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ALGORITHM ANALYSIS OF SOLVING VARIATIONAL
INEQUALITY PROBLEMS BASED ON THE TWO-STEP
INERTIAL MANN METHOD

Luhong ZHANG!, Li-Jun ZHU?, Claudia MICU?

This paper introduces a novel algorithm that blends the two-step in-
ertial method, Tseng’s extragradient method, and Mann’s method for finding com-
mon solutions to quasi-monotone variational inequality problems and fixed-point
problems in real Hilbert spaces. Finally, the algorithm’s effectiveness is validated
using rigorous numerical examples.
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1. Introduction

Variational inequality problems (VIP) are one of the core contents of opti-
mization theory and are widely used in fields such as decision-making management,
transportation, and operational research. Signorini [1] first proposed the “Signorini
problem” in 1933 when studying the frictionless contact between linear and rigid
elastomers. In 1964, Stampacchia [2] proposed the initial theory of variational
inequalities and established key theorems such as those related to existence and
uniqueness. Specifically, the objective is to find w? € C that satisfies condition

(A(wh),wl —wt) >0, forall w! € C,

where H is a real Hilbert space, C C H is a nonempty, closed, and convex set,
and A: H — H is a continuous mapping. Herein, || - || denotes the norm, and (-, -)
represents the inner product.

How to construct a simple and computationally efficient algorithm for solving
variational inequality problems has always been a hot topic among scholars. For
example, in 1964, Goldstein [3]| proposed the projection algorithm, whose iterative
format is

W = Pe(wk — AA(WY)),
where A > 0, and Pr: H — C is the metric projection operator.

In order to utilize the projection algorithm to solve the VIP, the mapping

A generally satisfies the conditions of being L-Lipschitz continuous and strongly
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monotone. It is possible for the projection method to diverge regardless of the
step-size A if the mapping A is monotone (not strongly monotone).

In 1976, in order to weaken the strong monotonicity of operators, Korpelevich
[4] proposed an extragradient (EG) method, which adds one projection after each
projection. The operator A: H — H should only be monotone, L-Lipschitz continu-
ous, and the step-size A in the interval (0, %) for weak convergence in order for this
method to work. The iterative format is

vP = Po(w® — MA(wF))
W = Pe(wk — AA(WY)).

To minimize the number of projections and make calculations more convenient,
Tseng [5] improved the EG method, which merely requires calculating one projection
on the constraint set C. Notably, the constraint conditions remain unchanged. Its

iteration format is
P = Po(w® — AA(WF))
WP = oF £ N(A(WF) — A@P)).
Similarly, in 2011, the subgradient extragradient algorithm, which employs a
half-space construction for the second projection, was introduced by Censor et al. [6]

with the aim of overcoming the challenge of projection computations. The iterative
format is

P = Po(w® — AA(WF))
T = {w € H|(w* — MA(WF) — vF,w — vF) <0}
WM = Pp AN(WF — AA(WP)).
In general, variational inequalities can be transformed into fixed-point prob-
lems (FPP). By introducing new projection algorithms, we can approximate the

common solutions of VIP and FPP. Specifically, the common solutions are of the

form
m

WL =9k 1 (1 - 6F) Z (1) Tyt
i=1

Recently, many scholars have started to study the iterative algorithms of VIP
and FPP; in this respect please, see [7]-[17], and many others.

Inspired by these articles, we present a novel algorithm to find common solu-
tions for the VIP and the FPP by employing the two-step inertial Mann method. Un-
derline that Krasnoselskii-Mann (KM) method [18] is a well-known and traditional
method for resolving fixed-point problems, with the iteration format as follows

WL = (1 — Rk + BRTWE,

where w® € C, g¥ € [0,1], and T: H — H is a nonexpansive mapping.

The Krasnoselskii-Mann methods and Extragradient methods are both itera-
tive algorithms widely used to solve optimization and fixed point problems. The KM
methods are mainly employed to estimate the fixed points of nonexpansive operators
and control the iterative process through relaxation parameters; the EG methods
focuss on variational inequality problems, improving the convergence speed through
prediction and correction steps. Moreover, both can introduce inertial terms to
accelerate convergence.
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We know that the iterative format of Douglas-Rachford splitting (DRS) [19]
method is

WETt = (1 — BM)w" + B5(2prox, ) o (2prox. ;)w*,

where 8% € (0,1) and 7 € (0, +00).

