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ON SOME PROPERTIES OF RIGHT PURE (BI-QUASI-)HYPERIDEALS
IN ORDERED SEMIHYPERRINGS

by Z. Shao', X. Chen?, S. Kosari® and S. Omidi*

In this paper, we present the concept of pure hyperideals of an ordered
semihyperring and work with the k-extension of a bi-quasi hyperideal, which is a gen-
eralization of k-bi-quasi hyperideals of ordered semihyperrings. Moreover, we make an
extension of pseudoorders, and we expand the theoretical aspects by studying in depth the
quotient ordered semihyperrings. Our results include applications of the ordered semi-
hyperrings to construct ordered semihyperrings, using properties of weak pseudoorders.

Keywords: algebraic hyperstructure; ordered semihyperring; (right) pure hyperideal,
k-extension of a bi-quasi hyperideal.

MSC2020: 06F99, 16Y99, 20N20.

1. Introduction

By an ordered semihypergroup [21], we mean a semihypergroup (S,0) with a

(partial) order relation < such that
a<b=aoc<bocandcoa<cobforallabcesS.
If)#X,Y C S, then
X<Ye&eVeeX dJyeY;x<y.

We refer the reader to [21] for the definition and the related properties of ordered semihy-
pergroups. In 2015, Davvaz et al. [13] pioneered to study pseudoorders in ordered semihy-
pergroups. In [18], Gu and Tang initiated the study of ordered regular equivalence relations
in ordered semihypergroups. Later, Tang et al. [34] considered this concept and further in-
vestigated several results on ordered semihypergroups. Afterward, Rao et al. [30] presented
some properties of relative bi-(int-)I-hyperideals and used them to characterize regular or-
dered I'-semihypergroups.

Algebraic hyperstructures were introduced and investigated by Marty [25] at the 8th
Congress of the Scandinavian Mathematicians and studied extensively by many mathemati-
cians. Several books [7, 8, 10, 12] have been written on hyperstructures theory. In general,
hyperstructure theory has a wide range of applications in various fields, for example, see
[14, 15, 16]. Davvaz and Musavi [11] defined cyclic codes and linear codes over hyperrings.
The theory of semihyperring was first introduced by Vougiouklis [35] in 1990. In [23], Huang
et al. presented the concept of (ey, e, V ¢s)-fuzzy hyperideals in the context of semihyper-
rings. The principal notions of ordered semihyperring theory and some results can be found
in [26, 27, 28]. Recently, Rao et al. [29] studied some properties of (left) k-bi-quasi hyper-
ideals of ordered semihyperrings.
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Ameri and Hedayati [2, 20] studied a more restricted class of hyperideals in semihy-
perrings, which is called the class of k-hyperideals. In [19], ordered ideals were presented in
the sense of ordered semiring theory. In 1992, Sen and Adhikari [31] studied some properties
of k-ideals in semirings. The concept of k-extension of an ideal on a semiring (R, ®,®) was
introduced by Chaudhari et al. in [5, 6]. In [32], Sen and Adhikari studied some properties
of maximal k-ideals of semirings.

In [4], Changphas and Sanborisoot studied a class of ideals in ordered semigroups
which are called pure ideals. In [3], Changphas and Kummoon studied purity of ideals in
ordered semigroups. In [22], Hila and Naka studied pure hyperradical in semihypergroups
and proved some related results.

In 2019, Siribute and Sanborisoot [33] considered and proved some results on pure
fuzzy ideals in ordered semigroups. Kazanci et al. were interested in studing fuzzy hy-
perideals for a given ordered semihyperrings [24]. Following [1, 17], an ideal A of a ring
(R,®,®) is said to be right (left) pure ideal if for each a € A, there exists x € A such that
a=a@zx (a=x0®a). Previous studies on the pure ideals of algebraic structures motivated
us to study the pure hyperideals of ordered semihyperrings. Theory of pure hyperideals in
ordered semihyperrings is useful to explore new results associated with pure fuzzy hyperide-
als.

