U.P.B. Sci. Bull., Series A, Vol. 82, Iss. 1, 2020 ISSN 1223-7027

CONSTRUCTION OF CONTROLLED K-G-FUSION FRAMES IN
HILBERT SPACES

Gholamreza Rahimlou®, Vahid Sadri?, Reza Ahmadi®

Considering the itmportance and application of dual of frames, especially fusion
frames, which cannot be defined in the usual way, we try to investigate the concept of
dual for controlled generalized K -fusion frames.
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1. Introduction and Preliminaries

Controlled frames have been recently introduced by Balazs et. al [1] in Hilbert spaces
to improve the numerical efficiency of interactive algorithms for inverting the frame operator.
Afterwards, this topic has been generalized for g-frames, fusion frames and K-frames, e. g.
[9, 10, 11]. Generalized fusion frames or briefly g-fusion frames introduced by Sadri et al.
[13] are obtained from the combination of fusion and g-frames also. In this note, we first
introduce the concept of controlled K-g-fusion frames which are generalizations of controlled
g-fusion frames in Hilbert spaces. After characterizing and constructing these frames by a
bounded operator, we present the ()-dual of controlled K-g-fusion frames and we describe
how to create the Q-dual of these frames. Finally, perturbation of these frames will be
discussed.

Throughout this paper, H is a separable Hilbert spaces, B(H) is the collection of all
bounded linear operators on H, GL(H) is the set of all bounded linear operators on H which
have bounded inverses, GL ™ (H) is the set of all positive operators in G£(H) and K € B(H).
Also, 7y is the orthogonal projection from H onto a closed subspace V' C H and {H;}ier is
a sequence of Hilbert spaces, where I is a subset of Z.

Lemma 1.1. [8] Let V C H be a closed subspace, and T be a linear bounded operator on
H. Then

v T = my T gy
If T is unitary (i.e. T*T = Idy ), then

WWT = Tﬂ'v.

If an operator U has closed range, then there exists a right-inverse operator U
(pseudo-inverse of U) in the following sense (see [4]).
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Lemma 1.2. Let U € B(Hy, Hs) be a bounded operator with closed range Ryy. Then there
exists a bounded operator UT € B(Ho, Hy) such that

UU'z =z, zeRy.
Lemma 1.3. [5] Let Ly € B(H1,H) and Ly € B(Ha, H) be operators on given Hilbert
spaces. Then the following assertions are equivalent:
(1) R(L1) € R(L2);
(2) LiL; < XN?LaL} for some A > 0;
(3) there exists a mapping U € B(Hy, Hy) such that Ly = LyU.

Now, we review some definitions about K-g-fusion, (C,C’)-controlled g-fusion.
Definition 1.1 (K-g-fusion frame). [12] Let W = {W, };c1 be a collection of closed subspaces
of H, {v; }ic1 be a family of weights, i.e. v; >0, A; € B(H, H;) for eachi €l and K € B(H).
We say that A := (W;, A;,v;) is a K-g- fusion frame for H if there exists 0 < A < B < 00
such that for each f € H

AR FIP < o7 [N £ < BIIFIP.
i€l
Corresponding to this frame, the representation space is defined by
A = {{fitier : fi € H;, ZHLIIQ < oo},
i€l
with the inner product defined by
{3 Ag:d) =D (fingo).
i€l

Definition 1.2 ((C,C")-controlled g-fusion frame). [14] Let W := {W; }ie1 be a family of
closed subspaces of H and {v;};c1 be a family of weights i.e. v; > 0 for alli € 1. Let {H, }ic1
be a sequence of Hilbert spaces, C,C'" € SL(H) and A; € B(H, H;). Accr = (Wi, Aj,v;) is
a (C,C")-controlled g-fusion frame for H if there exist constants 0 < A < B < 0o such that
forall fe H

AJFIP <D v (Nmw, O f, Aimw, C ) < B f1*-

iel
2. (C,C")-controlled K-g-fusion frames

In this section, we introduce the concept of (C,C’)-controlled K-g-fusion frame on
Hilbert spaces and present the corresponding operators. Throughout this paper, C and C’
are invertible operators in GL(H).