When we consider (2prox, p)o(2prox. ;) in the DRS methods as the nonexpan-
sive operator T in the KM methods, the DRS methods is transformed into the KM
methods. In other words, the KM method can be regarded as a particular instance
of the DRS methods. In fact, the KM methods is quite slow, especially when dealing
with large-scale problems. As a result, many scholars consider incorporating inertia
or relaxation to accelerate the KM methods; please, see Cortild and Peypouquet
[20], Yao et al. [21], Iutzeler and Hendrickx [22].

The two-step inertial algorithm converges faster and can find solutions more
effectively in certain nonlinear problems compared to the one-step inertial algorithm.
It improves algorithm stability and adaptability by utilizing more historical iteration
information, thereby providing acceleration effects in specific situations. Therefore,
studying the two-step inertial algorithm is of great significance for solving complex
nonlinear problems.

Recently, Dong et al. [23] introduced the more general KM method, the fol-
lowing iterative format

oF = W 4 aF Wk — w1
zk: — wk + ,Bk(wk o wk—l)
W = (1 = M)k 4 NPT (2.

In this paper, a novel method is constructed by integrating the two-step inertial
method, KM method, and the Tseng method. This method is designed to analyze
the common solutions of VIP and FPP. We introduce the concept of dynamic strings,
where a dynamic string is defined as the linear combination ) ", s(i)Ty:, with the
aim of enhancing the computation speed of the method. The advantages of this new
approach are demonstrated through numerical examples.

This article is structured as follows. We introduce a few lemmas and proper-
ties in Section 2 that will be used in the ensuing parts. We examined the algorithm’s

weak convergence in Section 3. We verify the effectiveness of the introduced algo-
rithm in Section 4 through several numerical examples.

2. Preliminaries

The following convergence analysis will benefit from some properties and con-
clusions that we recall in this section.

Definition 2.1. Let A: H — H be an operator. Then A is:
1. nonexpansive, namely

1A(e") — AN < le" = oIl for all o, o' € H.
2. monotone, namely

(A(g") — Ao, ot — 0"y >0,  for all oF, o' € H.
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3. quasimonotone, namely
(A(0"), 0" — o) > 0= (A(e"), 0" — 0T) >0, for all ¢*, 0" € H.
4. L-Lipschitz continuous, if exists L > 0, such that
IA(e") — A(e")| < Lllo* = o|l,  for all o', o' € HL.

Remark that all monotone operators are quasi-monotone, but not all quasi-
monotone operators are monotone. Therefore, being monotone is a special case of
being quasi-monotone.

Definition 2.2. Let f: H = 2" be an extremal mapping. The mapping f is mazimal
monotone if f is monotone, namely,

(6t =T, Wt —wh) >0, forall 6t e f(wh),d" e f(wh),
and the graph D(f) of f,
D(f) = {(w}6") € Hx H|§* € f(wh)},

s not a strict subset of any other monotone operator’s graph, where X denotes the
Cartesian product.

Obviously, operator f is maximal if, for every (wt,é*) € H x H for which
(6% — 61, wt — wh) >0, for every (6, w!) € D(f), then necessarily 6* € f(w?).

Lemma 2.1 ([24]). Let w* € H, the necessary and sufficient condition for z to be
the projection of wt onto C is that for all w' € C, we have (Wt — 2, 2z — wf) > 0.

Lemma 2.2. Let ¢ € R. For any x¥, x' € H, we have:
Lo 2 = I3 £ 206, X + [IxFI1%;
2. 16+ (1= OXTII? = ¢l + (1= OIIXTIZ — ¢(1 = )l — xTI1%
3o Iy sipall® = 0y sillwall® = 5 220 sisillie — pill?,

where p; € H, s(i) € (0,1),i=1,2,...m, >." 1 s; = 1.

Lemma 2.3 ([25]). Let {a®}2°  be areal sequence that satisfies 0 < b < af < d < 1
for any k > 0. Also, consider two sequences {y*}2°  and {p*}72, in H. There exists
o > 0 such that:

L. limsupy, o [[4*] < o, limsup o [|p*]] < 0.

2. limg o0 [@FyF + (1 — oF)p"|| = 0.

