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MULTIVALUED TYPES OF KRASNOSELSKII'S FIXED 
POINT THEOREM FOR WEAK TOPOLOGY 

Cesim Temel1 

In this paper, we aim to prove some new results of Krasnoselskii's fixed point 
theorem for multivalued operators under weak topology acting in Banach spaces. In 
particular, the existence of fixed points of multivalued operator SL+  is discussed, 
where L  is based on the generalized D-Lipschitzian, S  has weakly sequentially 
closed graph, and LI −  may not be injective. 
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1. Introduction 
Recently, many authors have been interested in the various types of 

Krasnoselskii's fixed point theorem in Banach spaces [1-5, 9, 13, 14, 16, 18]. Using 
the combining of Banach and Schauder fixed point theorems, Krasnoselskii [16] 
proved that if operators L  and S of a convex subset U  of a Banach space into itself 
satisfy the following conditions: 

(i) S is a continuous and compact operator, 
(ii) L  is a contraction operator, 
(iii) USvLu ∈+ for each Uvu ∈, , 

then equation SuLuu +=  has a solution u  in U . 
Burton [9] improved the condition (iii) and proved that if SvLuu +=  for 

each Uv∈ , then Uu∈ . This result provides significant convenience in the 
applications of functional differential equation, integral equation and stability 
theory. The existence of the solutions of these nonlinear equations for weak 
topology was presented by the works [1, 2, 5, 14, 15]. In [12, 13], Dage introduced 
the multivalued version of Schauder's fixed point theorem and the fixed point 
theorems of multivalued operators in Banach algebras. In particular in [18], Liu and 
Li gave some results of Krasnoselskii's fixed point theorem in Banach spaces by 
approaching the operator with multivalued operators which are much more useful 
in finding out the inverse of operator. 

We introduce the solutions of nonlinear operator equations under weak 
topology of the form 
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),()( uSuLu +=    ,Uu∈        (1) 
where L  and S  are weakly sequentially continuous operators. 

We also establish the existence of fixed points of inclusions of 
Krasnoselskii-type multivalued operator for the weak topology of the form  

),()( uSuLu +∈    ,Uu∈        (2) 
where L  and S have weakly sequentially closed graph. 

It is well known that the single-valued and multivalued versions of SL +  
for the weak topology in Banach spaces may not be solved by the combination of 
the classic Schauder theorem and Banach fixed point theorem (see [1, 2, 5, 13-15, 
18]). In particular, such equations in the transport equation (or the growing cell 
population) may not be solved under weak topology in Banach spaces. So, we 
should establish suitable conditions to guarantee the existence of fixed points of the 
single-valued and multivalued types of the operator SL +  under weak topology on 
Banach spaces. 

This work aims to present some new results of Liu and Li [18] for the weak 
topology. The work also establish the existence of fixed points of multivalued 
operator SL + , where L  is based on the generalized D-Lipschitzian and S  has 
weakly sequentially closed graph. 

For this, the injectivity of LI −  plays crucial role in the solutions of 
operator equation SL + . Especially, it is very difficult to find the solutions of such 
equations in the weak topology when LI −  is not injective. As it is, the inverse of 

LI −  could be seen as a multivalued operator as mentioned in Avramescu [4]. In 
order to investigate the solutions of the single-valued nonlinear equation (1) 
according to the weak topology, we approach the single-valued operator equation 
with the multivalued operator, and then improve the results of Liu and Li [18] for 
the weak topology. In order to detect the existence of fixed points of the inclusion 
(2) relative to the weak topology, we introduce the concept of the generalized D-
Lipschitzian and prove a result for the fixed points of the multivalued operators. 

2. Preliminaries  

Let A  be a Banach space with zero element θ . Assume AAUL 2: →⊆  is a 
multivalued operator which assigns to each element Uu∈  a subset AuL ⊆)( , 
where A2  denotes the class of all subsets of A . Set )(UL  is identified by  

 Uu uLUL ∈= )()( . 
For every subset AV ⊂ , we put 

{ }∅≠∈=− VuLUuVL )(:)(1 . 
The graph of L  is determined by 

( ){ })( ,:,)( uL vUuAUvuLG ∈∈×∈= . 
Let ( ).,.Hd  denote the Hausdorff metric such that 
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{ }∞+ℜ→× AA
Hd 22:  

defined by ( ) ( ) ( ){ }vUdVudVUd VvUuH ,sup  ,,supmax, ∈∈=  
for each ( ) AAVU 22, ×∈ , where  

( ) vuVud Vv −= ∈inf,  and ( ) vuvUd Uu −= ∈inf, . 
Hausdorff space with the metric ( ).,.Hd is a metric space. 

