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CHARACTERIZATIONS, ADJOINTS AND PRODUCTS OF
NUCLEAR PSEUDO-DIFFERENTIAL OPERATORS ON
COMPACT AND HAUSDORFF GROUPS

M. B. Ghaemi!, M. Jamalpourbirgani? and M. W. Wong?

Characterizations of nuclear pseudo-differential operators from
LPr into LP2 on compact and Hausdorff groups are given for 1 < p1,ps < oo.
Euplicit formulas for the adjoints from LP2 into LP and products of nuclear
pseudo-differential operators from LP into LP, 1 < p < oo, on compact and
Hausdorff groups are given.
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1. Introduction

Let G be a compact and Hausdorff group on which the left (and right)
Haar measure is denoted by p. Let & be an irreducible and unitary represen-
tation of G' on a complex and separable Hilbert space X,. Since G is compact,
it is well known that X is finite-dimensional. We let d¢ be the dimension of
X¢. The number d; is also known as the degree of the representation £ of G

on X¢. Let G be the set of all (equivalent classes) of irreducible and unitary
representations of G, which is usually referred to as the dual group of G.
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Let f € LP(G), p > 1. Then we define the Fourier transform f, also
denoted by Fu f, of f by

:/ﬂ@&ww,geé
G

It is also well known that the Fourier inversion formula states that for a good
class of functions in L?(G), p > 1,

) = Y detr(€(@) f(©), weC.

ce@

The Fourier inversion formula can be looked at as a formula for the identity
operator on LP(G), p > 1, and as such, is a perfect symmetry that gives us the
identity operator on a suitable class of functions on G.

Good referenced for abstract harmonic analysis abound. See, for in-
stance, [12], [10] and [4] for abstract harmonic analysis in general and group
representations, dual group and the Fourier inversion formula in particular.

In order to obtain more interesting operators than the identity operator,
we need to break the symmetry using symbols o defined on the phase space
G x G. To wit, let o be a suitable function defined on G x G. Then for
every point (z,§) € G X G, o(z,€) is a d¢ x de matrix. We define the pseudo-
differential operator T, on G with Symbol o by

= detr(§(x)o (2, [(€), z€G.

ce@

The aim of this paper is to give characterizations of nuclear pseudo-
differential operators on compact and Hausdorff groups with applications to
products and adjoints of nuclear pseudo-differential operators on these topo-
logical groups, thus extending the results in [6] from the unit circle at the
origin to compact and Hausdorff groups.

In Section 2 of the paper, we recall the definitions and properties of
nuclear operators on Banach spaces as generalizations of trace class operators
on Hilbert spaces [3, 8, 9]. In Section 2 we give characterizations of nuclear
pseudo-differential operators on compact and Hausdorff groups. Adjoints and
products of nuclear pseudo-differential operators on compact and Hausdorff
groups are given in, respectively, Section 3 and Section 4. Of particular note
is that we can give explicit formulas for the adjoints in terms of the symbols,
thus improving the corresponding results for S in [6].

While the focus of this paper is on exact formulas, we end this section
by mentioning a related paper [5] on compact Lie groups giving sufficient
conditions on the symbols to insure the desired mapping properties of the
corresponding pseudo-differential operators. A point worth emphasizing is that
the results in this paper are true for compact and Hausdorff groups instead of
compact Lie groups. A recent paper [11] is devoted to the study of trace class
pseudo-differential operators on compact and Hausdorff groups.
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2. Nuclear Pseudo-Differential Operators on L*(G)

We first recall the basic notions of nuclear operators on Banach spaces.
Let T be a bounded linear operator from a complex Banach space X into
another complex Banach space Y such that there exist sequences {z/,}°°, in
the dual space X’ of X and {y,}>2; in Y such that

D @l llynlly < oo
n=1
and
Tx = Zx/n(x)yn, z e X.
n=1

Then we call T : X — Y a nuclear operator and if X =Y, then its trace tr(7T)
is defined by

() = 32, ().

It can be proved that the definition of a nuclear operator and the definition of
the trace of a nuclear operator are independent of the choices of the sequences
{z}o2, and {y,}>°,. A good reference is the book [7].

The main tool that we use is the following result in [1, 2, 3].