Furthermore, assume that {\¥} is a non-negative real number sequence that
satisfies

NFL < FAF 7R vk e N,

where {¢*} and {7%} are non-negative real numner sequences, such that {c*} C
1, +00], Y222, (s* — 1) < 400, and Y32, 7% < +00. Then,

1. limg_o ||* — p¥|| = 0.

2. limy_,o \F exists.

Lemma 2.4 ([26]). Let U: C — H be a nonexpansive mapping, namely,
JUG) — V()] < ll—oll, for all v € C.

Then I — U is demiclosed at v € H, which means that for all sequence {4*}2°,
in C such that u* — pt € C and (I —U)p* — v, we can deduce that (I — U)ut = v.
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Lemma 2.5 ([27]). Let {*}°, be an arbitrary sequence in H that converges weakly
to u, then

liminf || % — p|| < liminf ||x* — o], for all v # p.
k—ro0 k—o0

Let the quasi-monotone operator S satisfy Opial’s condition, and S — Id be
demiclosed at zero. It can be seen that for the constant sequence of operators
Sk =S,k > 0, Opial’s theorem’s requirements are all satisfied. Therefore, for an
arbitrary p € C, we have S¥u — pt and pt € Fix S.

Let the sequence {uk}zozo be a sequence in H. Then:

1. pF — wu denotes that {uk}?’:o converges weakly to pu, i.e., for any v € H,
the sequence {(v, u¥)}2  converges to (v, ).

2. 1F — u denotes that {,uk},‘zozo converges strongly to pu, i.e., limy_,o || uF —
ul| = 0.

3. Main results

We provide a novel method for solving the VIP and FPP under the L-Lipschitz
continuity assumption in this section. We first make the following assumptions to
guarantee the convergence of the method.

The operator A: H — H is quasimonotone, and s(i) € (0,1), i =1,2,...,m
are such that > 7", s(i) = 1.

Algorithm 3.1. Step 0. Set parameters \! > 0,¢ € (0,1),a* € [0,1], 8% = —aF,
and any initial point w°,w!, w? € H.
Step 1. Calculate

pk: — wk’ + ak(wk‘ _ wk—l) + Bk(wk_l _ wk—Q)’

where

: 1 k_ k-1
. mm{kQHwk—wk_lHQ’a}’ lw® — W # 0.

of =
«, |wk — WEL = 0.
Step 2. Compute
v* = Pe(pt — M ap").
If vF = p* or Ap* = 0, then the program stops. If not, proceed to step 3.
Step 3. Calculate
28 = ok — NE(AE — ApF),

where
) |
AR min {HApk—Aka’gkAk +7F 0, (A" — AP £ 0.
SFAF 4 TR, IAP* — AvF|| = 0.
Step 4.

WL = 9F2F 1 (1 - 6F) Z (1) T ik
i=1
Update k as k := k 4+ 1 and go back to Step 1.
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Lemma 3.1. If there is v* = p* or ApF = 0 for a certain k, then p* satisfies the
original variational inequality.

Proof. We analyze the problem by considering two possible scenarios.

Case 1: If Ap* = 0, then (Ap*, w — p¥) = 0 holds for for all w € C.

Case 2: If v = p¥, due to the properties of projection, we have

(pF = NEApFE —oF w — P <0,
which leads to
—/\k<Apk,w — vk> <0,
that is
(Ap¥,w — %) > 0.

So the inequality (Ap*, w — p¥) > 0 holds for every w € C. In summary, p

satisfies the original variational inequality. O

k

Lemma 3.2. If sequence {\*} is obtained by Algorithm 3.1, and satisfies the fol-
lowing conditions:

1. The sequence {\F} is monotonically decreasing and bounded below.

2. AF > min {£ X'} holds for any k > 0.

Then limy_,o0 A¥ = X\ exists, and X > min{%,/\l} > 0, where \' > 0 is the
initial step size.