After an introduction, in Section 2 we summarize some notation and terminologies on
ordered semihyperrings. In Section 3, we introduce the concept of right pure hyperideals of
ordered semihyperrings and investigate some of their related results. Moreover, we introduce
k-extension of a bi-quasi hyperideal in ordered semihyperrings. Finally, by using ordered
regular equivalence relations on an ordered semihyperring we construct quotient ordered
semihyperring.

2. Preliminaries

Let us first give the following definition. An algebraic hypersructure (R, ®, ®),
where @ and ® are hyperoperations on R, is called a semihyperring [35, 9] when the following
axioms hold:

(1) (R, @) is a (commutative) semihypergroup;

(2) (R,®) is a semihypergroup;

(3) The hyperoperation @ is both left and right distributive over the hyperoperation @.
By zero of a semihyperring (R, @, ®) we mean an element 0 € R such that x®0 = 09x = {«}
andz©0=00z =0 for all z € R.

Definition 2.1. [26, 28] Let (R, ®,®) be a semihyperring and < a (partial) order relation
on R. Then (R,®,®, <) is an ordered semihyperring if

(1) foreverya<be R, a®c=<bPcandcDa=cdb for all c € R;
(2) foreverya<be R, a®c=bOcandc®a=cO®b forallc € R.

Here, if 0 # X, Y C R, then
XYeVeeX yeY;xz<y.

Let (R,®,®,<) be an ordered semihyperring. For a non-empty subset K of R we

define
(K] :={x € R|x <k for some k € K}.

For K = {k}, we write (k] instead of ({k}]. If A and B are non-empty subsets of R, then
we have (1) A C (4] (so, R = (R]); (2) ((A]] = (A]; 3) (AJo (B]C (A© BJ; (4) If AC B,
then (A] C (B].
Definition 2.2. [27] A non-empty subset K of an ordered semihyperring (R, ®,®,<) is
said to be a left hyperideal (resp. right hyperideal) of R if
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(1) (K, @) is a semihypergroup;
(2) ROK CK (resp. K©RC K);
(3) Ifre K and R>y <z, theny€ K, i.e., (K]|=K.
If K is both a left and a right hyperideal of R, then K is called a hyperideal of R.

Definition 2.3. [27] Let (R, ®,®, <) be an ordered semihyperring. A left hyperideal I of R
is called a left k-hyperideal of R if

Vael,VxeR, (adzx)NI#0D=zel.
A left hyperideal I of R is called a left k-hyperideal of type 1 of R if
Voel, Ve R, a®axCl=zel.

A right k-hyperideal (of type 1) is defined similarly. If a hyperideal I is both left and right
k-hyperideal (of type 1), then I is known as a k-hyperideal (of type 1) of R. Clearly, every
k-hyperideal is a k-hyperideal of type 1.

3. Right Pure (Bi-Quasi-)Hyperideals

In this section, we introduce various hyperideals of an ordered semihyperring,
as follows.
(1) Right pure hyperideals,
(2) Complete hyperideals,
(3) k-Extension of a bi-quasi hyperideal.

Furthermore, we study some results and provide some explicit examples to support our
definitions.

Definition 3.1. A hyperideal K of an ordered semihyperring (R, ®,®, <) is said to be a
left (resp. right) pure hyperideal if for every a € K, there exists b € K such that a <
b®a (resp.a<a®b).

Equivalent Definition. a € (K ®a] ( resp. a € (a ® KJ).
If K is both left pure and right pure hyperideal, then K is said to be a pure hyperideal of R.

Definition 3.2. A hyperideal K of an ordered semihyperring (R, ®,®,<) is said to be
idempotent if K = (K © K].

Lemma 3.1. Let (R, ®,®,<) be an ordered semihyperring. If K is a right pure hyperideal
of R, then K is idempotent.

Proof. We have

KOKCKORCK.
It implies that

(KOK]C (K]=K.