Recall that an operator L  of A  into itself is called weakly compact if the 
closure of ( )VL  is weakly compact for each bounded subset AV ⊂ . An operator 
L  of A  into itself is called weakly sequentially continuous (w.s.c., for short) if for 
each weakly convergent sequence ( )nu  in A  with uu w

n → , there exists 
( ) ( )uLuL w

n → , where →w  denotes weak convergence. Let ( )ULcl  denote the 
the closure of ( )UL  and by ( )ULco  the closed convex hull of ( )UL . 

The multivalued operator UUL 2: →  is called weakly sequentially upper-
semicontinuous (w.s.u.sco., for short) if ( )VL 1−  is sequentially closed for weak 
topology in U  for any weakly closed subset V  of U . The operator L  is said to 
have weakly sequentially closed graph (w.s.c.g., for short) if for each 
( ) uuUu w

nn →⊂    ,  in U and for each ( )nv  with ( ) ( ) vvuLv w
nnn →∈   ,  in A  

implies ( )uLv∈ . 
Remark 2.1. Note that every single-valued operator AAUL →⊆=0  can be 
identified with a multivalued operator AAUL 2: →⊆  by setting ( ) ( ){ }uLuL 0=  
for each Uu ∈  (see [20, pp. 447]). 

It is seen that if for a weakly compact subset U of A , a multivalued operator 
UUL 2: →  is w.s.u.sco., then the operator L  is a weakly upper-semicontinuous 

operator (see [1, Theorem 2.2]). 
We shall require the following theorem (see[1, Theorem 2.3]). 
 

Theorem 2.2. Let U  be a closed convex subset of Banach space A . Assume 
UUL 2: →  is a weakly compact and w.s.u.sco. multivalued operator. Then L  has 

a fixed point in U . 

3. Krasnoselskii's fixed point theorem for weak topology by means of 
multivalued operators 

Here we present the existence of nonlinear operator equation (1) for weak 
topology in Banach spaces. In particular, we establish the weak topological version 
of the results of Lui and Li [18]. 

As the some main results of our work we give the following theorems. 
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Lemma 3.1. Let U  be a weakly closed convex subset of Banach space A . Let 
UUL 2: →  be a multivalued operator such that L  has w.s.c.g, and ( )UL  is 

relatively weakly compact. Then there is an ( )uLu∈  for some Uu ∈ . 
Proof. Since L  has a w.s.c.g. and ( )UL  is relatively weakly compact, then L  is a 
w.s.u.sco. multivalued operator on U . Therefore for any weakly closed subset V  
of U , )(1 VL−  is sequentially closed for the weak topology on U . Hence )(1 VL−  is 
weakly compact by [10, 13.1]. So, )(1 VL−  is a weakly closed set. Hence the 
multivalued operator L  is weakly upper-semicontinuous. Therefore if Arino et al. 
[2, Theorem 1] and Theorem 2.2 are applied to the multivalued operator L  on U , 
then there is an ( )uLu∈  for some Uu ∈ .      � 

 
Theorem 3.2. Let U  be a weakly closed and bounded convex subset of Banach 
space A . Assume operators AUSL →: ,  are w.s.c. such that 

(i) ( ) ( )( )ULIUS −⊂ , 
(ii) ( )US  is relatively weakly compact in U  
(iii) If ( ) vuLI w

n →− , then there is a weakly convergent subsequence 
( )

nku  of ( )nu . 
(iv) For all ( )( )ULIv −∈ , 

( ){ }vuLIUuWv =−∈= :  
is weakly closed convex. 

Then SvLvv +=  has a fixed point in U . 
Proof. If ( ) 1−− LI  exists on ( )US , then we obtain that ( ) 1−− LI  is a w.s.c. operator 
using assumption (iii). Hence, using assumption (i), the operator ( ) 1−− LI  of the 
space ( )US  into itself is defined by 

( ) ( ) ( )vSuLIv =−→ −1  
for each Uv∈ . Therefore if Boyd and Wong [7, Theorem 1] is used, then there 
exists an vuu =  in A  such that for each Uv∈ , 

( ) ( ) ( )vSuLI v =− −1  
This means that                               ( ) ( ) vv uvSuL =+ . 
Hence we obtain that Uuv ∈  using assumption (iv). It follows that we have  

( ) ( ) UUSLI ⊂− −1 . 
Since ( ) 1−− LI  and S  are w.s.c. operators, then ( ) SLI 1−−  is a w.s.c. operator. 
Moreover, since ( ) 1−− LI  is a w.s.c. operator and ( )US  is a relatively weakly 
compact set in U , then  
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( ) ( )( )USLI 1clco −−  
is a weakly compact set using the Krein-Smulian Theorem [10, 13.4]. Thus the 
operator ( ) SLI 1−−  is weakly continuous, and then using Arino et al. [2, Theorem 
1], we obtain that the operator ( ) SLI 1−−  has a fixed point vuu =  in U . 

