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ON VARIATIONAL INEQUALITY PROBLEM AND FIXED
POINT PROBLEM OF NONEXPANSIVE SEMIGROUPS
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In this paper, we introduce an iterative method for approximating a
common solution of variational inequality problem for pseudomonotone and Lips-
chitz continuous operators and fized point of nonexrpansive semigroups in the set-
ting of real Hilbert spaces. The proposed method does not need any Armijo-type
line search techniques but rather uses an easily implementable self-adaptive step
size techmique that generates non-monotonic sequence of step sizes. The strong
convergence of the sequence generated by the proposed method is proved. The iter-
ative algorithm and results presented in this paper improve the previously known
results of this area.
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1. Introduction

Let C' be a nonempty closed convex subset of a real Hilbert space H, let F: H - H
be a mapping. The variational inequality problem is to find a point z* € C such that

(x — 2" F(z%)) >0, VzeC. (1)

The solution of (1) is denoted by VI(C, F). It is easy to observe that
x* € VI(C,F) < z* = Po[z™ — pF(x¥)], where p>0.

It is well-known that problem (1) covers not only diverse theoretical disciplines such as
optimization problems, complementarity problems, equilibrium problems, and fixed point
problems but also practical ones such as the power control problem, signal recovery prob-
lem, engineering, economics, mathematical programming, and many more. Many authors
have studied and proposed several iterative algorithms for solving (1); see for example
6,7, 8,09, 11, 12, 18].
In 1964, Polyak [22] introduced the following inertial extrapolation process as a useful tool
for speeding up the convergence rate of iterative methods.

Tnt1 = Tp +a1(xy — xp—1) — agFx,, n >0, (2)

where a1 and a9 are two real numbers. In recent years, many researchers have extensively
used this beneficial concept to combine their algorithms with an inertial term in order to
accelerate the speed of convergence; see for example [1, 34]. By combination of the inertial
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type method, the viscosity method and the modified Tseng extra-gradient method Thong
et al. [31] introduced a Tseng’s extra-gradient method. It only needs to compute two
values of the inequality mapping and one projection onto the feasible set per iteration.
However, the control parameter requires to depend on the Lipschitz constant of F', which
cause to limits the applicability of the algorithm. Recently, many authors used a new
iteration step size rule in their algorithms to address variational inequality problems. For
example, M. Tian and M. Tong [30] introduced an algorithm with self-adaptive method
for finding a solution of the variational inequality problem involving monotone operator
and the fixed point problem of a quasi-nonexpansive mapping in real Hilbert spaces. Their
algorithm is described as follows:
compute

Wp, = Ty + an(xn - xn—l)

Yn = PC[wn - )\nF(wn)]y

T, ={x € H: (wy, — M\F(wp) — yn,x — yn) <0},
zn = Pr, [wn - )\nF(yn)L
Ln+1 = (1 - 6n)wn + BnT(Zn)v

where the stepsize A, is generated by

: pllwn—tn | :
Ay = 4 D (ress g ) i F(wa) # F ), 3)
n otherwise.
In 2024, K. Wang et al. [33] proposed a projection and contraction method with a double
inertial extrapolation step and self-adaptive step sizes to solve variational inequalities
with quasi-monotonicity in real Hilbert spaces. Let xg,x1 € C be arbitrary and choose
A1 >0,p€(0,1), 08,0, € (0,1). Set
Zn = Tp + 5(.%71 - xn—1)7
Wy = T + Hn(xn - xnfl)a
Yn = Polwy — A F'(wy)]
where |
. 12 wn_yn” :
)\n+1 — min (HF(wn)—F(yn)H 5 An) if F(wn) 7& F(yn)a
n otherwise.
If w, = yn = x, then stop. Otherwise, compute
Un = Wp — Yn — )\n(F(wn) - F(yn))
and
Tnt1 = (1 — a)zp + a(w, — ydpoy)
where

d :{W i v, 0,

otherwise.

