsin o,

w/2 w/2

2.1.2. The second particular solution. Components of the second particular solution of (2)
are supplementary to ones of the first particular solution, i.e. F,, H, are odd functions, H,,
E, are even functions with respect to z. The simplest nontrivial solution of (2) satisfying
these requirements is

E.t = Oa Hy = HOa EZ = 03 HZ = Oa (23)

where Hy # 0 is some constant.

Thus, electric and magnetic field components Ez, PNIy, which are a linear combination
of the first and second particular solutions with the coefficients ¢, ¢z, have the following
average values:

<Ex> = c1(Ey), <ﬁy> = c1(Hy) + caHo, (24)
respectively, where (E,), (H,) are defined by (22), (12).

2.2. Scattering matrix

The considered patch-type FSS can be modelled as a two-port network: some domains
to the left (z < 0) and right (# > 0) of the FSS plane (z = 0) are viewed as port 1 and
2, respectively. The relationship between the incident and scattered waves is described by
scattering matrix S:

b =Sa, (25)

where a = (ay,a2)T, b = (b1, b2)T.
Here a1, as are the normalized complex amplitudes of the incident waves and by, by
are ones of the scattered waves at port 1 and 2, respectively [0]:

a1, = EP"S/\/ 21,2, bi2=E%/\/ 712, (26a)

where E}"$ are the complex amplitudes of the electric fields of the incident waves (1a), E5%
are the complex amplitudes of the electric fields of the scattered waves at port 1 and 2,
respectively.

It follows from (26a) that

Hif‘;:iaLg/\/ZLQ s HiCtQ::FbLQ/\/ZLQ, (26b)
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where the upper and lower signs correspond to the port 1 and 2, respectively; H i“%, H TCE
are the complex amplitudes of the magnetic fields of the incident (1b) and scattered waves,
respectively.

Boundary conditions for the electromagnetic field at ports 1 and 2 are of the form

EYS + By = (Ea),

. ~ (27)
HYYS + HY%5 = (Hy),
where (E,), <I§y> are defined by (24).
Substituting (24), (26) into (27) gives
a1,/ Z1,2 +bi,oN/Z1,2 =c1(Ey) (28)

tai2/\/Z1,2 Fbi,2/\/Z1,2 = c1(Hy) + caHy,

where (E,), (H,) are defined by (22), (12).

Let wus rewrite the system of linear algebraic equations (28) in the
form (25). Denote Z = —1/2 (E;)/(H,), where (E,), (H,) are evaluated, for the sake
of definiteness, at port 1. Then

b_\/g—\/;—ZO/Za_’_ 246152 a
Y Vet t 2z et et o)z

by — 2{/e122 a1+\/;—\/E—ZO/Za2
Ver+ Ve + Zo/Z Ver+ e+ 20/Z

Substituting Z =4 X into (29) and using (22), (12), we obtain

S_ 1 <\/5>1—\/5+iZ0/X 2Y/e1€9 > (30a)
Veityea—iZy/ X 2{/e1e2 Vea—/e1+iZy/ X )’

D 1
X =wpg— Insina— l
2

30b
weo(e1+e2)D Incosa’ (30b)

where o = %, Zo = +/o/€0 -

Electromagnetic wave propagation can be described using a transmission line equiv-
alent circuit model. Then Z is the normalized electrical impedance of the unit cell of the
patch-type F'SS, X is the normalized electrical reactance, the first term in (30b) is inductive
reactance, the second one is capacitive reactance.

3. Numerical solution and comparison of the results

Let us estimate the approximation error of the formulae derived in this paper. For this
purpose, the absolute values of the reflection coefficient S7; and the transmission coefficient
Sa1 calculated by the analytical expression (30), have been compared with ones computed
numerically with high accuracy by 3D electromagnetic simulation with CST MWS. Note
that So1 = S12 and |S11| = |Saz|. Figure 2 shows frequency dependencies of |S11], |S21] of
the electromagnetic waves incident normally on the patch-type FSS with the fixed period D
and the variable relative width of the patch w/D.

The reflection coefficients increase and the transmission coefficients decrease with
increasing the relative width of the patch, as displayed in Figure 2.

Figure 3 shows frequency dependencies of |S11| of the electromagnetic waves incident
normally on the patch-type FSS with the fixed gap between the patches D — w and the
variable period D.
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FIGURE 2. Frequency dependencies of FIGURE 3. Frequency dependencies of
the coefficients |S11],|S21| for D=2 mm, the coefficient |Sy;| for D —w =0.4,
w/D = 0.7,0.8,0.9 and e = 1, e2 = 3. D; = 1mm,Dy = 2 mm, D3 = 4 mm and
Dashed lines correspond to the analytical £; = 1, e = 3. Dashed lines correspond to
solution, solid lines represent a numerical the analytical solution, solid lines represent
solution. a numerical solution.

The reflection coefficients increase with increasing the patch-type FSS period for the
fixed gap between the patches, as displayed in Figure 3.

Recall that the approximate analytical solution has been obtained under A > D,
therefore, as expected, the approximation error for A = 6D is smaller than for A = 3D, as
shown in Figures 2, 3. Here A is the wavelength in the second medium (g2 = 3).

TABLE 1. Frequency and wavelength dependencies of the relative deviations 6511, 652, for
D =2mm, w=0.8D, e; =1, g5 = 3; here A is for e; = 3.

Frequency [GHz| Wavelength [mm] 0511 0591
2 86.5 41x107%[32x%x107°
4 43.3 14 %1073 [ 1.2 x 1077
6 28.8 2.7x1073 2.6 x 1071
8 21.6 3.8x 1073 [4.3x 1077
10 17.3 45%x1073[6.0x 1072
12 14.4 47x1073 [ 74x 1071
14 12.4 43x1073[80x1071
16 10.8 34x1073[75x 10712

Table 1 presents the estimation of the relative approximation error of the analytical
expressions for different frequencies. The relative deviations 6511, 6521 of the reflection and
transmission coefficients S11, So; calculated by the analytical expression (30) from S&ST,
SSFT obtained with CST MWS. The relative deviations 6511 and 6551 do not exceed 0.5 %
and 0.08 %, respectively, in the frequency range up to f: 16 GHz, i.e. in the wavelength
range down to 10.8 mm (A > 6D), as shown in Table 1.
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4. Conclusions

Thus, in this paper the simple, but quite accurate analytical expressions for the
elements of the scattering matrix have been derived under the quasi-static assumption for
the case of normal incidence of the plane electromagnetic waves on the square patch-type
FSS from both sides, which is placed at the interface between two dielectric media with the
different dielectric permittivities.

The comparison of frequency dependencies of the reflection and transmission coeffi-
cients calculated analytically by the derived formulae and computed numerically with high
accuracy by 3D electromagnetic simulation with CST MWS has shown good agreement be-
tween both approaches. Numerical results have demonstrated that the formulae obtained in
this paper are accurate enough for practical purposes in their applicability domain.

The derived analytical expressions can be used in design of multi-layer patch-type
FSS structures. They can help to analytically optimize the FSS structure parameters
and hence avoid extensive numerical simulations, and therefore reduce computational costs.
Desired reflective properties of such structures can be achieved by varying both the relative
width of the patch w/D and the FSS period D.
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