If LI −  is not invertible, then ( ) 1−− LI  could be seen as a multivalued 
operator as mentioned in Avramescu [4]. Thus multivalued operator UUF 2: →  
can be defined by 

( ) ( ) ( )vSLIvF 1: −−=  
for any Uv∈ . By assumption (i), the multivalued operator F  is well defined. It 
suffices to show that F  is a w.s.u.sco. multivalued operator on U . For this, it will 
be shown that F  has w.s.c.g. Let Uu ∈  and sequence ( ) Uun ⊂  such that 

uu w
n → . Let ( )nn uFv ∈  with vv w

n → . If the definition of F  is taken into 
account, then we obtain that ( )( ) ( )nn uSvLI =− . Since LI −  and S  are w.s.c., then 
we have 

( )( ) ( )( )vLIvLI w
n −→−    and ( ) ( )uSuS w

n → . 
Hence it turns out that ( )( ) ( )uSvLI =− . Therefore we have ( ) ( )uSLIv 1−−∈ . It 
follows that the graph of F  is sequentially closed for the weak topology on U . 
Thus the multivalued operator F  has w.s.c.g. Thus, using assumption (iv), ( )uF  is 
a nonempty weakly closed convex set for each Uu ∈ . It will also be demonstrated 
that ( )UF  is relatively weakly compact. Let ( ) ( )UFvn ⊂  and ( ) Uun ⊂  such that 

( )nn uFv ∈ . By the definition of F , we have  
( )( ) ( )nn uSvLI =− . 

Since the operator S  are w.s.c., then for ( ) Uun ⊂  with uu w
n →  in U ,  

( ) ( )uSuS w
n → . 

By assumption (ii), there is a subsequence ( )
knw  of ( ) ( )nn uSw ⊂  such that ( )

knw  

converges weakly to ( )uSw∈ . In addition, since the operator ( ) 1−− LI  is w.s.c., 
then we get 

( ) ( ) ( ) ( ) ( )uFwLIwLI w
nk

∈−→− −− 11 . 
Hence there is a subsequence ( ) ( )nn vv

k
⊂  such that converges weakly to an element 

v  of U2 . Hence ( )UF  is relatively weakly compact. Since ( )UF  is relatively 
weakly compact and F  has w.s.c.g., then F  is a w.s.u.sco. multivalued operator 
on U . Using Lemma 3.1, we obtain that ( )uFu∈  for some Uu∈ . This shows that 

( ) ( )uSuLu +∈  for some Uu∈ .      � 
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Similarly, we can verify the proof of the following two results using the 
methods used in Theorem 3.2.  

 
Theorem 3.3. Let A  be a Banach space. Assume operators AASL →:,  are w.s.c. 
such that 

(i) ( ) ( )( )ALIAS −⊂ , 
(ii) S is a weakly compact operator, 
(iii) If ( ) vuLI w

n →− , then there is a weakly convergent subsequence  
( )

nku  of ( )nu . 
(iv) For all ( )( )ULIv −∈ , 

( ){ }vuLIAuWv =−∈= :   
is weakly compact convex. 

Then SvLvv +=  has a fixed point in U .  
 
Theorem 3.4. Let U  be a weakly closed and bounded convex subset of Banach 
space A . Assume operators AUSL →:,  are w.s.c. such that 

(i) ( )( ) ( )ULUSI ⊂− , 
(ii) ( )( )USI −  is contained in a weakly compact set of U ,  
(iii) If vLu w

n → , then there is a weakly convergent subsequence ( )
nku  of  

( )nu . 
(iv) For each ( )ULv∈ , 

{ }vLuAuWv =∈= :  
is weakly compact convex. 

Then SvLvv +=  has a fixed point in U .  

