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ON THE IMPLEMENTATION OF RESONANT
CONTROLLERS IN CONTINUOUS AND DISCRETE TIME
DOMAINS

Sergiu OPREA!, Constantin RADOI?, Dan-Alexandru STOICHESCU?®

This paper analyses the implementation of resonant controllers in the
continuous (analogue) and discrete (digital) domains. The authors present some
topologies that can be used for implementing the resonant controllers in
fundamental domains, s and z. The effects of various processes like the discretization
and quantization are also discussed. The performances of proposed topologies are
evaluated by simulations and by measurements performed on the developed
hardware platform.
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1. Introduction

The resonant control was proposed as an alternative for the control of
static power converters that operate with time-vary reference signals like inverters
[1], controlled rectifiers [2], active power filters (APF) [3] and power factor
correction circuits (PFC) [4]. The advantage of this kind of control over the
classical method of using Proportional-Integral (P1) controllers in Synchronous
Reference Frame (ScRF) is the simplicity. Fig. 1 presents a typical control system
for a three-phase inverter using Pls in ScRF. The complexity of this approach is
very high due to the presence of multiple reference frame transformations. These
transformations are necessary in order to ensure the elimination of stationary error
by PI controllers in case of time-varying signals. In this case the system is
balanced; if the system is unbalanced the complexity of the control system is even
higher because the symmetrical components must be extracted. The selective
harmonic elimination in case of APFs requires also a complex implementation if
the PI controllers in SCRF are used; each Park transform requires his own angular
frequency that corresponds to the frequency of the harmonic that must be
eliminated.
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The Proportional-Resonant (PR) controllers belong to the class of resonant
controllers and operate directly in the Stationary Reference Frame (StRF). The PR
controller provides the same performance as the PI controller in ScRF being able
to eliminate the stationary error for time-varying signals. A control system based
on PRs is presented in Fig. 2. The complexity is greatly reduced, the entire control
system operating now in StRF. The PR controller acts on both sequences (positive
and negative) for unbalanced systems; so, the complexity of the control system is
greatly reduced, and it is not necessary to explicitly extract the symmetric
sequences.
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Fig. 1. A typical control system for a three-phase inverter using Pl controllers in SCRF
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Fig. 2. A typical control system for a three-phase inverter using PR controllers

The Laplace domain form of a PR controller is:

GC(s) = Kp+KR——— )

S +a)R
Where Kp - the gain of the proportional term, Kr - the gain of the resonant term,
wr - the resonant frequency
The gain at the resonant frequency is infinite, similar to a second-order
system where the damping factor is zero. Such controller cannot be implemented
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using analog or digital circuits because it is impossible to obtain an infinite gain in
practice. The practical form of a PR controller is:

Gc(s) = KP+ KR (2)

s2+ &+ wh
Where: £ — damping ratio.

The second term of (1) is associated with a generalized integrator.
Virtually, a sinusoidal signal will be integrated over time without introducing an
additional phase error [5]. The existence of this term leads to a similarity between
the PI type and PR type controllers, with the specification that in the case of the
PR type the integral term acts only on the signals with frequencies very close to

the resonance frequency.
2. The Implementation of PR Controller in s-domain

In the literature, the presentation and analysis of the PR controller is in a
high proportion in the s-domain. However, when it comes to the practical
implementation of this controller it is, in most cases, done in the z-domain. The
main reason is the flexibility offered by digital implementation and the rapid
development of solutions dedicated to digital control. However, implementation
in the s-domain has several advantages that can simplify the design process of this
type of control. These can be listed:

e The maturity of the analysis methods in the s-domain. The entire design
process can be done in the s-domain and then it can be converter in the z-
domain using one of the well-known methods (Euler direct and inverse
transformations, Tustin transformation, etc.)

e Implementation using active circuits such as operational amplifiers. This can
result in substantial price reductions for some cost-sensitive applications.

e Lack of constraints associated with discrete systems regarding the frequency
spectrum of the signals. For discrete systems, the maximum frequency must
comply with the Nyquist criterion; in the case of analogue systems this is not
necessary.

e A large number of simulators operate in the continuous time domain. Here are
SPICE-based ones.