Theorem 2.1. Let (X1, 1) and (X, u2) be o-finite measure spaces. Then a
bounded linear operator T : LP*(Xy, 1) — LP2(Xo, u2), 1 < p1,pe < 00, 1S
nuclear if and only if there exist sequences {gn }2; in LP1 (X1, py) and {h, }22,
in LP?( Xy, uo) such that for all f € LP*(Xq, 1),

(Tf)(x) = . K(z,y)f(y) di(y), =€ X,
where

K(z,y) = ihn(w)gn(y), r € Xp,y € Xu,
and "

Z “gnHLPS (Xl,m)thHLpQ(Xmuz) < 0.
n=1
The function K on X3 x X; in Theorem 2.1 is called the kernel of the
nuclear operator T : LP* (X1, 1) — LP2(Xo, o).
Let (X, ) be a o-finite measure space. Let T : LP(X,u) — LP(X, ),
1 < p < 00, be anuclear operator. Then by Theorem 2.1, we can find sequences
{gn}2, in LP (X, ) and {h,}>, in LP(X, ) such that

n=1

Z HgnHLP’(X,M)thHL”(X,M) <0
n=1
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and for all f € LP(X, p),

(TF)(x) = /X K(e,9)f(y) duly), =€ X,
where
K(z,y) =Y ha(x)galy), x,y€X.

The trace tr(T) of T': LP(X, u) — LP(X, p) is given by

tr(T):/XK(:U,x) du(x). (1)

We can now give a characterization of nuclear pseudo-differential opera-
tors from LP'(G) into LP?(G), where G is a compact and Hausdorff group.

Theorem 2.2. Let o be a function on G X G, where G is a compact and Haus-
dorff group. Then the pseudo-differential operator T, : LP*(G) — LP*(G), 1 <
p1,p2 < 00, is nuclear if and only if there exist sequences {gip}72, € L (G)
and {hi}32, € LP*(G) such that

Z Hgk||Lp’1(G)||hk||LP2(G) < 0
k=1

and

o(2,8) = (2)" > hi(2)T(€)", (2.€) € G x G.

Proof. Suppose that T, : LP*(G) — LP*(G) is nuclear, where 1 < p;,py < o0.
Then by Theorem 2.1, there exist sequences {g;}5°, in LP1(G) and {h;}3°, in
LP>(G) such that

00
; HthLP2(G)||gk||LP’1(G) < 00

and for all f € LP(G),

(Tof)(x) = D> dy(n(@)o(z,m)if ()

nGG‘ i,j=1

_ / ST dy (o, m)n (@) f ) duty)

neG ii=1

= /G (th(:v)gk(y)> () duly) (2)
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for all x € G. Let £ be a fixed but arbitrary element in G. Then for 1 <
m,n < d¢, we define the function f on G by

fW) =&§W)nm, veG.

Since

jgé(y%mﬂﬂy%ﬂhdy)“é%

if and only if £ = n and n = ¢ and m = j, and is zero otherwise, it follows from
(2) that

(E@)o (@, ))um = Y hi(2) Ge(€))mn,  (2,6) € G x G.
Thus,
o(.6) = ()" Y h(@)g(€)", (x,6) €G < G.

Conversely, suppose that there exist sequences {g;}3, in L1(G) and {hy}32,
in L”?(G) such that

> el zos ol ot ) < o
k=1
and
o(2,6) = €)Y h(@)an(€)",  (x,6) € G x C.
Then for all f € LP1(G),

(Tof)(x) = Y detr(E(@)o(x,€)f(€))
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for all x € G. Using the Fourier transform of f, we obtain for all f € LP*(G),

The = [ S S deemic mnzhk )01 () du(y)

ceG nm=1
— / > detr(E(y) f(£)) Z hi(2)gr(y) du(y)
ce@ k=1

— /G (th(x)gk(y)> f(y) du(y)

for all z in G. Therefore by Theorem 2.1, T,, : LP*(G) — LP*(G) is nuclear. [

The following theorem is another characterization of nuclear pseudo-
differential operators from LP'(G) into LP?(G), where G is a compact and
Hausdorff group. In the proof given below, we use the fact that a compact and
Hausdorff group is unimodular and hence the left Haar measure and the right
Haar measure coincide. See [13].

Theorem 2.3. Let o be a function on G X G, where G is a compact and
Hausdorff group. Then the pseudo-differential operator T, : LP'(G) — LP*(G)
15 a nuclear operator for 1 < py,py < oo if and only if there exist sequences

{ge}52, in LPY(G) and {h )}, in LP*(G) such that

; ||hk||Lp2(G)||9k||LP’1(G) < o0

and for all x and y in G,

> " detr(E(x)o (2, E)EW)) =Y hi(x)gx(y)
k=1

e

Proof. Suppose that T, : LP(G) — LP?>(G) is a nuclear operator. Then by
Theorem 2.2, there exist sequences {g;}52, in LP1(G) and {h;}52, in LP?(G)
such that