Definition 2.1. Let W := {W,};c1 be a family of closed subspaces of H and {v;}ic1 be a
family of weights. Suppose that {H;}ic1 is a sequence of Hilbert spaces and A; € B(H, H;).
We call Aok := (Wi, Ay, v;) a (C,C")-controlled K -g-fusion frame (briefly CC'-K GF) for
H if there exist constants 0 < Accr < Beor < oo such that for each f € H
Aocr [KFI2 < 3 02 (N, C'f, i, Cf) < Bocr |11 M
i€l
Throughout this paper, Accrx will be a triple (W, A;, v;) with ¢ € T unless otherwise
stated. We call Accr i a Parseval CC’'-KGF if Accr = Boeor = 1 or, equivalently,

> vi(Nimw, C' f, Amw, Cf) = | K £,

i€l
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When K = Idy, we get a C, C'-controlled g-fusion frame for H. If only the second inequality
(1) is required, Accri is called a (C, C”)-controlled g-fusion Bessel sequence (briefly CC’-
GBS) with bound BCC’-

The synthesis and analysis operators are similar to those corresponding to controlled
g-fusion frame ([14]). So, if Accr i is a CC'-GBS, then

Tocor jf/Azl — H,
Teer (vi(C*wWiA;‘AmWi ') f) = w2 mw AT AT, C'

i€l
and
Téer  H— X3,
Tof = {vi(C mw, A Aimw,C")? fhier,
where
AR = {vi(Crw A Amw,C)2 f ¢ f € Hbier € (@D H)pe. 2)
i€l

Therefore, the frame operator is given by
SCC’f = TCC’TéC'f = Z U?C*FwiAfAiﬂWiC/f,
iel
and for each f € H,
(Scorf, £) =Y vH(C* mw A Nimw,C' £, f)
icl
= Z v (Nimw, C' f, Nimw, C f ).
iel
Hence
Acc KK* < Scor < Beerldy.
Now, we conclude that that the following result holds.

PI‘OpOSitiOIl 2.1. Let ACC’K be a CC'-GBS fO’I‘ H. Then ACC’K is a CC'-KGF Zf and
only if there exists Accr > 0 such that Scor > Aco KK*.

For CC’-KGF, like for K-frames, the operator Sces is not invertible and when K
has closed range, Sccr is an invertible operator (for more details, we refer to [12]). Assume
that K has closed range. Since B(H) is a C*-algebra, then S’aé, is positive and self-adjoint.
Now, for any f € Scc/(R(K)) we have

(K[, f) = (K[, SccSaenf)
= (Sccr (K ), Sgenf)
= O _viC mw A Aimw,C'K £, Sc o f)
i€l
=3 v{(Scl Crmw A Nimw, C'K f, f).
i€l
In the next results, we construct K-g-fusion frames by using a bounded linear operator.
Theorem 2.1. Let U € B(H) be an invertible operator on H such that U* commutes

with C,C" and let Accrx be a CC'-K GF for H with bounds Accr and Beog:. Then, T’ :=
(UW, Nimw, U*,v;) is a CC'-UK GF for H.
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Proof. Since U is invertible, UW; is a closed subspace of H for each i € I. For f € H, by
applying Lemma 1.1 with U instead of T, we have

Z v? <Ai7TWiU*7TUW1- C,f, A’iﬂ'WiU*ﬂ'UWi Cf> — Z U1‘2<Ai7TWiU*C/f, Asmw, U*Cf>
el i€l

< Bee'|lU

< Beor U1 £

So, I' is a g-fusion Bessel sequence for H. On the other hand,

ZU?<AiﬂWiU*FUWiC/f7 Nimw, U mow, Cf) = va(l\mwiU*C/f, Nimw, UCf)
i€l i€l

> Acor || KU f|1?

= Accr |(UK) fII?,

and the proof is completed. O

Corollary 2.1. Let U € B(H) be an invertible operator on H and U* commutes with C,C’
and K*, furthermore, let Accrx be a CC'-K GF for H. Then, T' = (UW;, Ajmw,U*,v;) is
a CC'-KGF for H.

Theorem 2.2. Let U € B(H) be an unitary operator on H which commutes with C,C’, and
let Accrie be a CC'-K GF for H with bounds Accr and Beer. Then, T = (UW;, A,U 1 v;)
is a CC'-(U~Y)*K GF for H.

Proof. Via Lemma 1.1, we can write for every f € H,
Acor |K* U P <Y oX (AU rgw,C' f, AU mow, C f) < Boe [UHP1 £
icl
O

Corollary 2.2. Let U € B(H) be an unitary operator on H which commutes with C,C’
and K*, furthermore Accrxg be a CC'-KGF for H with bounds Acc' and Bocr. Then,
= (UW;, AU Y v;) is a CC'-KGF for H.