Now, let z € K. Since K is a right pure hyperideal of R, there exists y € K such that
r<zxOyCKOK. So, z <ufor some u € K® K. This means that € (K ® K]. Hence,
K C (K ® K]. This completes the proof. O

Definition 3.3. A hyperideal K of an ordered semihyperring (R, ®,®,<) is said to be
complete if K = (K © R] = (R© K].

Theorem 3.1. Let (R, ®,®, <) be an ordered semihyperring. If K is a right pure hyperideal
of R, then K is complete.

Proof. Let K be a right pure hyperideal of an ordered semihyperring R. By Lemma 3.1, K
is idempotent. So, we get
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K=(KOoOK|C(KOR|C (K|=K,
K=(KoOK|C(ROK|]C(K]=K.
Thus, (K @ R] = K = (R ® K]. Therefore, K is complete. O

Definition 3.4. A hyperideal K of an ordered semihyperring (R, ®,®, <) is said to be J-
pure if KN(I® R = (I ® K] and KN (R® Il = (K ©®I] for any hyperideal I of R. An
ordered semihyperring R is said to be J*-pure if every hyperideal of R is J-pure.

In the following, we see that under some conditions (for example, in J*-pure ordered
semihyperrings) complete hyperideals coincide with idempotent hyperideals.

Proposition 3.1. Let K be a hyperideal of a J*-pure ordered semihyperring (R, ®,®, <).
Then, K is complete if and only if K is idempotent.

Proof. If K is complete, then
K=KNK=KnN(K®R]=(KOoK]

This shows that K = (K ® K|. Hence, K is idempotent.
If K is idempotent, then by the proof of Theorem 3.1, K is complete. O

Lemma 3.2. Let (R, ®,®, <) be an ordered semihyperring. If K, I are right pure hyperideals
of R, then K N1 is a right pure hyperideal of R.

Proof. First ;,we show that K NI = (K ® I]. Since K is a right hyperideal of R, we
have K 1 C K ® R C K. It follows that (K ® I] C (K] = K. On the other hand,
KOICROICI. So, ( K®IIC(I]=1. Hence, (K ®I] C KNI. Now, let a € KNI.
Since [ is a right pure hyperideal of R, there exists x € I such that a <a®x C K ® I. So,
a € (K ®I] and hence K NI C (K ® I]. Therefore, (K ® 1] = KnNI.

Clearly, KNI is a hyperideal of R. Let a € KN 1. Since a € K and K is a right pure
hyperideal of R, there exists b € K such that a < a ® b. Similarly, there exists ¢ € I such
that a < a ® ¢. So, we have

6<a@c<(a®@b)®c=a® (o).
Since b©@c C KOOI C(KolIl=KnNI, weget KNI is a right pure hyperideal of R. O

Definition 3.5. A proper right pure hyperideal K of an ordered semihyperring (R, ®,®, <)
18 said to be purely prime if for any right pure hyperideals A1 and As of R, A1 NA; C K
implies A1 C K or A, C K.

Theorem 3.2. Let K be a right pure hyperideal of an ordered semihyperring (R, ®,®, <)
and x € R such that x ¢ K. Then, there exists a purely prime hyperideal P of R such that
KCPandx¢P.

Proof. Let A = {P : Pis a right pure hyperideal of R, K C P and « ¢ P}. Since K € A, we
get A # . Also, A is an ordered set under the usual inclusion. Let {P; : i € Q} be a chain in
A. Then P; C Pj or P; C P;, for all i, j € Q. We assert that J P; is a right pure hyperideal
1€Q
of R. Clearly, 0 € |J P;. Then, § # |J P;. Let a,b € |J P,. Then a € P; and b € P; for
i€Q i€Q i€Q
some i,j € Q. If, say, P; C P;, then both a, b are inside P;. Since P; is a hyperideal of R, we
get a®b C P;. It implies that a®b C |J P;. If, say, P; C P;, then both a,b are inside P;, so