It should be mentioned that the step size criterion (3) used in [30] and [33] generates a non-
increasing sequence of steps, which may affect the execution efficiency of this algorithm. To
overcome this drawback, a modified version of the step size criterion (3), which generates
a non-monotonic sequence of step sizes, was recently introduced in [16, 28, 29, 32]. Very
recently, B. Tan and S.Y. Cho [29] proposed two extragradient iterative algorithms using
inertial techniques to solve (1). Their algorithm is designed as follows: let xg,x; € C be
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oo
arbitrary and choose x € (0,1),6 > 0,71 > 0, and a sequence {7,,} satisfying Z Ty < 00,

n=1

{an} C (0,1) which satisfies the following conditions: le ayn =0 and Z ay, = o0.

n=1
Compute
Wy = Tp + en(xn - xn—l)
with 6,, such that
0, — { min (m’e) if ,, # xp_1,
0 otherwise.
where €, is satisfying the condition lim,, s ;—’; =0
Compute
Yn = Polwn — 1o F'(wn)],
and
zn = Pr,[wn — 7 F (yn)],
where
T, ={z € H: (wy, — T F(wn) — Yn, & — yn) < 0}.
Compute
Tp+1 = (1 — Op — Bn)wn + ﬁnzn
and update the step size 7,41 by
Tntl = { min (%’ Tn én) if F'(wn) # F(yn), (4)
™+ &n otherwise.

We introduce the following definitions which are useful in the following analysis.
Definition 1.1. The mapping T : C — H is said to be
(a) monotone if
(Tx —Ty,z —y) >0, Va,y € C;
(b) pseudomonotone if
(Te,y—2) >20= (Ty,y —x) >0,  Va,yeC;
(¢) monexpansive if
[Tz =Tyl < lz—yll,  Vo,yel;
(d) L-Lipschitz continuous if there exists a constant L > 0 such that
HT'T_TyH SLHx_y”¢ V.Z‘,yEC;
(e) contraction if there exists a constant 0 < k < 1 such that
[Te =Tyl < kllz —yll,  Vo,yed;

Another important problem is the fixed point problem for the mapping 7', which is
defined as follows:
find z € C suchthat Tx =z.

For several years, the study of fixed point theory has attracted considerable attention
and continues to generate great interest in the field of mathematics. By investigating
the properties and behavior of fixed points of mappings, many researchers have gained
a deeper understanding of these areas and have been able to establish connections and
develop new techniques; see for example [2, 3, 4, 5, 13, 25].
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A family Ty := {T'(s) : 0 < s < oo} of mappings from C into itself is called
nonexpansive semigroup on C' if it satisfies the following conditions:
(i) T(0)x = x for all z € C;
(13) T(s+1t)=T(s)T(t) for all s,t > 0;
(#1) [|T(s)x —T(s)y|l < |l — yl| for all z,y € C and s > 0;
(iv) for all x € C' and s > 0, s — T'(s)z is continuous.
The set of all the common fixed points of a family I', is denoted by Fix(T,), i.e.,

Fix(T'y) :={z € C: T(s)x = z,s > 0}.

The fixed point problem for a nonexpansive semigroup I’y is:

find z € C suchthat =z € Fix(T,). (5)

A nonexpansive semigroup I', on C is said to be uniformly asymptotically regular (u.a.r)
on C' if for all A > 0 and any bounded subset E of C,

Jim sup [T (n)(T(1)z) ~ T(B)a] = 0.

The fixed point problem for a nonexpansive semigroup becomes a multi-disciplinary sub-
ject, which has received much more attention nowadays. Many authors have analyzed
and studied iterative algorithms for approximating the solution of the (5); see for example

[10, 15, 24].

In this paper, motivated by the above results in the literature and other related results

in this direction, by the combinations of the extragradient method, viscosity method,

projection and contraction method, we propose an inertial extragradient algorithms with
non-monotone step sizes for approximating a common solution of variational inequality

problem (1) for pseudomonotone and Lipschitz continuous operators and fixed point (5)

of nonexpansive semigroups in the setting of real Hilbert spaces. Our contributions to this

paper include the following:

() Our method only requires that the underlying operator for the (1) be pseudomono-
tone, Lipschitz continuous and without the weak sequential continuity condition often
used in the literature.

