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ANALYSIS OF OPTIMUM CONDITIONS FOR HIGH ORDER 
HARMONIC GENERATION IN GASEOUS MEDIAS 

Mihai STAFE1, Constantin NEGUŢU2, Georgiana C. VASILE3, Niculae N. 
PUŞCAŞ4 

In this article we present a theoretical analysis of high order harmonic 
generation (HHG) in gas jets with high intensity laser pulses. We estimate several 
laser and target parameters (i.e. focusing parameters- focus length, beam radius at 
the waist, length of the nonlinear medium, and concentration of the gas jet) involved 
in efficient conversion of a Nd +3 :YAG nanosecond laser radiation to higher 
frequencies. 

First, we evaluate the wave vector mismatches, length of the nonlinear 
medium and focusing parameters for efficient generation of the fifth and seventh 
order harmonics generated in mixtures of sodium vapors and xenon. The theoretical 
findings are in good agreement with the experimental results published in the 
literature. 

Second, in the case where the gas jet is produced by laser ablation, the 
condition for obtaining optimum gas density profile for HHG is evaluated by solving 
numerically the hydrodynamics of the ablation jet produced by a nanosecond laser 
pulse. 

Keywords: high order harmonic generation, conversion gaseous jet, ablation 
plasma. 

1. Introduction 

The properties of a material change due to the nonlinear effects which 
occur when the high power laser radiation, characterized by electric field 
intensities around 76 1010 ÷  V/cm or higher (which are comparable to the atomic 
electric field), interacts with the material [1-3]. In the last years, high-order 
harmonic generation has become a leading research field in nonlinear optics as a 
way to produce coherent extreme ultraviolet (XUV, 100-10 nm) and soft-X 
radiation, as well as attosecond pulses. The production of vacuum-ultraviolet 
(VUV, 200-100 nm) and XUV coherent radiation with ultra-short duration 
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through the process of high harmonic generation (HHG) becomes a current 
practice [1, 2]. The high harmonic radiation can be used for various applications 
such as optical lithography and pump-probe experiments at natural atomic time 
scale. 

The high order harmonic ultra-short pulses are produced by focusing near-
infrared and visible laser pulses in different types of materials: gases, liquids, 
solids, laser-generated plasmas, ablated nanoparticles etc. The generation 
efficiency decreases rapidly with the harmonic order [1-8]. In isotropic (centro-
symmetric) media (e.g. gases), for symmetry reasons only odd harmonics are 
produced, with efficiencies up to 50%. 
 HHG in gas jets requires pulses of high intensities (typically 1014–1015 
W/cm2) which can easily be achieved with fs driving lasers. Lower order 
harmonics in the vacuum ultraviolet (VUV) domain can be even generated by 
using nanosecond laser pulses. Since the beginning of HHG studies, ions from the 
laser ablation plasmas have been investigated as alternative isotropic media to the 
ordinary gas jets targets for HHG [11-16]. The idea was that, since ions have 
higher ionization potentials as compared to the neutral noble gas atoms, the 
harmonic cutoff should extent toward shorter wavelengths. However, the 
ionization leads to self-induced defocusing of the fundamental laser beam, having 
a detrimental effect on the HHG process.  
 Laser ablation can easily generate ionic and neutral species [17–20, 26, 
27], together with microclusters and nanoparticles [21-23], with various densities 
and optical properties that can in principle be controlled by the right choice of 
solid target and laser wavelength and pulse duration [24, 25]. 

Experimental and theoretical studies on HHG showed that the right control 
of the two limiting factors of conversion efficiency (self-defocusing and wave 
phase mismatch between the harmonics and the converting radiation) leads to 
efficient HHG in weakly ionized ablation plasmas (ionization degree <5%) 
produced on metallic targets [11, 13].  The main goals of these studies are: 
increase of the highest harmonic order, the appearance of a plateau in the 
spectrum of high-order harmonics, the high yield of HHG achieved with plasma 
formation, the realization of resonance-induced enhancement of individual 
harmonics, the efficient harmonic enhancement for cluster containing plasma 
plumes, etc. 