Proof. Since A is an L-Lipschitz continuous mapping, then if ||Ap*F — AvF|| # 0,

gl =M gl =M _ ¢ 1)
|[Apk — Avk|| = Lpk — ok L’

k__.k
This suggests that A**1 = min {%, GEAF 4 Tk} > min {%, )\k’} , where

¢¥ > 1 and 7% > 0. By mathematical induction, we have inf{\¥} > min{%,)\l}.
Moreover, from the definition of {A\**1}, it is known that

)\k+1 < §k)\k +Tk. (2)
According to Lemma 2.3, we have that limj_,. A\* exists and is denoted by
limy_eo AF = A. Since inf{\*} > min {%, )\1}, then A > min{2, A} > 0. 0

Lemma 3.3. The sequences {p"}, {v*}, and {2*} generated by Algorithm 3.1 satisfy
12 = ¢HI> < [lp" = [I> = (1 = ¢®) 0" = p*|1%,
for any ¢t € VI(C,A) N Fix(T).
Proof. As ¢* € Fix(T), from the definition of {z*}, it can be concluded that
125 = gH* = [lo* = N (A0® — ApF) — ¢ ||?
= o — I + (V)2 Ac — A2
—2X\F ok — gt AR — ApP)
= [0 = o"IP + 11" = ¢HIIP + 2007 — o, pF — )
+ (N2 Av® — ApF||2 — 20F (uF — g, AvF — Ap)
= " = 1P+ 110" — g7 + 200" = pF o — o)
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—2(0" — pF, o — pF) + ()2 [|A0® — Ap|?
—2\F (WP — b, Aok — ApF)
= [lp" =gl = l[o* = p*)? + 20" = p*, 0" —¢F)
FOR)2 Ak — AP — 2XE( — g AV — AN (3)
According to Lemma 2.1, considering that v* = Pg(p* — AFApF), it can be
inferred that (p* — AFApF — v* vF — ¢¥) > 0, for all v* € C, therefore
(0% = p* 0k — gt) < —AF(ApF, 0P — ). (4)
From (3) and (4), it follows that
B N e e e ROV VAR
+(AF)?[|Av* — ApF|[* — 22 (0" — ¢F, Aw® — Ap)
1p* = aHI* = [lv* = p* )12 + ()2 Av® — Ap*|J?
—2X\F ok — gt Avk).

By M > 0, ¢* € VI(C,A) and the fact that A is quasimonotone, we get
(Agt, v* — ¢*) > 0. Then there is

(AvF % — by > 0.

So,
122 = gH1? < (10" = gH1? = 1[v* = P17 + ()2 ]| Ap" — A2, ()
According to the definition of {\*}, it is clear that
(A)%[l4p* — Av*|* < g2l p* — "% (6)

Substituting (6) into (5), we get
12 = gHI> < 16" = a1 = 0" = 1> + 9?1 p" = o*|?
= 0" = ¢*I> = (1 = &) |0* = o,
which concludes the proof. ]

Lemma 3.4. The sequence obtained through Algorithm 3.1 weakly converges to a
point ¢*, where ¢* satisfies ||¢*|| = min{||2}|| : 2* € VI(C,A)}.

Proof. According to Lemma 3.3, and ¢ € (0, 1),
125 = |l < [Ip* = ¢
= ot + @ — ) B — b2 — |
<l = ¢}l + ol — F T+ [BF Pl = |
< o — gH + M*,

where M¥ = abwh — Wb~ 4 BHl# 1 — k2.
Then, we obtain

(8)

m
=gt = 05 (=0 D () Ty — g
=1
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m
< OF|IZF —gH)P+ (1 - 0N ZS(Z')TAM]C — ¢*|?
i=1
m
= OF|I2F — P+ (10N Zs(i)(TAiwk — Thigh)|
=1
m
= 0"Z2F —¢HP+ (1 -0 [ZS(i)HTMWk — Tyig*|?
=1
1 — A
5 Z_ DI(Triw’ — Trigh) — (Trsw? — Thrigh)||]
m
< OF|I2F — gt + ZS ) Tyiw® — TyigH||?
'L
< OF|IZF — )P+ (1 - M)k — ¢t)?
< MWt — gt + (1= 6F)(w* — gt I|* + MF)
= |lw* - ¢¥)? + M*. 9)

There exists k such that ||w¥ —w*=1|| # 0, for all k£ > k. Since oF||w* —wk~1|| <
min{%,a}, we have

o ||w® — Wk 1H<I<:2’ for all k > k.
This leads to

T — gt < Jwk — g H+k2, for all k > F.