1€Q
we have a @ b C P;. This means that a® b C |J P;. Similarly, we have a©b,b®a C |J P;.
i€Q i€Q
Also, (UP)OR=JUPOGRCJUPandRO(UP)= U RGP C | P. So, for
i€Q ieQ i€Q i€Q i€Q i€Q

eachae |J P,andr € R,a®r C |J P;. Similarly, r ©a C |J P;. On the other hand,
i€Q i€Q i€Q
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(U PRl=U(E]=U P

1€Q 1€Q i€Q

Hence, |J P; is a hyperideal of R. Now, let a € |J P;. Then, a € P; for some i € . Since
icQ i€Q
P; is a right pure hyperideal of R, there exists b € P; C |J P; such that a < a®b. Therefore,
1€

J P; is a right pure hyperideal of R. Since each P; € A contains K and x ¢ P;, we have
1€Q

KC |JP andz ¢ |J P. Hence |J P; € A is an upper bound for chain {P; : i € Q}. By

i€Q i€Q i€Q

Zorn’s Lemma, A has a maximal element, say M, such that M is a right pure hyperideal of
R, K C M and = ¢ M. Now, we claim that M is a purely prime hyperideal of R. Let A;
and A be right pure hyperideals of R such that Ay N Ay C M, Ay ¢ M and Ay € M. Then
M C A;UM(@i =1,2). By the maximality of M, we have z € Ay UM and x € Ay U M.
Since z € A; UM and x ¢ M, we have z € Ay N Ay. Since x ¢ M, we get Ay N Ay & M,
which is a contradiction. Therefore, M is a purely prime hyperideal of R. g

A non-empty subset A of an ordered semihyperring (R, ®, ®, <) is called a left (resp.
right) bi-quasi hyperideal [29] of R if (1) A is a subsemihyperring of R; (2) (RO AN (A®
ROA]C A (resp. (AORIN(AGOR®A]CA); (3) (4 C A

Remark 3.1. A bi-quasi hyperideal A of an ordered semihyperring (R, ®,®, <) is called a
k-bi-quasi hyperideal if for any a € A and x € R, from (a®x)NA # 0 it follows x € A. It is
clear that every k-bi-quasi hyperideal of an ordered semihyperring R is a bi-quasi hyperideal
of R.

Next example shows that the converse of Remark 3.1 does not hold in general.

Example 3.1. Set R = {a,b,c,d}. Define the hyperaddition @, multiplication ® and the
(partial) order relation < on R as follows:

P | a b c d ®la b ¢ d
ala b c d ala a a a
b|b {bc} c d bla b b b
c|ec c {a,c} d cla ¢ ¢ ¢
d|d d d {a,d} dla d d d

<= {(av a)> (ba b)7 (C, C)v (dv d)}
Under the identity relation, x < y if and only if x =y, it is observed that (R, ®,®, <) is an
ordered semihyperring. Put A = {a,d}. We have

(1) A is a bi-quasi hyperideal of R. Indeed:
(A-RNn(A-R- A

1NN iN
=53
=5

S

=

Clearly, A is not a k-bi-quasi hyperideal of R. Indeed:
d®@c=de Abut cé¢ A.
(2) A is not a left hyperideal of R, since R© A= R® {a,d} =R ¢ A.
Definition 3.6. Let A be a left bi-quasi hyperideal of an ordered semihyperring (R, ®,®, <).
A left bi-quasi hyperideal K of R with A C K is said to be a left k-extension of A, if
Va€ ANr€R, (adr)NK#0=>rekK.

A right k-extension of A is defined similarly. If a hyperideal K is both left and right k-
extension of A, then K is known as a k-extension of A.
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Definition 3.7. Let A be a bi-quasi hyperideal of an ordered semihyperring (R, ®,®,<). A
bi-quasi hyperideal K of R with A C K is said to be a k-extension of type 1 of A, if

Vaec AVreR, (adr)CK=reckK.
Remark 3.2. Every k-bi-quasi hyperideal A of an ordered semihyperring R containing a

bi-quasi hyperideal I of R is a k-extension of I. Also, every bi-quasi hyperideal of an ordered
semihyperring R is a k-extension of {0}.