Here we present an analysis of high order harmonic generation in gaseous 
jets, evaluating several parameters for the high conversion efficiency, such as: 
wave vector mismatches, length of the nonlinear medium and focusing parameters 
(i.e. focus length and beam radius at the waist). Additionally, we propose to 
analyze the properties of the ablation plumes (as HHG conversion mediums) 
produced with low intensity nanosecond laser pulses on Al targets in vacuum. 
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The paper is organized as follows: in Sec. 2-3 we present some theoretical 
considerations, and in Sect. 4 we discuss the simulation results concerning the 
evaluation of several parameters in order to obtain the highest conversion 
efficiency. In Sect. 5 we outline our conclusions concerning the results. 

2. Theoretical prediction of phase matching for HHG 

At low laser intensities (i.e. up to  1310 W/cm2), the description of low-
order harmonic generation process can be performed in terms of polarization P  
which is induced in the nonlinear medium by the laser field itself. Polarization can 
be developed in power (Taylor) series of the applied laser field E , in the form: 
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 The first term, which includes the first order susceptibility ( )1χ , 
characterizes the linear propagation of the electromagnetic waves and describes 
the linear optical properties through the refractive index. The other terms, which 
include nonlinear susceptibilities ( ) ( ),...,, 32 χχ ( )nχ  describe the propagation of the 
electromagnetic waves in media in which nonlinear effects occur. The coefficients 

( )jχ  (called the j-th order susceptibilities) are tensors of the order j+1, 
representing both the polarization dependent nature of the parametric interaction 
as well as the symmetry of the nonlinear material [1,2]. For gas media, which are 
isotropic, and linearly polarized light they reduce to scalar quantities. 

A perturbative solution of Maxwell’s equations can be obtained 
considering the linearly polarized laser beam as a series of harmonics of the 
fundamental frequency 1ω  as: 
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where 1ωω nn =  with n positive integer and Aj are the complex amplitude. The 
pump field ( )1n=  is always much more intense than the harmonic field, so that the 
total electric field in Eq. (2) can be replaced by the fundamental field alone. In 
centro-symmetric media, the even terms in the power series vanish due to 
symmetry reasons (also related to parity conservation in multi-photon processes), 
and the nonlinear part of the polarization reduces to: 
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with j  odd integer. In the case of slowly-varying-amplitude approximation (i.e. 
variation of the electric field amplitude j  occurs only over distances much larger 
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than an optical wavelength), the wave equation for the j -th harmonic field can be 
written as: 
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is the wave vector mismatch. Considering a Gaussian laser beam, the fundamental 
electric field can be expressed in the form [2]: 
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where 
22 yxR +=               (7) 

represents the cylindrical radial coordinate,  

b
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is a normalized coordinate along the z  axis with the zero set at the beam waist,  

λ
π 2

02 wb =               (9) 

is the beam confocal parameter, 0w  is the beam radius at the waist (Fig. 1), and 

10A  is the electric field amplitude at 0=ξ  and 0=R . 
 

 
Fig. 1. The Gaussian beam parameters. 

 
By integrating Eq. (4) in the case of a Gaussian beam given by Eq. (6) one 

can obtain the generated electric field amplitude of the n -th harmonic in the form: 
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where 0n  represents the linear index of refraction of the medium, and 

( ) ( )
zd

b
zi

zki
zzkF

z

z
n

n
nn ′

⎟
⎠
⎞

⎜
⎝
⎛ +

′Δ
=Δ ∫

′

−
0

10
21

exp
,,           (11) 

is the so-called phase matching integral, which describes the effect of de-phasing 
between the harmonic wave and its source polarization. In Eq. (11) 0z  and z  
represent the starting and ending coordinates of the interaction region 
respectively.  

The intensity of the generated harmonic radiation is given by: 

( ) ( ) ( ) ( ) ( )
2

2

2
0

2

2
10

2
0

2

0

0
2

0

2
1

2
2

0

0

1
1

,,82
ξ

ξ
χ

ε
μωπ

ε
μ

i
iw

nRexp
AzzkF

cn
nrANrI n

nn
n

2

nn +

⎥
⎦

⎤
⎢
⎣

⎡

+
−

Δ==

 (12) 
Here, N  represent the particle density. From Eq. (12) one observe that the 

peak intensity of the n -th harmonic ( )0nI  is proportional to the n -th power of the 
peak intensity of the fundamental beam, ( ) 2

101 ~0 AI . In principle, at sufficiently 
high pump powers the higher order harmonics could be produced more efficiently 
than the lower ones. However, the perturbative description is no longer valid at 
very high intensities comparable to the atomic electric field. Also, ( )0nI  is 

proportional to the square of the n -th order nonlinear susceptibility, ( ) 2nχ . 