(7i) Our algorithm does not need any Armijo-type line search techniques but rather
uses an easily implementable self-adaptive step size technique that generates non-
monotonic sequence of step sizes. This step size is formulated such that it reduces
the dependence of the algorithms on the initial step size.

(7i1) Our step size properly includes those in [16, 28, 29, 21, 31].

(tv) The proof of our strong convergence result does not rely on the usual “two cases
approach” widely used in many papers to prove strong convergence results.

(v) We do not need to assume the u.a.r condition employed by authors in the literature
to obtain our strong convergence result.

2. Preliminaries

In this section, we give some useful preliminary results which shall be used in estab-
lishing the convergence of our method in the sequel.

Lemma 2.1. [14] Let C be a closed convex of a real Hilbert space H. Then, the following
assertions hold:
(i) (u— Pcolu],v — Pelu]) <0, Vue HveC.
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(i) |Pelu] — Pelo]l2 < (Poful — Pelol,u—v),  Vu,v € .
(i) [ Pofu] = o]]? < lu— ol = Ju— Pofu]|?, Va0 € H.

Lemma 2.2. [20] Each Hilbert space H satisfies the Opial conditions, i.e., for any se-
quence {u,} with u, — u the inequality

lim inf |lu, —u| <lim inf |u, —o|| (6)
n—oo n—oo
holds for every v € H with v # u.

Lemma 2.3. [26] Let {b,} and {0,,} be two nonnegative real sequences such that
bpy1 < by +7,, Vn>1

If Y707 o Un < 00, then nh_)rgo by, exists.

Lemma 2.4. [23] Let {a,} be a sequence of non-negative real numbers, {k,} be a sequence

o0

of real numbers in (0, 1) with conditions Y, ky, = 0o and p, be a sequence of real numbers.
n=1

Assume that

an+1 < (1= Kp)ap + Enpn, Yn>1.

If imsupy,_, o ¢n, < 0 for every subsequence {an, } of {an} satisfying the condition
liminf(ap,+1 — an,) > 0. Then, lim a, = 0.
k—oo n—oo

Lemma 2.5. [27] Let C be a nonempty bounded closed and convex subset of a real Hilbert
space H. Let Ty :={T'(s) : 0 < s < 0o} from C be a nonexpansive semigroup on C. Then
for all h >0,
L[ 1 [t
lim sup H/ T(s)xds — T(h)(/ T(s)xds) H =0.
t=oogec It Jo tJo
Lemma 2.6. [19] Let H be a real Hilbert space. Then, the following assertions hold:
(i) Ju+o]? < ul?+2(w,u+tv),  VuveH.
(i) 2(u, v) = [Jull® + [[o]* = [lu = v|* = [lu+ vl = [Jul* = |[o[*, Yu,v € H.

Lemma 2.7. [35] For each u1,- -, upm € H and n1,- - -, nm € [0,1] with > n; = 1, the
following equality holds

m
Imut + - -+ N ||* = ZniHUiHQ - Z minllus — ujl]>.
i=1 1<i<j<m

3. The proposed method and some properties

In this section, we suggest and analyze our method for finding the common solu-
tions of (1) for pseudomonotone operators and common fixed point (5) of nonexpansive
semigroups. Let H be real Hilbert space, Let C' be nonempty closed and convex subset of
H.Let I' := {T'(t) : 0 <t < 00} be one-parameter nonexpansive semigroups on H. Let
[+ H— H a contraction mapping with constant k € [0,1). Let {a}, {Bn}, {0n}, {€n},
{tn}, {mn} and {p,} are nonnegative sequences satisfying the following conditions:

(a) an + Bn + 0, =1, and liminf,,_, 8,0, > 0;
(b) Let {e,} be positive sequence such that lim o 0;

n—00 Uy,
(c) 0 <ty < oo;
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oo
(d) @ € (0,1), lim o, =0 and ) ay = 003

n=1

o0
(e) nZ:lTn < 00, nlg]go pn = 0.
Assuming the usual conditions:
(C1) The feasible set C' is nonempty closed and convex.
(C2) The operator F': H — H be pseudomonotone and L-Lipschitz continuous on H and
satisfies the following property: whenever {z,} € C,z, — z*, one has ||F(z*)| <
liminf || F(z,)].
n—oo
(C3) The solution set Q = Fix(T,) VI(C,F) # 0.
We propose the following algorithm for finding the common solutions of (1) and (5).
Algorithm 3.1.
Step 0. The initial step:
Given x € (0,1),7 € (0,2),A\1 > 0,0 > 0, > 0, and let x_1, 9,1 € H be arbitrary.
Given xp—9, Tp—_1, Tn.
Step 1. Choose 0,, and w,, such that

en — min <9, m) if Tn ?é Tn—1, (7)
0, otherwise.
And
= X ( % m) if Tn—1 7# Tn—2, (8)
w, otherwise.
Step 2. Set

ap = Ty + O (T, — Tp1) + @n(Tp—1 — Tn_2),
and compute
zn = Polan, — M F(ay)],
if z, = a, then stop, a, is a solution of (1). Else, do Step 3.
Step 3. Compute
up = Pg,[an — Y AndnF (2n)],
where
Qn=1{z € H: {a,— MF(ay) — zn,x — 2z,) <0},

<anfznyvn> :
d, = TonllZ if vy, 7& 0, (9)
0 otherwise.
Up = Qp, — 2n — M (Fan) — F(zp)),
Step 4. Compute

1t
Tnt1 = A f(xn) + Bpun + 5nt/ T(s)unds.
0

n

Update

o (entx)llan—2n]] :
Ay = 4 ( Flan)—FE M T Tn) if F(an) # F(zn), (10)
An +Tn otherwise.

Set n:=n + 1 and go to Step 1.
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Remark 3.1. By condition (b), from (7) we we obtain

gonn - l‘n,1” < €p,

then
. Oy
lim — ||z, — 2p—1]| =0 (11)
n—oo
and
. w
lim MHxn_l — Tp_2|| =0 (12)
n—00 iy
Thus, there exist N1 > 0 and No > 0 such that
0
L wp — zp1|| £ N1,Vn €N (13)
Oln,
and
||
o H$n,1 — .Tn,Q” < No,Vn € N. (14)

n

Lemma 3.1. [17] Assume that (C1)-(C3) hold and {an} and {z,} are sequences generated
by Algorithm 3.1. If there exists a subsequence {an, } of {an} convergent weakly to a point
z € H and lim |ay, — 2zn, || =0, then £ € VI(C, B).

k—o00
To prove the global convergence for the proposed method, we need the following lemmas.

Lemma 3.2. Let {\,} be a sequence defined by (10). then, we have li_}m An = A, where

o
A€ {min <%,/\1),)\1 + ZTn} )
n=1
Proof. Since F' is L-Lipschitz continuous, when F'(a,) — F(z,) # 0 we have

(Pn 4+ X)llan — znl| > (Pn 4+ X)llan — znl| > X
[ F(an) = F(za)|l — Llan, — zn|| ~ L

Hence, from the definition of A, 41, the sequence {41} is bounded below by min (%, )\1>

and we have

o0
At SAn+ T S M+ T

n=1

It implies that
(o)
min (%,)\1> <A <A+ Z:lrn.
-

By Lemma 2.3, it follows that lim A, denoted by A = li_>m A exists. Clearly, we have
n [e.e]

n—oo
o0
A€ [min(%,)\l),)\l—i—ZTn}. O
n=1
Remark 3.2. It follows from Lemma 3.2 and condition (e) that

lim (1M>:1X>o, (15)

there exists ng > 0 such that for all n > ng, we have 1 — (pn 200 > PTX > 0.