We take the range of i from k to k and then make the sum. It follows that

k
I = gH| < [lw® — gH) + Z% <|lw* —g*| + A, forallk >k (10)
i=k
So |lw* — ¢*| is bounded which implies that {w*} and {z*} are bounded.
Moreover, note that the sequences {a|w* —w*=1||}, and {beta”||w* —w 1|}

are convergent to zero.
From (7) and (9), we have

= gHI* < 08| " — ¢H1* — 07 (1 — *) 0" — P + (1 = )|l — 7. (11)
By (8), we get
17" = aH1? < (lw* — || + M%), (12)
After substituting (12) into (11), we have
WP = gH? < 0R(Iw® — gH| + AP ME)? — 68 (L - ¢7) 0" — o)
+(1—0%)[|w® — )
= 0°|w" —t|® + 20" M|l — gF|| + 6% (")
—65 (1= ") 0" = pI? + (1 - %) | — ¢
= [ = ¢? - 0"(1 - 9*)|l* — o
+65 M*(2)lw* — ¢t + M"). (13)
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From the boundedness of the sequence {||w* — ¢*||} and (13), we get
lim [of — ] =0.
Meanwhile,
I = < ¥k — b 4 Bl — A
Therefore,

lim [[of — || = lim ||o* — p¥|| + lim ||p* — WF|| = 0. (14)
k—o0 k—o0 k—o0

{w*} has at least one weak convergence point since it is bounded. Let {w"i}
be a subsequence of {w*}, with w® — ¢t € H.

Then
w- lim whi = qi,
Jj—00
and
w- lim vhi = ¢t
J]—00

Here, w-lim represents the weak limit, indicating that the sequences {w*i}
and {v*7} converge weakly to ¢*.
Let

A(6T) + Ne (o), of e,
Ty —
f(oh) = {(2), 5t ¢ c.

where N¢(67) represents the normal cone of C at 67 € C. Obviously, f is maximal
monotone and f~1(0) = VI(C,A). If (6T, p) = G(f), since p € f(6T) = A(6T) +
N¢(61), we have p — A(6T) € Ne(67). Thus leads us to
(p—A(61),6" —v) >0, for all v € C. (15)
By v* = Pe(p* — \FApF), we get

(pk — MApE — ok o — 5T> > (), for all 6T > 0,

and

Uk—ﬂk koot k i
< \ + Ap") 4 —v>20, for all 6" > 0. (16)

Using (14) and applying (15) with {v*s }520, we have

(p—A(87),6T — k) >0, for all 6T > 0.
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From (15) and (16), we can get

0T — ki) > (AT, 6T — ok
{p
k; k;

> (aot, 8 — b} — (P a8 — o)
J
i ki stk vt — phi T ki
= (Ad" — Ap™. 4 —UJ>—<TN5 — ')
= (AST — Ak 5T — ki) 4 (Av% — Apki 5T — ki)
'Ukj—pkj
—_—
_<Tvé —v)
ki ki
> (At — At 8 — b — (Tl ot ).

Therefore (p, 6T — %) > 0, let j — oo, we have

Since f is a maximal monotone operator, we obtain ¢ € f~1(0) = VI(C, A).

To demonstrate the weak convergence of the whole sequence to ¢+, we postulate
the existence of another subsequence {w"i} of {w*}, which converges weakly to some
q" # ¢*, thus we have

lim [|w® — ¢ = liminf ||w* — ¢*|| < liminf ||w* — ¢
k—o00 Jj—o0 j—roo
= lim || — ¢|| = liminf |w® — ¢f|
k—ro0 Jj—o0
< liminf [[w% —¢*|| = lim [l - ¢*|.
j—o0 k—o0

and this is a contradiction, so ¢t = ¢. Therefore {w*} and {v*} converge weakly to
¢t € VI(C,A). O

Theorem 3.1. If the sequence {w*} is obtained by Algorithm 3.1 and the operator
T: C — C is nonexpansive, then {w*} converges weakly to a point in VI(C,A) N
Fix(T).

Proof. Presume that there exists ¢* € VI(C,A) N Fiz(T), since T is nonexpansive,
it follows that

k k k
ITxiw® = g*| = [ Taiw® = Trig|| < [l* — ¢*].