 To achieve optimum energy conversion from the pump beam to the 
harmonic beam the field strength nE  has to stay in phase with its source 
polarization, nP . Calculation of the phase matching integral ( )zzkF nn ,, 0Δ  given 
by Eq. (11) shows a strong dependence of the conversion efficiency on the 
focusing condition. 

In the case of a long focus (i.e. zb >> , 0z ), as in usual experiments 
employing gas jets, the phase matching integral approaches the sinc2 function, 
typical of the phase matching for plane-waves, where maximum efficiency is 
achieved at 0~nkΔ . In this configuration, harmonic generation is allowed for 
both negative and positive values of the wave vector mismatch. 
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In the case of tight-focusing of the laser beam (i.e. zb << , 0z ) which is 
typical for low-order harmonic generation in cells, nF  has a maximum for 
positives values of nkΔ , and is zero for 0≥Δ nk . This peculiar behavior can be 
understood in terms of on-axis space-dependent phase shift ( )bz /2tan 1−  between 
a Gaussian beam and a plane wave beam. Because of the phase, there is a change 
in the sign of the phase lag between the field nE  and the polarization nP  when 
passing though the beam focus. 

As a consequence, the harmonic field generated in first half of the 
interaction region would be converted back to the pump beam in the second half, 
if no compensating wave vector mismatch is present. An important consequence 
of this behavior is that third-harmonic generation process is not possible in a 
positive (or normal) dispersive medium, like single component gases far from 
resonances. 

As shown by Eq. (12), there are basically three possibilities to increase the 
low-order harmonic generation efficiency, namely: a) optimum phase matching, 
b) high-intensity fundamental beam at low wavelengths (in UV domain), and c) 
resonant enhancement. 

In what follows, we present briefly these three situations. 
a) Phase matching optimization of the low-order harmonic generation in gases is 
strongly dependent on the focusing condition. In practical situations, the 
fundamental beam has to be focused in order to achieve sufficiently high intensity 
in the interaction region and, at the same time, it has to avoid damage on the 
optics by the high energy of the pump pulses. Optimum phase matching in this 
situation is achieved in negatively dispersive or dispersion less media. This is not 
in general the case for single component gases, but specific gas mixtures can be 
used to achieve optimum phase matching. For example, a cell containing mixture 
of normally dispersive argon and negatively dispersive cadmium vapor was used 
to produce phase-matched VUV radiation. However, this phase matching 
condition is difficult to control when using a gas jet as nonlinear medium, which 
is the usual experimental situation. Moreover, since phase matching is by its 
nature wavelength-dependent, there are fundamental limitations when tunable 
radiation is used. 
b) The production of tunable narrow-band VUV/XUV radiation via low-order 
harmonic generation requires the use of a tunable narrow-band high-intensity 
fundamental UV beam. The lack of primary sources in the UV can be overcome 
by frequency doubling intense visible pulses. Such laser source was developed in 
the late 1980’s by combining the pulsed-dye-amplification technique with 
harmonic generation in gases. Due to the fast decay rate of dyes (nanoseconds for 
visible dyes, and even hundreds of picosecond for near-infrared dyes) the 
production and subsequent amplification of a laser pulse in dye cells enables the 
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generation of energetic pulses that follow the temporal characteristic of the pump 
pulses. So, pulsed amplification of a cw tunable seeding beam by a single-mode 
pump laser with a smooth pulse time profile and a stable intensity, e.g., from an 
injection-seeded Q-switched laser, enables the generation of energetic visible 
pulses with a Fourier transform limited frequency spectrum.  
c) The nonlinear response of a medium, i.e., its nonlinear susceptibility, is 
enhanced when the pump frequency meets a (multi-photon) resonant transition. 
However, the production of tunable radiation via a resonant scheme is not 
possible using only one pump frequency, like in third-harmonic generation, since 
the resonant condition cannot be kept while tuning the pump frequency. On the 
other side, efficient production of tunable VUV radiation is possible using 
resonantly enhanced four-wave-mixing schemes: one fixed frequency, 1ω , 
matches an atomic transition, and mixes with another tunable frequency, 2ω , in 
order to generate tunable radiation. In the last years resonantly enhanced four-
wave mixing has been extensively studied in atomic vapors, molecular gases and 
noble gases. The electromagnetically-induced transparency phenomenon can lead 
to enhancement of the efficiency in this wave-mixing scheme. 