)\n+l
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Lemma 3.3. Let {x,} be a sequence generated by the Algorithm 3.1 and x* € Q.
Then we have ¥Yn > ng

lun = 2*1* < lan = 2™ = llan = un — ydnonl®

—(2-17) (M) llan = znll. (16)

An+l

Proof. From (10) and Lemma 3.2 we have

loall = llan — 20 — An(F(an) — F(zn))]|
> |lan — zall = Al F(an) — F(za)|
+ x)A
>y — 2l - LAy
n+1
+ x)A
_ 1_M llan — 2n. (17)
An+1
From Remark 3.2 for all n > ng, we have
(1-x)
foall > B2 o — 2l (18)
Since z* € C' C @, then by lemma 2.1 we have
Jun — 2*I° = ||Pg,[an — YAndnF (20)] — Pg,[27]])?
< <un - .%'*, Gp — ’Y)\nan(Zn) - .I'*>
1
= S(llun— 21 + [lan — YAndn F(20) — %[> = lun — an + YAndn F(20)[?)

1 * * *
= 5(”“71 -z H2 + [lan — H2 — |lun — anH2 — 29 Andn Uy — 2%, F(21)))

which implies that

[un = 2*|? < [lan = &*|* = llun — an|® = 2¥Andn(un — 2%, F(20)). (19)
Since z, € C,x* € VI(C,F) we have (F(x*),z, —x*) > 0, and using the pseudomono-
tonicity of F, we get

(F(2zn),2n —2*) > 0.
This implies that
(F(zn),un — %) > (F(2n), un — 2n). (20)
On the other hand, from wu, € Q),, we have
(an, — A (F(an) — F(zn)) — 2Znytun — 2n) < (A F(2n), Un — 2n).

Thus

(Unytn — 2n) < A (F(2n), un — 2n). (21)
From (18) for all n > ng, we have v, # 0. This implies that

(an — 2zn,vpn) = dnanHQ,Vn > nyg. (22)

Then for all n > ng, we obtain
=29y (Un, Un — 2n) = —27dp(Un, an — 2n) + 27dp (Vn, an — Uy)
= =2vdy |[vn]?* + llan — wal® + Y23 ||vall? = llan — un — vdponlf?
= |lan — unH2 — llan — un — ’deUnHQ —7(2- W)dillvnHZ- (23)
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Using (20), (21) and (23), we get

—29dp A (F(2n) i — %) < =27ydp An(F(2n), un — 2p)
< lan — UnH2 = llan — un — 'deUnH2 —7(2 - ’V)dngUnHQ'
(24)
Putting (24) into (19), then for all n > ng, we have
lun = 22 < llan — 2> = lan — un = vdnval® = (2 = 7)d; |va]|*. (25)
From (10), we get
[vnll = llan — 20 — An(F(an) — F(z)]|
< lan = zall + Anl|F(an) — F(z0)|
An(pn + X
< lan =zl + 22X
n+1
)\n n +
- (1 + M) lan — zal. (26)
An+1
Using the definition of v, we have
(an = zn,vn) = |lan — Zn”2 — Anlan — 2n, F(an) — F(zn))
> lan = zall® = Mallan = zall| F(an) — F(z0)]
An(pn + X
> o — zal? = 220 g, o2
n+1
An(pn + X
= <1 — <)\)> lan — 2zn|% (27)
n+1
From (9), (26) and (27), then for all n > ng, we obtain
(1 _ Anipn+X)>2
dp|lvn* = s [lan =zl (28)

(1 i /\n(pn+x)>

)\n+1

Combining (25) and (28), we get the assertion of this lemma. 0

Lemma 3.4. Let {z,} be a sequence generated by the Algorithm 3.1 and x* € Q). Then
{z} is bounded.
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Proof. Since z* € Q by using condition (a), we obtain

[nt — 2% =

1 tn
an f(Tn) + Brin + 6717 / T(s)upds — x*
n JO

< apl|f(xn) — || + Bullun — x*|| + 0p ;/OtnT(s)unds—:E*
< ol f(zn) = F@)| + anll f(2F) = 27| + Bullun — 27|
+0d, /tn S)upds — z*
< OénkHwn—wHJrOéan( —x*H+ﬁnHun—x*H
+0n /tn S)upds — /tn z*ds
< Oén’f\lﬂ?n —z'[| + aan(l’*) — 2"+ (1= an)|lup — 27
< apkllen — 2| 4 anl[f (") — 27| 4+ (1 = on)lan — 27|. (29)