Since ||w® — ¢*|| is bounded, then for a sufficiently large £, we have

lim sup H"JI‘M-wk - qi|| <&
k—o0
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Therefore,
m
. k k
klgg)”@ z Zs )Tyiw®) — ¢
i=1
m
:kli_g)loHHk(zk—q + (1= s(i)Tuw® - ¢h)]|
i=1
. k
=l " = ]

Lemma 2.3 indicates that

lim || Tyw® — || = 0.
k—o0

Since T is nonexpansive, and {w*i} converges weakly to ¢*, it follows that

lim ||[(I — Ty)w" || = lim ||w® — Tyiw"i|| = 0.
j—o00 J—00

According to Lemma 2.4, we deduce that (I — T)¢* = 0, so ¢t € Fix(T).
Namely, ¢* € VI(C, A) N Fix(T).
Above all, the proof has been accomplished. O

4. Numerical Examples

Example 4.1 (][28]). Consider the bounded linear operator
G:R™ = R"™, G(u)=Ku+t,

where K = HHT + I + L is positive definite. Here, H, I and L are m X m matrices
over the real number field, where the matrix [ is skew-symmetric, and the matrix
L is a diagonal matrix with non-negative diagonal entries, and ¢ € R". We analyze
Algorithm 3.1 in comparison with Algorithm Tian from [29], which constructed
a single-step method by combining Mann and Tseng methods to solve variational
inequalities. Using a normally distributed random generation for matrices H, I, and
L, we choose the feasible set as

C={ueR":a<u;<bVi=1,...,m}.

With the choice of parameters u = 0.5, « = 0.3, \; = 0.5, 0, = k%, and an initial
point up = (1,1,...,1) € R™ we compare the convergence speed of three algorithms
for different interval selections, stopping iterations when ||uy, — q|| < 1 x 1078.

TABLE 1. Result of Example 4.1

C =[-5,5] C=[-3,3]
Inter;  Time (microseconds)  Inter  Time (microseconds)
Algo. 3.1 5) 910 7 1035
Algo. Tian 23 2989 12 1957

Algo. KM 14 1005 15 2030
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— Algo.3.1
Algo.Tian
—-- Algo.KM

—— Algo.3.1
Algo.Tian
=== Algo.KM

T T - T T T v '
0 5 10 15 20 [} 2 4 ) 8 10 12 14
Number of iterations Number of iterations

FIGURE 1. C = [-5, 5] FI1GURE 2. C = [-3,3]

Based on the experimental results of Example 4.1, a clear conclusion can be
drawn that Algorithm 3.1 presented in this study outperforms the algorithm pro-
posed by Tian and the DRS algorithm concerning the iteration time and the number
of iterations. The model K = HH” + I + L can be employed to describe diverse
situations, especially in machine learning, statistical analysis, or signal processing.
Specifically, K may represent a target matrix, while HH”T is a part obtained by
multiplying matrix H and its transpose are often used to represent covariance or
correlation structure. The terms I and L are additional components that may repre-
sent noise, bias, or specific structural elements. This expression is used to optimize
models through matrix operations, analyze relationships in data, or build predictive
models.

Example 4.2 (][28]). Assume that s is a linear operator from R" to R™ and u,), €
R™. Consider the minimization problem

min P(u) + Q(u)

where P represents the regularization term and @ = t¢(-) represents the indicator
function of the set C = {u € R"™ : 3u = suy}. For the tests in this case, s
is obtained by sampling from the standard Gaussian ensemble, with P being the
li;-norm. The parameters are (m,n) = (48,128) and u has 8 non-zero elements.

— Hgo31
AlgoTian
-=- AgoDRS

Number of iterations

FIGURE 3. li-norm
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TABLE 2. Result of Example 4.2

{1-norm
Inter; Time (microseconds)
Algo. 3.1 56 4391
Algo. Tian 80 6928
Algo. DRS 100 7603

From the results of Example 4.2, it can be seen that Algorithm 3.1 presented in
this article is superior to the Tian algorithm and DRS algorithm concerning iteration
time, and also has fewer iterations, [30].

5. Conclusions

This article presents a novel method by integrating the Mann method, the two-
step inertial method and Tseng’s extragradient method. The iteratively generated
sequence produced by the proposed method can be demonstrated to weakly converge
to the solution of FPP and VIP under certain conditions. Finally, we use several
numerical examples to validate the strengths of our suggested method.
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