The electromagnetic emission by an atom exposed to a laser field of 
intensity above the perturbative regime cannot be described in terms of the atomic 
polarization and substantial ionization may occur during the laser pulse leading to 
a plasma formation. In a plasma, ion-electron pairs give the dominant contribution 
to the electromagnetic emission, which comes essentially in two forms: incoherent 
and coherent Bremssthralung radiation in a plasma generates an isotropic 
incoherent continuum at short wavelength ( ≤λ 30 nm).  
 The interaction of more intense laser pulses (intensity 1310≥I  W/cm 2 ) 
with atoms and molecules leads to several multi-photon, non-perturbative 
phenomena such as high-order harmonic generation and above threshold 
ionization.  

3. Theoretical model for characterization of the ablation plume 
conversion medium 

The laser-ablation plasmas have been investigated as alternative 
conversion medium to the ordinary gas jets targets for HHG. The idea behind 
these studies was that, since ions have higher ionization potentials as compared to 
the neutral noble gas atoms, the harmonic cutoff should extent toward shorter 
wavelengths. However, the ionization leads to self-induced defocusing of the 
fundamental laser beam, having a detrimental effect on the HHG process. 
Experimental and theoretical studies showed that, by controlling the two limiting 
factors of HHG efficiency (self-defocusing and wave phase mismatch between the 
harmonics and the driving laser radiation), one can generate efficiently high 
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harmonics in weakly ionized ablation plasmas produced on metallic targets         
[16, 11]. 

Here we propose to analyze the properties of the ablation plume medium 
produced with low intensity nanosecond laser pulses on Al targets in vacuum. The 
calculation of spatial profile of the ablation plasma density at different moments is 
very important for efficient HHG, enabling prediction of the positioning and 
timing of the HHG driving laser pulse within the conversion ablation plume to 
obtain phase matching conditions. 
 The low ionization ablation plasma produced by a ns laser pulse, at 
fluences of the order of 10 J/cm2, is a result of the target evaporation and 
ionization induced mainly by the absorption of the laser energy by the free 
electrons via inverse Bremsstrahlung. The absorbed energy relaxes at picosecond 
scale via electron-electron and electron-phonon collisions. 

Thus, the temperature distribution in the axial direction within the target 
can be determined from the 1D heat equation when the thermal penetration depth 
of target is much smaller than the laser spot diameter on the target surface. 
Theoretical description of the heating process is presented in previous works 
[25,28,17,18,24,29]. Here we emphasize the main characteristics of the theoretical 
model regarding the dynamics of the ablation plume.  

Ionization degree of the ablation plume produced at fluences of the order 
of 10 J/cm2 is very low (~several percent), and thus the absorption of the laser 
beam within the ablation plume is negligible, as indicated by our previous 
experimental findings [18]. Due to expansion of the evaporated layer near the 
target surface, the plasma temperature and density at the outer limit of the 
Knudsen layer are smaller than the equilibrium values [25]: 
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is the saturated vapour pressure given by the Clausius-Clapeyron relation, lvHΔ  is 
the enthalpy of vaporization per mol at the normal boiling point bT  [25], tρ  
denotes the mass density of the target, m  is the Al atom mass, and 10 =p  atm is 
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the normal pressure. partp  is the partial pressure of Al vapors taken as an instant 
average pressure over the ablation plume. The thermal and optical properties of Al 
are taken from [25]. The boundary and initial conditions of the heat equation are 
determined by Eq. (13) and the ambient conditions [25,17]. 
 The dynamics of the quasi-equilibrium ablation plume beyond the 
Knudsen layer can be described by the 1D Euler equations (describing 
conservation of mass, momentum and energy in the plume domain) when the laser 
spot diameter is large [25,30,31]: 
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Here, ρ  is the plume mass density, v is the local plume velocity, and 
mTkp B /ρ=  is the local pressure in the ideal gas approximation. Since we are 

interested in the low laser fluences regime, where the vapor is weakly ionized, we 
neglected the plume absorption and radiation so that the internal energy density of 

the plume can be written as Tk
m B
ρρε

2
3

= . 