On the other hand, from (13) and (14), we have

lan, —2*|| = |lzn+ 0n(zn — Tp—1) + wn(Tn—1 — Tp—2) — =*||
N 0 w.
L] Gt LY L PP
Qo Qy,
< lan — 2| + an (N1 + Na). (30)

From (29) and (30), we have

[ =21 < anklln — 2]+ anll £2%) = 5* + (1= an) (12 — 2| + an(Ny + N2))
(1= (1= K)an)|zn = 27| + anl f(2") = 27 + (1 = an)an(N1 + No)

< (1= (1= K)an)llon — 2| + anll f(z%) — ]| + an(N; + Np)

(1= (= Bawlan — "] + a1 — kD= (T V)

1-k
wy f(@®) =% + (N1 + N2
max(||xn—x ||,H (z7) IH k( ))

IN

By induction on n, we obtain
o (&™) =2 + (N1 + No)
|| T %

Hence {z,} is bounded and consequently, we deduce that {a,},{zn}, {un}, {f(zn)} are
bounded. O

|xn — ¥ Smax(”xno - ),Vnzno.

4. Convergence Analysis

We now begin to analyze the strong convergence of the proposed method. Note that
the proof of strong convergence result does not need the two cases approach used in the
literature.

Theorem 4.1. Let {z,} be a sequence generated by Algorithm 3.1. Then, the sequence
{zn} converges strongly to & € S, where T = Pq[f(Z)].
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Proof. Let T € Q. From the definition of a,,, we get

llan — j||2 < lon — iH2 + [0 (2n — 2n-1) + @p(Tn-1 — xn72)||2 + 20, [|zn — Z||[|2n — Tp—|
+2|wp |77 — Z||[|[Tn-1 — Tn—2]|
< lon — 53”2 + Q%Hxn - $n—1”2 + wgnxn—l - xn—2||2 + 20n |2y — |||z — T
+2|@n|[|zn — Zll|en—1 — Zn—2ll + 20n|@nl|n — Tp-1ll[|Tn-1 — 22|
- 0 .0
= |lon - xHQ + O‘neanfcn - fcn—l”Q + 20Ty — x”inxn |
(879 (079
w |
el Z 1 — amall? + 20020 — 32 5y — 2l
Qo n
w
+2an9n| n‘ Hxn - xn—l”Hxn—l - xn—Q”
(079
- H-Tfn - i'HZ + anqqn (32)
where
GTL ~ n
G = Onllvn — 2p-a1l—zn — -1l + 2|20 — 2| — |77 — 01|
(679 Qp

|n| =

[t — nall + 2 — #2220y — 20s

H @ |21 — T2
n an

w
+20, |0 — Tp—1]| ||
«

|Zn—1 — Tp_2l|-
n

From (11) and (12) it easy to prove that

lim qq, = 0. (33)
n—oo
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Then from Lemma 2.7, Lemma 3.3 and (32), we have

[0t — 2|

IN

IN

IN

IN

IN

IN

IN

tn 2
on f(@n) + Bntn + 57% / T(s)unds — &
0

n

2

1 [t
/ T(s)upds — &
0

anllf(@n) — 2|2 + Bulltun — ||> + 6 -
n

1 2

tn
/ T(s)upds — up,
0

n

_/Bn(sn

2
an (IF@a) = F@I +1£@) = 2l) "+ Bulluwn -

I 1 [t ?
/ T(s)upds — / T(s)zds
tn Jo tn Jo

- ﬂnén
2
n (Kllzn — @l + 112) = 3ll)+ (1 = an)ljun — &
2

1 [t ?
/ T(s)upds — up
0

0.
+0n ™

1 [t
_Bn(sn - / T(s)unds — Up
tn Jo

nlln = 712 + an (20 = B (@) = 2l + 1) = 77) + (1 = an)jun - &
1 [t 2
tn Jo

anllzn — Z)* + an <2Hwn — #ll[[f(2) =zl + [1f(Z) - iIIQ) + (1= an)lan — 7|7

—Bnbn T(s)upds — up

An
—(1 = ap)llan = un = ydnonl® = 4(2 = 7)(1 - an) (1 + mii() lan = zall”