Theorem 2.3. Let Accrx be a CC'-K GF for H with bounds Acc: and Bog: and let K
be closed range. Assume that U € B(H) is such that R(U) C R(K) and also U* commutes
with C,C". Then, T' = (UW;, i, U*,v;) is a CC'-K GF for H if and only if there exists
6 > 0 such that for every f € H,

IO FIl = Sl K" £

Proof. Assume that f € H and ' is a CC’-KGF for H with the lower bound D. So, by
Lemma 1.1, we get

DIK*fII* <Y o} (Nimw, U mgr=C' f, N, U gy C f)
el
= > v} (Amw, UC' f, Ny, U*C'f)
i€l
< Boor U 2.

Thus, |U*f]| > +/ ch/ [l f]|. For the opposite implication, we can write for all f € H,

U= fll = (B KU f| < IKF| KU f].
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Therefore,
Acer 8 (IKT| 2K fI1? < Acer [IKT| 21U £1?

< Aco||[K*U f|?

< v Amw, UC' f, A, UC f)
iel

= Z ’Ui2 <Ai7TWiU*7TU7VViO/f, AzWW,U*WWCf>
i€l

< Beor U1 £IIP-

The proof is completed. O

Theorem 2.4. IfU € B(H), R(U) C R(K) and Accrk is a CC'-K GF for H with bounds
Acc/ and BCC/; then ACC’K is a CC'-UGF fO?” H.

Proof. By Lemma 1.3, there exists A > 0 such that UU* < N> KK*. Thus, for each f € H
we have

[U*fII? = (UU*f, f) < X(KK*f, f) = N[ K* f||%.
It follows that

Accr
o U7 1P < D7 o (himw, C'f Aimw, Cf) < Beerll 11
i€l

|
Theorem 2.5. Let Accr = (W;, Aj,v;) and Occr := (W;,0;,v;) be two CC'-GBS for H
with bounds By and Be, respectively. Suppose that Tn and Tgo are their analysis operators

such that ToTX = K*, where K € B(H). Then, Accr and Occr are CC'-K GF and CC'-
K* GF, respectively.

Proof. For each f € H we have,
IK*FI|* = (K" f, K" f)?
= (Txf, T6K* f)*
< TR AIPITS K f1?
_ (Z V2 (A, O f, Aoy, C f>) (Z V2 (O, C'K* f, Oy, CK* f>)

i€l icl
< (X oBhimw O, A CF) ) Bo K 11

i€l

Thus,
BGHIE*fIP < 3 vf (Aimw, O f, Aymw, Cf ).
i€l

This means that Accr is a CC'-KGF for H. Since TaT§ = K, then similarly O¢cr is a
CC’-K*GF with the lower bound By '. O

Theorem 2.6. Let A := (W;,A;,v;) be a K-g-fusion frame for H with the frame operator
Sa moreover, suppose A is a CC'-GBS with its the frame operator Sccr. Then A is a
Parseval CC'-K GF for H if and only if C = (S, *)*U and C' = SV, where U,V are two
operators on H such that UV = KK* and p+q = 1.
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Proof. Assume that A is a Parseval CC’-KGF for H. It is clear that Sgor = C*S)yC’ and
Sccor = KK*. Therefore, for each p,q € R such that p+ ¢ = 1, we obtain

KK*=C*StsicC'.
We define U := (S%)*C and V := S{C". So,
UV =C*Sts5iC" = KK*.
Conversely, let U,V be two operators on H such that U*V = KK*. Let C* := U*S,” and
C’":= S,V be two operators on H where p,q € R and p+ ¢ = 1. Since,
KK* =U*V =C*S{S5C" = C*SAC' = Scer,

for each f € H, we have

K fIP = (KE*f. f) = Y o} {C*mw, A Nimw, C' . ),

iel

showing that, Agcr is a Parseval CC’-KGF for H. O

3. @-Duality of (C,C’)-Controlled K-g-Fusion Frames

In this section, we shall define duality of (C,C")-KGF and present some properties
of them.

Definition 3.1. Let Accr = (W;, Ai, v;) be a (C,C")-K GF for H with the synthesis operator
Tr. A (C,C")-controlled g-fusion Bessel sequence Occr := (Vi, ©;,w;) is called Q-controlled
dual K-g-fusion frame (or brevity Q-dual (C,C")-K GF) for Acc: if there exists a bounded
linear operator Q) : L%/AQJ — %@21, such that

TAQ*TE = KCC'. (3)
The following results present equivalent conditions of the duality with straightforward

proofs.