4. The fixed points of the sum of multivalued operators for weak 
topology  

Now we aim to give some results for the existence of the fixed points of the 
inclusion (2) of the multivalued operators in Banach spaces for weak topology case. 
This inclusion is based on the generalized D-Lipschitzian and the weak sequential 
closed graph of multivalued operators.  

For this, we need to the following definition and a result of multivalued 
operators with generalized D-Lipschitzian contraction.  

The multivalued operator UAUL 2: →⊆  is said to be the generalized 
contraction if ( ) ( )( ) vukvLuLd H −≤,  
for each Uvu ∈,  and fixed [ [1,0∈k . 
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Definition 4.1. The multivalued operator UAUL 2: →⊆  is said to be the 
generalized D-Lipschitzian if there is a continuous nondecreasing function 

++ ℜ→ℜ:Lτ  such that ( ) 00 =Lτ , for any 0>r , ( ) rrL <τ  and 
( )( ) ( ) ( )( ) ( )vuvLuLdvLud LH −≤≤ τ,,  for all Uvu ∈, . 

The generalized k-contraction is a generalized D-Lipschitzian, but the 
converse is generally not true. Therefore the class of the generalized k-contraction 
is a subclass of the class of the generalized D-Lipschitzian. 
Example 4.2. Let [ ]( )1,0,ℜ= CA  and assume that AAL 2: →  and 

[ ] [ ]1,01,0: →×ℜh  are defined by 
( )( )( ) ( )( ){ } ( ) ( ) ( ){ }ssususushsuL 23 sin, +−==  

for every Au∈  and ℜ∈s . 
The operator L  is a generalized D-Lipschitzian, but it is not a generalized k-
contraction: Assume for each Avu ∈,  and any ℜ∈s , 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )svsusvsusvsusvsusvsu ++≤−+=− 22222 2 .  
From this inequality, we have 

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )( )( )
( ) ( ) ( ) ( )( ).1                       

1                       
2

22

33

svsusvsu

svsusvsusvsu

svsvsususLvsLu

−−−≤

++−−=

+−−=−

 

Hence it follows that 
( ) ( )( ) ( ) ( )vuvuvuvLuLd LH −=−−−≤ τ21,  

by taking sup over s . This shows that the multivalued operator L  is a generalized 
D-Lipschitzian. 

Now for the rest of the assertion, suppose that the operator L is a 
generalized k-contraction. Therefore there is a [ [1,0∈k  such that 

( ) ( )( ) vukvLuLd H −≤,  
for each Uvu ∈, . Now let k−<< 10 ε  and AAW ×⊂  is identified by 

( ) ( )( ) ( ) ( ) ( ) ( ){ }ε−−=++= ksvsusvsusvsuW 1:, 22 . 
Since 

( ) ( )( ) vukvLuLd H −≤,  
for all Uvu ∈, , it is clear that ∅≠W . 
For given two constant valued functions 0u  and 0v  with ( ) Wvu ∈00 , , 

( ) ( )( ) ( ) 000000 , vukvukvLuLd H −>−+= ε . 
This is a contradiction. For this reason, the multivalued operator L  does not have 
to be a generalized k-contraction.  
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As the some main results of our work we give the following theorems. 
Lemma 4.3. Let U  be a nonempty weakly closed convex subset of Banach space 
A . Suppose that the multivalued operator UUL 2: →  is a generalized D-
Lipschitzian and has w.s.c.g. Then there is an ( )uLu∈  for some Uu∈ .  
Proof. Since L  is a generalized D-Lipschitzian, there is a continuous nondecreasing 
function Lτ  such that ( ) 00 =Lτ , for any 0>r , ( ) rrL <τ , 

( )( ) ( ) ( )( ) ( )vuvLuLdvLud LH −≤≤ τ,,  
for all Uvu ∈, . Hence, let Uu ∈0  and choose ( )01 uLu ∈  with 010 >−= uur  
and ( ) rrL <τ , 

( )( ) ( ) ( )( ) ( )101011 ,, uuuLuLduLud LH −≤≤ τ  
so that there exists an ( )12 uLu ∈  such that ( ) ( )2121 , uuuud L −≤ τ . If this process 
is continued, it can be constructed a sequence ( )nu  such that for any ℵ∈n , 

( ) 11 ++ −<− nnnnL uuuuτ  
and 

( )nn uLu ∈+1 ,   ( ) ( )11, ++ −≤ nnLnn uuuud τ . 
Since L  has w.s.c.g., then ( )uL  is a nonempty weakly closed set for all Uu∈ . 
Therefore if the continuity of function Lτ  with ( ) 00 =Lτ , and Boyd and Wong [7, 
Theorem 1] are applied to the last inequality, then we get 