The target domain in the axial direction, where the heat equation is solved, 
is ~10 microns (much larger than the thermal penetration depth) and was 
discretized into a non-uniform grid with the high density nodes near the target 
surface, the minimum grid cell being ~1 nm. The ablation plume domain in the 
axial direction, where the Euler equations are solved, is ~5 mm (so that any 
disturbance in the domain cannot reach the furthest boundary from the surface)  
and was also discretized into a non-uniform grid with the high density nodes near 
the target-plume interface, the minimum grid cell being 50 nm. The limit x=0 of 
the plume domain corresponds to the outer limit of the Knudsen layer so that the 
density and temperature of the plume at x=0 boundary are given by Eq. (13). The 
plume velocity at x=0 is derived from the mass flow continuity condition at the 
target- plume interface:  

atvv ρρ = .            (19) 
The boundary conditions at x=5 mm and the initial conditions of Eq. (16-

18) are determined by Eq. (13-15) and (19) with sT =300 K. 
The total integration time is ~20 ns, beyond the duration of the laser pulse, 

with a minimum time cell of ~ 1210− s. The heat equation and the hydrodynamics 
equations are integrated in a multi-step method by using the standard finite 
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elements method implemented in MATLAB by which partial differential 
equations are transformed into ordinary differential equations using a second-
order accurate spatial discretization [32]. The number of integration time steps is 
~2000. The small time steps fulfill convergence conditions of the solutions, 
simultaneously for the heat equation and hydrodynamics equations [33]. The 
solutions of the hydro-equations are smoothed after each integration step. 

The two parts of the model (i.e. heat equation and Euler equations) are 
strongly connected. Thus, the outputs of every integration step of the heat 
equation (such as temperature of the target surface and evaporation velocity, 
plume temperature, density and velocity at the outer limit of Knudsen layer) give 
boundary conditions for the Euler equations. 

On the other hand, the Euler equations give the partial pressure of Al 
vapors in the ablation plume which influences the evaporation speed (see Eq. 
(17)) and the vapor back-flux onto the target surface which leads to the re-
condensation phenomenon. 

4. Results and discussion 

Based on the models presented in Section 2 ([1, 3, 4, 7]), considering a 
driving laser beam with a Gaussian intensity profile in the radial direction, we 
evaluated several geometrical irradiation parameters for which one can obtain the 
maximum power of the fifth and seventh harmonic.  
 In the case of a long focus, the intensity of the fifth harmonic radiation 

(Eq. 12) reaches its maximum for 
2
1

=
L
b , where L  is the length of the nonlinear 

medium (Fig. 2) if the wave vector mismatch for the direct fifth harmonic 
generation process 15Δ  and that corresponding to the step processes involving 
third harmonic generation 13Δ  are both of them zero ( 01315 =Δ=Δ ). 
 

 
 

Fig. 2. The propagation of the Gaussian beam through the nonlinear medium. 
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 In the case of tight-focusing of the laser beam considering that the beam is 

focused in the center of the nonlinear medium 
b
6

15 =Δ  for the direct fifth 

harmonic generation process and 
b
42 1315 =Δ=Δ  for that corresponding to the 

step processes involving third harmonic generation process. 
 The above mention conditions may be obtained using gaseous mixtures 
like: alkali metal vapors (e. g. sodium) and noble gases as buffer (e. g. xenon) 

with suitable concentrations, 
Na

Xe

N
N , suitable length of the nonlinear medium, and 

focusing parameters (focus length, beam radius at the waist). 
In the case of a laser radiation with μλ 06.1= m (Nd3+:YAG) and 
8105.2 × W pump power, 2.31=

Na

Xe

N
N , focus length of about 28 cm the above 

mentioned calculated parameters are in good agreement with the experimental 
results being obtained a fifth harmonic radiation with 4 kW power and an 
efficiency about 6105 −× [8]. 
 The above mention parameters were evaluated in the case of seventh 
harmonic generation process. 
 In the case of a long focus the intensity of the seventh harmonic radiation 

(Eq. 12) reaches its maximum for 
2
1

=
L
b , where L  is the length of the nonlinear 

medium (Fig. 2) if the wave vector mismatch for the direct seventh harmonic 
generation process 17Δ  and that corresponding to the step processes involving 
fifth harmonic generation 15Δ  are both of them zero ( 01517 =Δ=Δ ). 
 In the case of tight-focusing of the laser beam considering that the beam is 

focused in the center of the nonlinear medium 
b

10
15 =Δ  for the direct seventh 

harmonic generation process and
b
4

17 =Δ  for that corresponding to the step 

processes involving fifth harmonic generation process. The above mentioned 
evaluated parameters are in good agreement with the experimental results 
obtained in the seventh order harmonic generation [8]. 