1 [t 2
— / T(s)upds — up
0

_Bnén tn

anlln = 7 + an (2lfn — FF@) — 2 + @) - &)

+(1 = an)(||7n — jH2 + anqqn) — (1 — ap)|lan — un — 'de”nHQ

1 — gutx\ 2 1 fte 2
2= =) (k| w2l = b | [ T(S)unds =
L+ & fnJo

lzn — Z[|* + a (2||:vn — 2|1 f(@) = 2l + 1 £(@) - ZII* + q4n

An
—(1 = ap)llan = un = ydnonl® = 4(2 = 7)(1 - an) (1 + mii() lan = zall”

1 [t ?
— / T(s)upds — up
0

_Bnén tn

Suppose that {||z,, — #||?} is a subsequence of {||z,, — Z||?} satisfying

lim inf <||:L'nk+1 — &% = |z, — :@HQ) > 0. (35)
k—o0
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From (34), we obtain

1 o pnk""X 2
)\nk+1
Py X
)\nk+l

(1 - ank)Hank — Uny — ’)’dnkvnkHz + 7(2 - 7)(1 - ank) ”ank - znkHz

1+

1 2

t,
— / T(s)tn, ds — tn,
tn, Jo

n

< Nan = &7 = l|znes1 = ZI* + am, <2lll‘nk — 2| f(@) = 2l + 1 f(@) - Z|* + qan>-

From above inequality and (35), and since lim «,, = 0, we have

n—oo
1 o ,l;\nk"!‘x 2
. ny+1
lim sup ((1 - ank)”ank = Uny, — 7dnkvnkH2 + '7(2 - '7)(1 - ank) Tkix ||a’nk - znkH2
k—o0 1+ 7)‘"IZ+1
1 [l 2
+Bny Ony / T(s)up, ds — tn, )
tnk 0
< timsup ([lan, = #7 = e = 77 + ang (2n, — FF@) = 2+ 1) = 317 + gane) )
—00
= —timinf (||oner1 = 72 = on, — 2)
k—o00
< 0

Recalling (15) and condition (a) we have

lim ||an, — tn, — ¥dn, Vn, || =0,
k—o0
lim Ha‘”k - Z”k” =0, (36)
k—o0
. 1 [t
lim / T(s)up,ds — up, || = 0.
k—o00 tnk 0

From (9) by using Cauchy Schwartz inequality, we have d, ||vn, || < ||an, — 2n,||. Then

lan, = un |l < llan, = tny, = Ydn,On, || + vdny [[vn, |
< ||CL7“L;c = Upy, — ’dekvnkn +’7Hank - an”
This implies that

lim ||apn, — un,|| = 0. (37)
k—o00

On the other hand, from (13) and (14), we have

lan, = Znll = |0n,(Tny — Tny—1) + @ny (Tny—1 — Tpp—2) ||
0 ||
< g (2 fome = mtl] + 2 et = 2
< oy, (N1 + No).

Thus

lim ||ap, — zn,]| = 0. (38)
k—o00
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Since
”unk - x”k” < Hunk - a"lc” =+ Ha’nk - xnkH

It follows from (37) and (38) that
lim ||y, — @, || =0. (39)
k—ro0

Further, for all A > 0, we see that

1 [t
mg — T(R)umy || < m—/'mmw
0

to
I L[t
n / ’“T( )unkdsT(h)(/ " T(5)tip, ds)
tny, ng J0
Nk
H T(s)unkds> —T(h)up, (40)
Using (36) and Lemma 2.5, we have
i [, — Tt | = 0. (41)

From the definition of x,, +1, we have

I
— / T(s)up,ds — T,
0

tn,

N

Hxnk-i-l - xnk” = anka(wnk) - xnk” + /BnkHunk - ‘rnkH + 5’%

IN

ank”f(xnk) - mnk” + (Bnk + 57%)”““19 - xnk”
I

— / ’ T(8)tn, ds — tn,
t x J0

n

+0n,,

It follows from (36) and (39) that

Jim [z, 1 = | = 0. (42)

Now, we prove that wy,(x,) C 2, where
ww(zy) ={xr € H : x,, = = for some subsequences {x,,} of {z,}}.