( )( ) ( ) ( )( ) ( ) ( ) 00,,1 =→−≤≤+ LnLnHn uuuLuLduLud ττ  
as ∞→n . It follows that there is an ( )uLu∈  for some Uu∈ .  � 
Theorem 4.4. Let U  be a nonempty weakly closed convex subset of Banach space 
A . Assume UUL 2: →  and UUS 2: →  have w.s.c.g. such that the multivalued 
operators L and S satisfy  

(i) L  is a generalized D-Lipschitzian, 
(ii) ( )US  is relatively weakly compact, 
(iii) For each Uv∈ , ( ) ( )vSuLu +∈  implies Uu∈ . 

Then there is an ( ) ( )uSuLu +∈  for some Uu∈ .  
Proof. By assumption (i), there exists an inverse of LI −  such that it is continuous 
on ( )US . Moreover, by Lemma 4.3, we can define multivalued operator T  on U  
by 

( ) ( ) ( )





−=→

→
− .       

,2:  
1 vSLIvTv

UT U
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Thus the multivalued operator T  is well defined on U . Now let's show that 
( ) UUT ⊂ : Let Uu∈ and choose ( ) ( )uSLIw 1−−∈ , then there is ( )uSv∈ . It 

follows that ( ) ( )vLIw 1−−∈ . Hence we have ( ) ( ) ( )uSwLvwLw +⊆+∈ . 
As a result of assumption (iii), we can easily see that Uw∈ . Thus we obtain 
( ) UUT ⊂ . 

Now it will be shown that it is enough to prove that T  has w.s.c.g, and the 
set ( )UT  is relatively weakly compact: To see this, first we will verify that T  has 
a w.s.c.g. Let Uu∈  and ( ) Uun ⊂   such that uu w

n →  in U  and ( )nn uTv ∈  such 
that vv w

n →  in U . By the definition of T , we get  ( )( ) ( )nn uSvLI ∈− . 
Since L  has a w.s.c.g, and ( )uS  is relatively weakly compact for every Uu∈ , then 
( )( ) ( )uSvLI ∈− . Using Lemma 4.3, we have ( ) ( ) ( )uSLIuTv 1−−=∈ . 
This implies that T  is a weakly closed multivalued operator. It follows from the 
definition of LI −  and the weak closeness of the operator T  that ( )uT  is a 
nonempty weakly closed convex set for each Uu∈ . 

Then, we demonstrate that ( )UT  is a relatively weakly compact set. Let 
( ) ( )UTvn ⊂  such that for each Uu∈ , ( )uTvn ∈ . Using the definition of T , we 
get a sequence ( ) ( )uSzn ⊂  such that  ( )( ) nn zvLI =− . 
By taking into account assumption (ii), sequence ( )nz  has a subsequence which 
converges weakly to ( )uSz∈  . So, ( ) ( )nzLI 1−−  converges weakly to 

( ) ( ) ( )uTzLI ∈− −1 . 
Thus ( )nv  has a subsequence ( ) ( )nn vv

k
⊂  such that 0vv w

nk
→  in U2 . Hence 

( )UT  is relatively weakly compact. Therefore if T  has w.s.c.g, and ( )UT  is 
relatively weakly compact, then using Lemma 3.1, we have an ( )uTu∈  for some 

Uu∈ . This means that ( ) ( )uSuLu +∈  for some Uu∈ .    � 

5. Conclusions 
It is well known that the single-valued operator equation (1) and the 

inclusion (2) cannot have a solution without the certain conditions upon operators 
in Banach spaces. In particular, these types of nonlinear operator equations and 
inclusions in the transport equation (the growing cell population or the hereditary 
systems) may not be solved on Banach spaces. That’s why suitable conditions were 
established to guarantee the existence of fixed points of the single-valued operator 
equation (1) and the inclusion (2) on Banach spaces. For these, in order to find the 
solutions of the single-valued nonlinear equation (1) according to the weak 
topology, we approached the single-valued operator equation with the multivalued 
operator. Then we improved the results of Liu and Li [18] for the weak topology. 
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Then, in order to detect the existence of fixed points of the inclusion (2) with respect 
to the weak topology, the definition of the generalized D-Lipschitzian was 
presented for multivalued operators. Then we proved new multivalued types of 
Krasnoselskii’s fixed point theorem using the generalized D-Lipschitzian and the 
weak sequential closed graph of multivalued operators.  
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