D Wkl gell oy ) < 0
k=1
and

(&(x) th Jony  (2,€) € G x G,

for all n and m with 1 <n,m g d¢. Let y € G. Then

(@) (@, €))rmE G /5 )umE (Y nmzhk D)ge(2) dp2)
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and hence
de
Y de(€@)o (@, €))umé(Y)m
de 00
= /G Z dﬁg(z)nmg(y)nm th(x)gk(Z) d,u(z), ([K,f) e G x G

So, for all z and y in G,
> detr(é(x)o(x,€)E(y)") = / D detr(§(2)EW)) D () g(2) du(2).
¢ed ¢ ce@ k=1

Since

D detr(§(2)E(y)) = > detr(§(z -y
¢ed ced
= 5(Z'y_1)7 z,yEG,

where ¢ and - are, respectively, the Dirac delta and the binary operation on
the group G, it follows that

S detes(@ote. 6w = [ o) X ml@a) du)

_ /G 5(w) > hu(w)gi(w - ) dyu(w)

k=1

= Z hie(%) gk (y)

for all x and y in G. Conversely, let {gr}32; and {h;}?2, be sequences in,
respectively, L”1(G) and LP?(G) such that

; 1Pkl ozl gmll ot gy < 00

and for all z and y in G,

Y detr(E(@)o(x,€)E(m)) = Y hu(@)gn(y)-

ced
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Then for all f € LP1(G),

(T, f)(x) = ) detr(§(x)o(x,€)f(E))

= [ X3 delelw)o )€ ) )

{6@ m,n=1

= | T dar(e@ote. 06w ) duty)

— /G (th)gk(y)) fy) du(y)

for all z € G. This completes the proof. O

Theorem 2.3 gives the trace of a nuclear pseudo-differential operator from
LP(G) for 1 < p < oo. Indeed, we have the following well-known fact.

Corollary 2.4. Let T,, : L”(G) — L?(G) be a nuclear operator for 1 < p < oc.
Then the trace tr(7,) of T, is given by

7,) = [ 3 deteto(a.)duta).

e

Proof. By the trace formula (1) and Theorem 2.3,

tr(T,) = /Gzhk )gk(z) dp(z)

k=1

So,

w(T,) = / > detr(E(@)s(x) o, €)) dp(a)
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3. Adjoints

We give in this section a formula for the symbols of the adjoints of nuclear
pseudo-differential operators from LP'(G) into LP?(G) for 1 < pi,pe < o0,
where G is a compact and Hausdorff group.

Theorem 3.1. Let o be a function on G x G such that T, : LP'(G) — LP(Q)
is a nuclear operator for 1 < py1,ps < co. Then the adjoint T of T, is a
nuclear operator from LP2(G) into LP1(G) with symbol T given by

hi(€)Tr(z), (2,6) € G x G.

NE

7(, &) = &(x)”

i

1

Proof. Let f € LP*(G) and g € LP2(G). Then

| En@a@ ) = [ 1@ T,

So,
/G /GZst(é( o (2, )€ W) f(v) dply) | 9(x) dp(x)
= ), /@ / S dele@)(, €)EWoly) duy) | du(z).
ce@ iy=1

(1)

Now, let v and n be elements in G. Then for 1 <t,m<d,and 1 <n,l<d,,
we let f and g be functions on GG be defined by

f(@) =v(@)tm, =€G,
and

g(x) =n()u, z€q.
Therefore by (1),

/G (1)o7 (@ adia() = / &) @) @ 7)) adls(2)

and we get

/G (1) (2, 7)) el @ads(r) = /G (1) (@, 1)) e (2).

Thus,

(Yo (D)) (Wi = ()T (1)) (Ve (2)
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for 1 <t,m <d,, 1 <n,l <d, and all v and n in G. Since T, is a nuclear
operator, it follows that there exist sequences {g,}3°, in LP1(G) and {h;}32,
in L”?(G) such that

> 1Pl| o2 19kl o1 oy < 00
k=1
and for all (y,7) in G x G,
(7( Z hk mt, 1<m,t< dv-

So, for all (z,n) € G x G,
(@) (@) = > dytrly(@) ()7 (m)u) ()]

ve@

d’Y
= > dA@)m(((C)TC ) (1)) me

Hence for all (z,7) € G x G, we get by (2)

(@)@ m)u = Y Z dyy(@)em (Y () (7)) )" (1) -

veé’tmzl
S D) EENY Ko remr et
WEGmt 1
- Z;mZdv - /G S G @)ty
= Z and tl" )
=1 ~eG
= ZhA(W)ank( )
k=1
= > ha(n)ygn(z)

B
Il

1

for 1 <n,l <d,. Thus, for all (z,n) € G x G, we get

= > () Ge(w)
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and hence -
T(z,m) = n(@)* > h(n)Te(@).
k=1
O

As an application of Theorem 2.2 and Theorem 3.1, we give a criterion
for the self-adjointness of nuclear pseudo-differential operators.