Proposition 3.1. Let O¢cr be a Q-dual (C,C")-K GF for Accr. The following conditions
are equivalent:

(1) TAQ*TE = KCC';;
(2) TeQTy = C™*C*K*;
(3) for each f, ' € H, we have
(KCF,C™f") =(T&f, QT ") = QTS f, T f').
Theorem 3.1. If O¢cr is a Q-dual (C,C")-K GF for Accr and CC'K = KCC', then ©ccr
is a C*-K*GF for H.

Proof. Suppose that f € H and Bger is an upper bound of Accs. Therefore,
IKfI* = (K f K
=[(C'Kf.C(C)HC™) K f)?
= [(KCC'f,(C*)"H(C™) T K f)?
= (TAQ* TS f, (C*)"H(C™) 'K f)?
= (T&f,QTX(C)~HC™) K f)I?
< TS FIPIQIPITA((C*) O™ T K f|?
< TS FIPIQIP Bee IO HPIC P K f1?
= |QI*Bec |CTHPIIC M PIK £I1P Y wi(@imy, Cf, @iy, Cf),

iel
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which completes the proof. (]

Corollary 3.1. Assume Cop and D, are the optimal bounds of ©ccr. Then
Cop 2 B IQIZICHT2ICTHIT? and Doy > A/ QIT2ICHI 2O,
where A,p and B,y are the optimal bounds of Accr.

Suppose that Acer is a (C,C')-KGF for H. Since Scor > Acor KK*, by Lemma
(1.3) there exists an operator U € B(H, e/"i/AQJ) such that
TeeU = K. (4)

Now, we define the j-th component of Uf by U; f = (Uf); for each f € H. It is clear that
U; € B(H,C*(W;)). By this operator, we may construct a some Q-dual (C,C’)-KGF for
Accr.

Theorem 3.2. Let Accr be a (C,C")-K GF for H and K € SL(H). If U is an operator as
in (4) and W, := = C*U;C*W; is such that O¢ = (W“Al,vl) is a (C,C")-K GF for H, then
O¢ = (Wl,Al,vl) is a Q-dual (C,C")-KGF for Accr.

Proof. Define the mapping
Uo : R(TH) = AR,
Wo(T f) = UCC'.

Then Uy is well-defined, since T§ f is injective because K € GL(H). Moreover,

[WoT f]]
[Wol| = sup ——
20 TS Sl
< sup JUCCTI
70 VAo | K f]]
[iCeine il
< sup
r£0 VAo [KH| 7 £l
_ ludere

= < ,
VAo K1 =

where Ag is a lower frame bound of ©¢cc:. Therefore, ¥ is a bounded operator. So, it has
a unique linear extension (also denoted by ¥() to R(T). Define

v {\IIO, on R(TE) )
0, onR(TE) g)
%)

and let @ := ¥*. This implies that Q* € B(#Z, %) and
TeoQ*TY = Toe VIE = Tee UCC! = KCC'.
O

Theorem 3.3. Let Accrix be a CC'-K GF with optimal bounds of Ao, and Boy, and K with
closed range. Then

Bop = ||ISccrll = |Tec I* . Aop = Dol 72,

where Uy is the unique solution of equation (4).
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Proof. By Lemma (1.3), the equation (4) has a unique solution, Uy, such that
|Uo||? = inf{a >0 | KK* < aToc Téer}
=inf{a > 0| |[K*f|* < ollTée fI? , f € H}.

Now, we have

Aop = sup{A > 0 | A|K*f|* < |Teo fIIP, f € HY

-1
(int{a >0 [ |1K*fI* < all Tz £, £ € HY)
= U] ~2.

4. Perturbation of controlled K-g-fusion frame

Perturbation of frames has been firstly discussed by Cazassa and Christensen in [2].
Recently, for K-g-fusion frames, Sadri et al. studied it in [12]. Now, we present some
perturbation of CC’-KGF.