Example 3.2. In Ezample 3.1, K = {a,d} is a right k-extension of I = {a}.

Definition 3.8. Let (R, ®,®, <) be an ordered semihyperring. A left bi-quasi hyperideal K
of R is said to be a left pure left bi-quasi hyperideal if

Vee K,yeK st. c<yOuxie,xze (KO
Right pure right bi-quasi hyperideals are defined similarly.

Example 3.3. In Exzample 3.1, it is easy to show that K = {a,d} is a pure bi-quasi
hyperideal of R.

Example 3.4. Consider the ordered semihyperring R from Example 3.1. Then I = {a,b, c}
s a pure right bi-quasi hyperideal of R.

Example 3.5. Set R = {0,a,b,c}. Define the hyperoperations ®, © and (partial) order
relation < on R as follows:

@0 a b c ©10 a b c
010 a b c 00 0 0 0
ala a a a a|0 a {00} O
blb a {06} {0,bc) b0 0 0 0
cle a {0,b,c} {0,c} ¢ |0 {0,c} 0 0

< = {(07 0), (07 a)? (07 b)’ (O’ C)’ (av a),
(b,a), (b,b), (c,a),(c,c)}.

Then, (R,®,®,<) is an ordered semihyperring. The covering relation and the figure of R

are given by <= {(0,b), (0,c¢), (b,a), (c,a)}.

a

0
(1) Clearly, B ={0,b,c} is a k-extension of a bi-quasi hyperideal A = {0,b}.
(2) It is easy to check that A = {0,b} is not a k-bi-quasi hyperideal of R. Indeed:
bdc={0,b,c}NA#0and be Abutcd¢ A
Let I = {0}. Then, A is a k-extension of I.

(3) It is easy to see that A is a k-bi-quasi hyperideal of type 1 of R, but it is not a k-bi-quasi
hyperideal of R.

Example 3.6. Let us continue with the semihyperring (R, ®,®) in Example 3.5. We set

<= {(07 0)7 (av a)a (bv b)v (Cv C)}
Then, (R, ®,®, <) is an ordered semihyperring. K = {0, a,c} is a right pure left hyperideal
of R, since 0 <00 a,a<a®aandc<c®a. But{0,a,b} is not pure right hyperideal of
R, since there is no element x € {0,a,b} such that b <b© x.
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Definition 3.9. Let (R,®,®,<) be an ordered semihyperring. A relation o on R is called
a weak pseudoorder if

(1) <Co;

(2) (a,b) € o and (b,c) € o imply (a c)€o for all a,b,c € R;

(3) (a,b) € o implies (a ® x) 0 (bD ) and (x @ a) T (x ®b) forall a,b,x € R;

(4) (a,b) € o implies (a © )T (b® x) and (z © a)d (x @ b) for all a, b,z € R;

(5) (a,b) € 0 and (b,a) € o imply (a® z)o (b z) and (x $ a)o(z ®b) for all a,b,x € R;
(6) (a,b) € o and (b,a) € o imply (a © x)a(b© x) and (x © a)o(x ©b) for all a,b,x € R.

Here, if U and V' are non-empty subsets of S, then
UGV e VueU JveV;(uw) o,
and
UsV & VYuecU,JveV;(u,v) €c and (v,u) €o &Y' € V,3u e U; (v ,u') € o and
(u',v") € 0.
A relation o on R is said to be a pseudoorder if for all a,b,c € R, it satisfies (1),
(2), (3) (a,b) € o implies (a ® c)a(b ® c) and (¢ ® a)a(c D b), and (4) (a,b) € o implies
(a®c)a(b®c) and (c® a)g(c®b). Note that if U and V are non-empty subsets of R, then
UcV & VueUWv e V;(u,v) € 0.
The main purpose of the following theorem is to present a strategy to construct of
ordered semihyperrings based on the ordered regular equivalence relations.