In order to determine the optimum timing for sending the intense driving 
laser pulse through the non-linear conversion medium, we run simulations based 
on model presented in Section 3 to find properties of the ablation plume 
conversion medium. This is because the harmonics intensity is a function of gas 
density (see Eq. (12)).  
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The fluence of the focused ablation laser pulse (4.5 ns, 1064 nm) was set 
to 15 J/cm2, which gives a peak intensity of ~3GW/cm2 at the Al target surface. 
These parameters determine a high density ablation plume, above 1910  cm-3 as 
needed in most HHG in gas jets where backing pressure of several bars are used 
([34,35], and low ionization degree (less than 1% as estimated experimentally 
[18]). 

The Gaussian temporal profile of the laser pulse is presented in Fig. 3(a) 
whereas the temporal evolution of the temperature of target surface is presented in 
Fig. 3(b). The peak temperature of the target surface is ~6000 K, slightly below 
the critical point of Al [36], and is reached at ~10 ns, which very close to the 9 ns 
when the peak of the laser pulse intensity is present. 

 

    
 

(a)                                                                              (b) 
Figs. 3. (a) Laser pulse intensity profile. (b) Temperature of the target surface. 

 
The spatial distribution of the temperature and density of the ablation 

plume at different times relative to the onset of laser pulse is presented in Figs. 
4(a,b). One can see in Fig. 4(a) that the maximum plume temperature of ~3500 K 
is reached at about 13 ns, 'long' after the peak of the laser pulse intensity. Fig. 4(b) 
depicts the spatial distribution of the plume density at different times. The figure 
indicates that a density of several 1910  cm-3, which is suitable for efficient 
harmonic generation, can be obtained after the peak of the laser pulse at heights of 
several tens of microns above the target surface.  

When the saturated vapor pressure (calculated by using Eq. (15)) becomes 
smaller that the pressure of the ablation plume (calculated by using previous data 
regarding density and temperature of the plume), the ablation velocity (calculated 
by using Eq. (14)) becomes negative and re-condensation begins. 

From the continuity equation given by Eq. (19) we find that the local 
plume velocity near the target surface becomes also negative due to re-
condensation process (see black curve in Fig. 4(c)). Thereby, the evaporation 
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depth, calculated by time integration of the evaporation velocity given by Eq. 
(14), decays when re-condensation comes into play at times larger than ~13 ns, 
when maximum of the plume temperature is reached (see Fig. 4(d)). 

From graphs like those presented in Figs. 4 one can infer the correct 
positioning and timing of the HHG driving laser pulse within the conversion 
ablation plume so that to obtain phase matching conditions for different 
harmonics.  

 

    
 

(a)      (b) 

    
 

(c) (d) 
 

Figs. 4. (a) Spatial distribution of the ablation plume temperature at different irradiation times. 
(b) Spatial distribution of the ablation plume density at different times. (c) Spatial distribution of 
the ablation plume velocity at times. (d) Time dependent evaporation depth of the ablated target. 

5. Conclusions 

In this paper we present an analysis of high order harmonic generation in 
gas jets and also the evaluation of several parameters in order to obtain the highest 
conversion efficiency like: wave vector mismatches, concentrations of the gases, 
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length of the nonlinear medium and focusing parameters (focus length, beam 
radius at the waist). 
 The obtained parameters (wave vector mismatches, concentrations of the 
gases, length of the nonlinear medium and focusing parameters (focus length, 
beam radius at the waist) in the case of fifth and seventh order harmonics 
generation of a Nd3+:YAG laser radiation in mixtures of sodium vapors and xenon 
are in good agreement with the experimental results published in the literature.  

We also analyzed theoretically the properties of the ablation plumes 
conversion media produced with low intensity nanosecond laser pulses on Al 
targets in vacuum, in order to estimate the optimum conditions for HHG which 
are dependent on medium density and ionization degree. 
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