Fig. 3 shows a possible configuration of a PR controller in the s-domain.
The implementation is based on an operational amplifier and passive components
of type R, L and C. The presence of the LC series circuit in the amplifier's
feedback loop modulates its gain according to the frequency. The impedance of
LC series resonant circuit is minimal at the resonance frequency, the gain of
amplifier being at maximum at this frequency. The resonance frequency is given

by:
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Fig. 3. PR controller implemented using LC circuit (a) and the Bode plots (b), (fr=50Hz)
The amplifier transfer function is:
\M{ﬁ&(lR—%CH @
VEB Ri R 1+s°LC
Suppose R2<<R;: and R2<<Ras:
Vout ~ —{&[LL—SR%C H (5)
VEB Ril 1+s°LC
The proportional gain is set by Rz and Ry and is given by:
R3
Kp=z-——2 6
PETR, (6)

The topology from Fig. 3 can be easily modified to support multiple
resonant frequencies by adding additional resonant terms. Fig. 4 (a) presents a
diagram of a PR controller with three resonant frequencies: 50 Hz (fundamental
frequency), 150 Hz (third harmonic) and 250 Hz (fifth harmonic).
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Fig. 4. Multiple resonant frequencies PR controller (a) and the associated Bode plots (b)
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The topologies presented are simple and can be used successfully in
simulations of inverters, APFs and PFCs in the s-domain. There is, however, a
major disadvantage associated with these circuits, namely the non-practical values
for the LC circuit components. An inductor with a value of 47mH, good tolerance
and high-quality factor is very difficult to be produced in practice. The cost and
dimensions of such a component are very high. Also, the capacitor has a large
value and is non-polarized. It must have a tight tolerance to avoid important errors
that may affect the resonance frequency. Such a component has a very high price
and occurs in series of values, finding the value required for the resonance
frequency adjustment (generally different from the standard values) being
virtually impossible. Under these circumstances, it is necessary to seek for
solutions that can be easily implemented using common components produced in
large series at a low cost. Large components with wide tolerances such as
inductors are also to be avoided.

Using the same principle of introducing into the loop of networks whose
impedance varies with frequency topologies that can be used for PR controllers
can be obtained. The "double T" type network, commonly used in the synthesis of
"band-stop" filters, presents a specific response of a second-order system with a
sharp decrease in gain at resonant frequency. A typical topology of a PR
controller implemented using a “double T” network is presented in Fig. 5 (a).
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Fig. 5. PR controller implemented using a “double T” network (2) and the Bode plots (b)

The resonant frequency for this topology is given by:

fro_ 1 (7)
27ZR3C1
The “double T” network’s transfer function is:
2 2
wp’ —w
Hr (s) = ———2 (8)

a)02 —w? —sAw
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Where wo =1/RC. The quality factor is 0.25, relatively low. The proportional gain
is well defined for frequencies different from the resonance frequency and is
given by: Kp=-Ro/R1.

In order to improve the selectivity, the “double T” network can be
modified as is shown in Fig. 6 (a). In this case the “double T” network is used in
a positive feedback loop with adjustable ratio; this ratio is adjusted by R4 and Rs.
The transfer function in this case is:

2 2
[0 -
Ht (s) = 9 15oR )
0)02 _a)2 _ on4
R4 + R5

By identification: Q = (R4 + Rs)/4R4; wo is the resonant frequency.
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Fig. 6. The modified “double T” network (a) and the associated Bode plots (b)

Implementation of PR controllers in the s-domain can be done using
several amplifier topologies in which the feedback loop contains elements with
frequency-dependent impedance. The practical importance of these circuits is
relatively limited due to their high sensitivity to component tolerances and very
low flexibility. Basically, the resonance frequency cannot be dynamically
adjusted, constituting a major disadvantage for applications requiring continuous
control over this parameter such as inverters connected to the national power
distribution network and APFs.