Theorem 3.3. Let o be a weak pseudoorder on an ordered semihyperring (R, +, -, <). Then,
there exists a reqular equivalence relation

o* ={(a,b) € Rx R | aob and boa}
on R such that (R/c*,®,®, =) is an ordered semihyperring, where
<:={(c*(x),0*(y)) € R/o* x R/c* | Ja € 0*(x),3b € 0*(y) such that (a,b) € o}.
Proof. The proof is similar to the proof of Theorem 3.8 in [34]. ]

In the following, we construct an ordered regular equivalence relation ¢* on an ordered
semihyperring (R, @, ®, <) such that the corresponding quotient structure (R/o*, @p+, Ogx, <o
) is also an ordered semihyperring. Throughout this example the notation R stands for an
ordered semihyperring without zero.

Example 3.7. Let R = {a,b,c,d,e}. Now, to make this set more interesting, we want
to define an ordered semihyperring. Define the hyperoperations @,® and (partial) order
relation < on R as follows:

a b c d
{b,c} {b,d} {b,d} {b,d}
{v,d} {b,d} {b.d} {b,d}
{o,d} {b,d} {b,d} {b,d}
{o,d} {b,d} {b,d} {b,d}
{b,d} {b,d} {b,d} {b,d}

a b c d e
{b,d} {b,d} {b,d} {b,d} {b,d}
{b,d} {b,d} {b,d} {b,d} {b,d}
{b,d} {b,d} {b,d} {b,d} {b,d}
{b,d} {b,d}t {b,d} {b,d} {b.d}
{o,d} {b,d} {b,d} {b,d} {b,d}
< ={(a,a),(a,b),(b,b),(c,b),(c,0),
(c.d), (d.d), (e, d), (e, €)}.

o0 oolf

D O O d O

o 0 oe|@®
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Then, (R,®,®,<) is an ordered semihyperring. The covering relation and the figure of R
are given by == {((1, b)a (C, b)a (C7 d)7 (6, d)}

a c e
We observe that R has no proper 2-hyperideal. Set

o :={(a,a),(a,b),(b,a),(bb),(c,b),(c,c),(c,d),(d,c),

(d,d), (e,d), (e, e)}.

Then o is a weak pseudoorder on R. Clearly, o is not a pseudoorder, since (a & a)a(b® a)
doesn’t hold. Indeed:

(a,b) € o,a®a={b,c} and b®a = {b,d} but (b,d) ¢ o
We can now set

c* ={(a,b) e Rx R | (a,b) € o and (b,a) € o}
={(a,a),(a,b), (b,a), (b,b), (¢, c),

={(¢,d),(d,c),(d,d), (e,e)}.

If we take l; = {a,b}, la = {c,d}, and I3 = {e}, then R/o* = {l1,l2,13} is still an ordered
semihyperring by Theorem 3.3, where @y, Og+ and Sy« are defined by:

D= Iy la I3 Og* Iy la l3

Lo | {h Ly {h. L} I3 Lo | {h Ly {h.L} {hl}
lo | {li,l} {li,lo} I3 lo | {li,l} {l,la} {l,la}
ls | {li,l} {li,lx} I3 Is | {li,l} {lL,lo} {l,ls}

jo’*: {(117 ll)7 (llv l2)7 (127 12)7 (l37 12)7 (l37 ld)}
The covering relation and the figure of R/c* are given by <= {(l1,12), (I3,12)}.

ly

7N

l I3

4. Conclusions

In this paper, we studied the concept of a pure hyperideal of an ordered semihyperring.
Also, we prove that if K is a hyperideal of a J*-pure ordered semihyperring, then K is
complete if and only if K is idempotent. Also, we introduced the notion of weak pseudoorder
and then we obtained some related basic results. For future work, it will be interesting to
study pure fuzzy hyperideals and purely fuzzy prime hyperideals in ordered semihyperrings.
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