Corollary 3.2. Let o be a function on G x G such that T, : L2(G) — L2(G)
is nuclear. Then T, : L*(G) — L*(G) is self-adjoint if and only if there exist
sequences {gx}22, and {h;}2°, in L?(G) such that

> lhwllze lgell 2y < oo,
k=1

> h(@)aR(€) =Y (&) Tr(x), (2,6 € G x G,
and . ::1
o€ =€) Y h(0)g(©)", (v.6) €GxG.

We can give another formula for the adjoints of nuclear operators and
another criterion for the self-adjointness of nuclear operators in terms of sym-
bols.

Theorem 3.2. Let o be a function on G x G such that Ty, : LP'(G) — LP2(G)
is nuclear for 1 < py, py < co. Then the symbol T of the adjoint T} : LP2(G) —
LP(G) is given by

€)= €)Y d, /G il (n)o (g, m)n(@)1E() duty),

neG
which is the same as

T(2,6) = @)Y dyir(o (o) () (@) (€)

776@
for all (x,€) € G x G.

Proof. Let T, : LP*(G) — LP*(G) be a nuclear operator for 1 < py,ps < oo.
Then there exist sequences {g;}2, in L1(G) and {h;,}, in LP?(G) such that

Z Hhk||LP2(G)||gk||LP/1(G) < 0
k=1
and for all (y,n) € G x G’

n(W)o(y,n) = he(y)ge(n)’
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or equivalently
(W)o(y, )" = he(y)Gu(n).

Let (z,€) € G x G. Then

tr[(n(w)o(y,m) (@) w) =D heW)E()trlge(n)n(x)].

So, for all (z,¢) € G x G,
/G tr[(n(y)o (v, m) n(@)Ew) duly) = > trlge(n)n(z)] /G R (y)E(y) dpp(y)
= Y (&) tr[ge(n)n ()]

Therefore by Theorem 3.1,

neé
= D he(©)" Y dytrlgi(mn(a)]
k=1 el
= ) &) Tu(x)
k=1
= &(@)7(z,€)
for all (z,¢) € G x G. O

We can also give another criterion for the self-adjointness of nuclear
pseudo-differential operators on compact and Hausdorff groups.

Corollary 3.4. Let o be a function on G x G be such that T, : L2(G) — L*(G)
is a nuclear pseudo-differential operator. Then T, : L*(G) — L*(G) is self-
adjoint if and only if

o(2,6) = ()" Y dy((te(o (-, )0 () n@) (€

ne@

for all (z,€) € G x G.

4. Products

The following theorem shows that the product of two nuclear pseudo-
differential operators on LP((G) is a nuclear pseudo-differential operator on
LP(G) for 1 < p < 0.
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Theorem 4.1. Let T, : L*(G) — LP(G) be a nuclear pseudo-differential oper-
ator, i.e., there exist by Theorem 2.2 sequences {g}3, in LP (G) and {hy}32,
in LP(G) such that

> Il zo@ gkl o @) < o0
k=1
and

)" ) he(@)gi(©)", (2.€) € G x G
k=1

Let T, : L*(G) — LP(G) be a bounded linear operator. Then T, T, : L*(G) —
LP(G) is a nuclear pseudo-differential operator Ty : LP(G) — LP(G), where

) Y K@)
for all (z,§) € G x G, where
= " trlp(x)r(z.)he(n)], =z €G,

ned

for all positive integers k.

Proof. Let f € LP(G). Then

(T, T, f)(« >

= Zdtr ()T, [ ()]

= ) dytr ln / > " detr(£(y )f(é)n(y)*du(y)]
nedG ted

for all x € G. Therefore using the nuclearity of T,

(TTTaf)({c)
= D dytr |7 / D> detr (Z T ()9 (€ )) n(y)” du(y)]
ne@ | ¢ed

= Z dotr | n(x)m(x,n) Z Z @(n)dftr(ﬁ(f)*f(f))]

ned ge@ k=1

- ZZngd te ()7 (e, )b (m)]ex ()" £ (€))
ceG k=1 nec

= D detr(€(@0)A@,O)f(€), =€,

ced
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where
M, &) = &) ) > dytrln(@)r(e, m)hi(n)]ge(6)"
k=1 776(;'
= &) ) hi(2)ge(€)”
k=1
for all (z,£) € G x G. This completes the proof. O
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