S-domain implementation is, however, of interest when targeting
applications where final cost must be kept under control such as fixed frequency
inverters that are part of "Uninterruptible Power Supply" (UPS) type systems. The
topologies presented may also be useful for simulating power circuits using
simulators in the continuous time domain like those based on SPICE. In this case,
the influence of parasitic elements and noise on controller performance can be
estimated using real components instead of the ideal ones commonly encountered
in simulations.
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3. Implementation of PR Controller in the z-domain

The implementation of this controller in the discrete domain is particularly
important due to the fulminant development of the solutions dedicated to digital
control. The digital implementation of controllers eliminates the disadvantages
associated with analog implementations such as lack of flexibility, variation of
parameters with component tolerance and undesirable effects from aging
components [6, 7]. The specialized literature presents the PR controller in the s-
domains, one of the reasons being the maturity of the analysis made in this
domain. However, the vast majority of applications including PR controllers are
implemented in the z-domain using microprocessors, digital controllers or
FPGAs. For z-domain implementation, some discretization methods have been
proposed, each with its own advantages and disadvantages. The effects of the
discretization process cannot be neglected and the conclusions of the analysis in
the field can be affected to a significant extent by these effects [8].

The design of resonant controllers is generally done in the s-domain.
Stability of the control system is also evaluated in the s-domain, and then the
entire controller is discretized using one of the dedicated methods and
implemented in a DSP. The effects introduced by the quantization process as well
as the implications for the actual implementation of the controller in the DSP
should be carefully assessed to achieve the expected performance.

One of the adverse effects of the discretization process is the movement of
poles and zeros [8]. Their original position in the complex s-plane is different
from their position in the z-plane. The consequence of this frequency shift is the
significant degradation of controller performance. Fig. 7 presents the Bode plots
for the original resonant term in s-domain and for the resonant term discretized
with the Tustin method. The original resonant term has a resonance frequency
equal to 350 Hz. The resonance frequency after the discretization process is 348.6
Hz, an error of about -1.4 Hz. The gain is significantly affected, basically being
very low for the original frequency of 350 Hz.
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Fig. 7. Bode plots for Tustin discretization
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The implementation of the controller in the DSP involves the representation of the
coefficients and the signal from the output of the analog-to-digital converter in a
format supported by the DSP. This process introduces additional adverse effects
that must be considered for a good assessment of the performance of the
controller. Most digital signal controllers use fixed-point representation on a
number of bits that varies between 16 and 32 bits.

One of the side effects introduced by the coefficient quantization process
is the shift of the frequency response of a digital filter. It is possible to determine
the variation of the position of poles pi to the coefficients variation ax by
introducing the sensitivity function [9]:

opi _ 2 (10)
oai  — (271 a-pyzty! P

It can be noted that if the poles have close positions, the sensitivity to the
disruption of the coefficients is high. In the case of the resonant term of the PR
controller, the poles are complex conjugated having the same angular frequency.
In this case, the associated sensitivity is extremely high. In [10] is proposed the
following expression for moving the double pole frequency in the case of a
system of the order M:

N Kk
~ k=1
AZpn ~ —S (11)
IT  (Zpn—2zp1)
1=1z,=z,

For the resonant term, the effects of quantization can be extremely
pronounced. For 16-bit quantization the double pole frequency error is about 0.04
Hz gain being strongly affected by this error (Fig. 8).
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Fig. 8. Bode plots for the original resonant term and 16, 24, and 32-bit quantized terms
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When using the 24-bit and 32-bit quantization the error is small and can be
neglected.

The analysis of the effects introduced by the quantization process reveals
virtually the impossibility of implementing the resonant term using a low-cost
DSP with 16-bit resolution and fixed-point representation. This is a major
disadvantage if a cost sensitive power converter is to be designed. To overcome
this problem, the resonant term can be implemented based on the phase-sensitive
amplifier principle known in the literature as "Lock-in Amplifier" [11]. The block
diagram of such amplifier is shown in Fig. 9.
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Fig. 9. Phase-sensitive Amplifier

The two i(t) and q(t) signals at the output of the multipliers are also called "in
phase" or "quadrature” respectively. The AC components are filtered with a low-
pass filter and the resulting DC components are amplified by the G amplifiers. For
different frequencies the DC component is null, virtually the output of the G
amplifiers being null. The circuit behaves like an extremely narrow bandwidth
filter with a central frequency equal to o/2x. If the low-pass filters are replaced by
ideal integrators the resulting circuit behaves as a generalized integrator with the
central frequency w/2mw; the gain is infinite for the signals with the frequency /2w
and null for the signals having another frequency.