Theorem 4.1. Let Accri be a CC'-K GF for H with bounds Accr and Beer and {©; €
B(H, H;) }ic1 be a sequence of operators such that for each f € H and i € 1,

[v:(C* v, Al A, C — C oy, OO, ') 2 F1| < Ao (CF mrww, Af Agrw, C) E f1+
+ Xa|oi (C*mw, ©; Oimw, C) 2 fI| + el K £,

2 < oo and 0 <

where, {ci}ic1 is a sequence of positive numbers such that B := 3, ;c;

M, Ao < 1. Then O¢cr is a CC'-K GF for H with bounds:

(1 =M)VAccr — B\? (1+X)vBeoo + BIIK|?
( 14 Ao ) ’ ( L=29 )

Proof. Let f € H be arbitrary. We have

[0:(C* 7w, O Q3w C')2 f]| = ||0i(C* 7w, ©F Oimw, €' — C* v, A Ay, C')2 f
+ v (C*mw, AT A, C) 2 |
< i (Cw, OO, O — C o, A A, C') 2 f|
+ [[0s(Cmw, A Asmw, C') 2 f |
< Mo (Cmw, A A, C' f || + )\2\Ivi(C*ﬂwiGZGiﬂ'ﬁviC’/)%fH
+ [ K Fl + 0s(C mw, AT A, C)2 .
Hence,
(1= )| (03 (C* 7w, O 0w, €)% f| < (1+ Ay) [Jwg (Cmw, Af Ay, )2 f|| + | K™ £
Since Accrk is a CC’-KGF, it follows that
TS0 fI? = [[vi(C* s Af A, ) £
= > v} {(Amw, C' f, Aw, Cf)

icl
< Boor | f1.
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Therefore,

. * * ) ! l . *
[[0:(C* 7w, ©F @i, ') 2 f|| < (L + M) [lvi(Crw, AT Aimw, C7) 2 f| + ci| K™ f]]

1— X2
< ((1 + Al)\/lB_Cf; +B”I(”)Hf“

Now, for the lower bound, we get
[0:(C* 1w, ©F i, C') 2 f| = [|vi(C* 7w, AT A, C')2 f — v (C o, AL Ay, C
— O, 0 0;mw, C") 3 f||
> |lo(C*mw, AT A, €)% ]|
— o (C mw, At Asrw, O — C* o, O Oy, ) % f |
> [0 (Cmw, A Asmw, €)% | = Aalloi (C*mw, A Asmw, C')? £
— o |i (C*w, ©F @imw, C') 2 f| — || K™ f].
Therefore
(1+ A2) s (C* 7w, ©; O, )2 f |
> (1= A)l|vs (CFmw, A Aimryw, )2 £l — el K I,
or
(1= X)) [Jvs (C*mw, AfAimrw, C)2 | — e[ K™ /|
14+ Ao '

|0 (C* T, ©; 0w, C') % f|| >
Since,
TS fI? = (i (C mw, Af A, C) 2 FII? = Acor | K* £,

it follows that

(1—XM)VAccr — B
14+ Ao

This completes the proof. O

o3 (€, 070w, )3 £ > ( I fll

Proposition 4.1. Let Accrxg be a CC'-KGF for H with bounds Acc' and Boor and
{©; € B(H, H;)}ic1 be a sequence of operators such that for each f € H and i €1,

[0 (C*myw, Af Ay, O — Cmyy, ©50,myy, C')2 | < e | K £,

¢? < o0o0. Then Occr is

where, {c;}ic1 is a sequence of positive numbers such that 3 := 3, c;

a CC'-K GF for H with bounds:

(VAcer = 8)? . (BIK|l + v/Boer ).
Proof. Forf € H we have
”'Ui(C*ﬂ'W,-@Z@ﬂrWicl)%fH = [|vi(C* 7w, 0] ©imw, C’ — C*WW,-A:Aiﬂ'WiCl)%f
+ 0 (C mw, AT A, ) 2 |
< |vi(C* 7w, O 0w, €' — Cmw, Al Ay, C') % |
o+ |0i (C 7w, A Agrw, ) 2 |
< BIK| + VBeoc)lIfl
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Therefore, Occ is a CC’-GBS for H. On the other hand,

[vi(C* 7w, ©; @i, C') % f| > (i (Cmw, A Aimaw, C') 2 |
— HU@(C*WMQA:A@WWLC/ — C*WWL@:@ZWWZC’/)%J"”

> (VAccer — BIK"fll,

and the proof is completed. O

Conclusions

The study of the controlled k-g-fusion frames shows that the emphasis on the Hilbert

spaces introduces a new idea.
Especially, the topic of the dual of frames which is important for frame applications has
been specified completely for those frames.
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