Since the sequence {z,} is bounded we have w,(x,) is nonempty. Let & € wy(zy).
Thus, there exists a subsequence {zy, } of {z,} such that x,, — Z as k — oo. Since

hm Hamc Zn, || = 0, we have that a,, — Z as k — oco. In view of hm llan, — 2zn,|| =0
1t follows from Lemma 3.1 that z € VI(C, F). Next, we show that z € Fix(T"). Since
khm | tun, — xn, || =0 (see(39)), we have u,, — T as k — oo. Now, for all » > 0 we have
—00

[tny, = T () 2| < NJtiny, = T () um [| + 1T ()i, = T(r) 2] < iy, — T () [| + [Jumy, — Z|
It follows from (41) that

liminf ||u,, —T(r)z| < liminf |u,, —Z|.
k—ro0 k—o0

By the Opial property of the Hilbert space H; (see(Lemma 2.2)), we obtain that T'(r)Z =
for all > 0, which implies that Z € Fix(I"). Since & € wy,(xy,), it follows that wy,(x,) C .
Next, we show that

lim sup(f(F) — %, Tny 11 — F) < 0.

k—o0
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Let a subsequence {xnkj} of {xy, } which converges weakly to some & € €, and such that

lim (f(Z) — &, 2, — ) =limsup(f(Z) — T, xn, — ).
J—00 J k—o0

Since {xnkj} converges weakly to Z € Q and & = Pq[f(Z)], it follows that

limsup(f(z) — Z, zp,+1 — T) = limsup(f(Z) — &, 2, — ) = (f(T) —Z,2 — %) <0. (43)

k—o00 k—o00

On the other hand, since Z € Q it follows from Lemma 2.6 that

onsr =32 = |

o (F (@) = F(8)) + B (g — 7) + O, <1 /O (8 Yume ds — )

tnk,1

2
(/&) —3)|

1 tng 1 2
< ‘ Oénk(f(xnk) - f(j?)) + /Bnk (Unk - i’) + 57% (t/ T(s)unkds — .i') H
nE,1 J0
+200,, (f(Z) — T, Tnpq1 — T)
< an |l f(xn) = F@N? + By lluny, — 2

1 t"k,l B 2 B B B
o ( /0 1T (), — T(s)x||ds> 20, (F(F) = & T a1 — &)

tnk,l

< ankkank - ‘%Hz + (1 - ank)Hunk - jHQ + 2ank <f(j) - 577xnk+1 - j> (44)
Using Lemma 3.3, (32) and (44), we get
Hxnk-l-l - i||2 < ankkHInk - fH2 + (1 - ank)”ank - 3}"2 + 2ap, <f(j) =T, Tyl — j>

< anhlln, = 72 + (1 = aw) ([2n, = 72+ Qo a0n, )

+2ank <f('%) - 5:7 Tng+1 — j)
q4qn,,

< (1= (1= k)an)llon, — &2+ (1 = b, ( G )~ Tt :z>>
R R )

2(f (&) ~&,@ny +1—F)
1—k

where oy, = (1 — k)oy, . Let o, = qqun,’; +

, it is easy to see that

(o)
g Ony, = oo,klin;o On, =0
ne=1

and from (33), (43), we obtain

lim sup ¢, < 0.
k—o0

Thus from (35) all the conditions of Lemma 2.4 are satisfied.

Hence we deduce that lim,, s ||z, — Z||* = 0. Consequently, lim,, oo ||, — Z|| = 0. There-
fore, x,, converges strongly to Z. This completes the proof. a
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