The resonant term implemented with the aid of the phase-sensitive
amplifier principle has the block diagram represented in Fig. 10 (a). Generally,
the sin(wt) and cos(wt) reference signals are available inside the control system
being generated locally using controlled oscillators or PLL circuits. For a PR
controller the resonance frequency is an initial design parameter. Considering this
aspect, the configuration can be simplified as shown in Fig. 10 (b). In this case,
the error signal e(t) is further offset by 90° by means of an "all-pass" filter [12].
Thus it is necessary to provide only the reference signal sin(wt) and w. The "all-
pass" filter can be easily implemented in the z-domain and is less sensitive to the
effects of quantization having the order of one [12].

If the phase error introduced by the output filter of power converter is low
the resonant term can be implemented using the simplified topology of Fig. 11 (a).
To maximize the DC component the phase difference between the two signals
must be zero. The compensation of phase error introduced by the controlled
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system can be done using "all-pass” phase-shift filters as shown in Fig.11 (b). The
additional phase introduced by the "all-pass" filter is estimated by:

ZH pp(s) =180 — 2 tan ‘1(2J (12)
20
Where wo is the own frequency of the "all-pass" filter.
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Fig. 10. Resonant term implemented using a phase-sensitive amplifier (a) and his simplified form
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Fig. 11. The simplified resonant term (a) and how the phase errors can be compensated using “all-
pass” filters

The major advantage of implementation based on the phase-sensitive
amplifier is the low sensitivity to quantization process. Practically, the
performance depends only on the accuracy of the sin(w:t) reference signal. If this
type of control is practically implemented using a low cost, fixed-point, 16-bit
DSP it can be a significant advantage. There is also a disadvantage of this
implementation: the calculation of the sin(wt) reference in real time requires
important resources. This may become a major problem if there are several
resonant terms requiring different reference signals like in the case of APFs. For
the case of fixed-point processors trigonometric functions are calculated using
tables, the required calculation time being very low. For high-power applications
in industry, the costs associated with using a powerful floating-point DSP are not
a major issue.

Resonant control of inverters allows for excellent performance and can
successfully replace classical control based on P and PI controllers in StRS or Pls
in SCRS. The cost of implementing the resonant control is generally higher than
classical solutions using dedicated integrated circuits because it requires the use of
a DSP. A low-cost solution that can be used to control simple inverters that are
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part of UPSs is based on a hybrid control system. Within this system the resonant
controller is implemented in the s-domain and output is controlled by a digital
PWM modulator that is part of a digital system. The reference signal is generated
by the digital system using a Digital-to-Analog Converter (DAC). Implementation
of this topology can be done using 8-bit microcontrollers whose cost is very low
compared with a cost of a dedicated DSP.

The block diagram of the proposed hybrid controller is shown in Fig.12.
The PR controller is implemented in the s-domain using one of the topologies
presented in the previous chapter. The reference signal is generated by the
microcontroller using the internal DAC converter and a Numerically Controlled
Oscillator (NCO). The amplitude of the output voltage of the inverter is controlled
in the closed loop by adjusting the amplitude of the reference sinusoidal signal.
The signal from the PR controller output is passed to the z-domain with the
internal ADC converter and directly controls the digital PWM generator inside the
microcontroller. Thus, a low-cost microcontroller can be used to implement a
resonant control system for UPSs.

Amplitude
reference

L MN\/
PWM E% @ cp%
\L T Inverter
‘DAC ADC‘

Microcontroller

Fig. 12. The block diagram of the hybrid controller

4. Conclusions

A series of circuit topologies that can be used for implementation of
resonant PR controllers in the continuous time domain was presented. These
circuits can be used in simulators that operate in this time domain like those based
on SPICE. Same topologies can be used to implement the hybrid control where
the PR controller is implemented in the s-domain but the reference and PWM
signals are generated by a low-cost microcontroller in the z-domain. The effects
introduced by the discretization and quantization cannot be ignored as can
significantly affect the performance of resonant controllers. A method to
implement the resonant term using the phase-sensitive amplifier was presented.
This method can be used to implement the PR controller using low-cost, fix-point,
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16-bit digital signal controllers specially developed for the control of power
converters.
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