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WEAK AND STRONG CONVERGENCE THEOREMS OF
ITERATIVE PROCESS FOR TWO FINITE FAMILIES OF
MAPPINGS
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In this paper, weak and strong convergence of two-step iteration sequences
to a common fized point for a pair of a finite family of asymptotically nonexpansive
mappings and a finite family of generalized nonexpansive multivalued mappings in
a nonempty closed convex subset of uniformly convexr Banach spaces are presented.
The results obtained in this paper extend and improve some recent known results.
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1. Introduction

Fixed point iteration process for nonexpansive and asymptotically nonexpan-
sive singlevalued mappings in Hilbert spaces and Banach spaces has been studied
extensively by many authors to solve nonlinear operator equation as well as varia-
tional inequalities, see e.g. [1-8] and the works referred there.

In recent years, approximation of fixed point of nonexpansive multivalued
mappings by iteration has been studied by many authors, (see [9-19]). The theory
of multivalued mappings has applications in control theory, convex optimization,
differential equations and economics. Recently, Eslamian and Abkar [20] proved the
existence of common fixed point for a pair consisting of a generalized nonexpansive
multivalued mapping and an asymptotically nonexpansive mapping in uniformly
convex Banach spaces. The purpose of this paper is to introduce a two-step iterative
process for approximating the common fixed points of a pair consisting of a finite
family of asymptotically nonexpansive mappings and a finite family of generalized
nonexpansive multivalued mappings and then prove weak and strong convergence
theorems for such iterative process in uniformly convex Banach spaces. The results
obtained in this paper extend and improve some recent known results.
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2. Preliminaries

Recall that a Banach space X is said to be uniformly convex if for each t €
[0, 2], the modulus of convexity of X given by:

) 1
0(t) = inf{l = Sl +yl:llzll < Lllyl <1, lle -yl = t}
satisfies the inequality 6(¢) > 0 for all ¢ > 0. A Banach space X is said to satisfy
Opial’s condition if x,, — z weakly as n — oo and z # y imply that
lim supp—soo||xn — 2|| < im supp—ool|zn — y||-

All Hilbert spaces, all finite dimensional Banach spaces and ¢?(1 < p < oo) have the
Opial property.
A subset D C X is called proximinal if for each x € X, there exists an element
y € D such that
| z —y ||=dist(z,D) =inf{|| z — 2z ||: z € D}.

We denote by CB(D), K(D) and P(D) the collection of all nonempty closed bounded
subsets, nonempty compact subsets, and nonempty proximinal bounded subsets of
D respectively. The Hausdorff metric H on CB(X) is defined by

H(A, B) := max{sup dist(z, B),sup dist(y, A)},
z€A yeB

for all A, B € CB(X).
Let T : X — 2% be a multivalued mapping. An element = € X is said to be a fixed
point of T, if z € T'z. The set of fixed points of T" will be denoted by F(T).

Definition 2.1. A multivalued mapping T : X — CB(X) is called
(i) nonezxpansive if
H(Tz,Ty) < ||z —yl|, z,yeX.
(ii) quasi nonexpansive if F(T) # 0 and H(Txz,Tp) <|| x —p || for all z € X and

allp e F(T).

In [21], Garcia-Falset, Llorens-Fuster and Suzuki, introduced a new condition
on singlevalued mappings, called condition (E), which is weaker than nonexpan-
siveness. Very recently, Abkar and Eslamian [22] used a modified condition for

multivalued mappings as follows:

Definition 2.2. A multivalued mapping T : X — CB(X) is said to satisfy condition
(E,) provided that

dist(x, Ty) < pdist(z,Tz) + ||z —y||, z,y€ X.
We say that T satisfies condition (E) whenever T' satisfies (E,) for some p > 1.

Lemma 2.1. Let T : X — CB(X) be a multivalued nonexpansive mapping, then T
satisfies the condition (E7).

Lemma 2.2. ([19]) Let X be a uniformly convexr Banach space and let B,(0) =
{r € X ||z ||<r}, for v > 0. Then there exists a continuous, strictly increasing
convex function ¢ : [0,00) — [0,00) with p(0) =0 such that

larz1 4+ agas + - + apael|* < arl|za||* + azl|w2||® + - - + agl|zw]|® — aiajo(||zi — 2;])
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for all z;j,xj € B.(0) and a;,a; € [0,1] fori,j=1,2,--- k and Zle a; = 1.
Lemma 2.3. ([7]) Let {a,},{bn} and {0, } be sequences of nonnegative real numbers
satisfying the inequality

Gnt1 < (1 + 5n)an + by
If 222 1 0p < 00 and Y 00 | by < 00, then lim, o ay, exists. In particular , if {a,}

has a subsequence converging to 0, then lim, . a, = 0.

Definition 2.3. ([23]) Let D be a nonempty convex subset of a Banach space X.
A map f: D — D is called asymptotically nonexpansive if there exists a sequence
{kn} of real numbers with {ky,} > 1 and limy,_ ook, =1 such that

1/ "z = [yl < knllz =yl
forallx,y € D and all n > 1.

Lemma 2.4. ([9]) Let X be a uniformly convex Banach space, D be a nonempty
closed convex subset of X, and f : D — D be an asymptotically nonexpansive
mapping. If r, — x weakly and x, — fx, — 0 strongly, then x = fx.

3. Main results

We are interested in sequences in the following process.
(A): Let X be a Banach space, D be a nonempty convex subset of X and
T,: D — CB(D) and f; : D — D (i = 1,2,...,m) be finite given mappings. Then,
for g € D, we consider the following iterative process:

Yn = bn,Oxn + bn,lzn,l + bn,QZn,Q + -+ bn,mzn,ma n >0,

Tn+1 = Ap,0Tn + an,lf{lyn + an,?fgyn +- an,mf%@/n, n 2 07

where z,; € T;(xy) and {an i}, {bn i} are sequences of numbers in [0,1] such that
for every natural number n

m m
D i =) bax=1.
k=0 k=0

Definition 3.1. A mapping T : D — CB(D) is said to satisfy condition (I) if
there is a non decreasing function g : [0,00) — [0,00) with g(0) = 0, g(r) > 0 for
r € (0,00) such that

dist(x,T(z)) > g(dist(z, F(T))).
A family {T; : D — CB(D), i=1,...,m} is said to satisfy condition (II) if there is
a non decreasing function g : [0,00) — [0,00) with g(0) =0, g(r) > 0 for r € (0,00)
such that for somet=1,..,m,

m

dist(z, Ti(x)) > g(dist(z, (| F(T}))).
=1

In this sequel, F = (i~ (F(T;) N F(fi)) is the set of all common fized points of the
mappings f; and T; fori=1,2,--- ,m.
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Theorem 3.1. Let D be a nonempty closed convex subset of a uniformly convex
Banach space X. LetT; : D — CB(D), (i =1,2,--- ,m) be a finite family of quasi-
nonexpansive multivalued mappings, and f; : D — D, (i = 1,2,--- ,m) be a finite
family of asymptotically nonexpansive mappings with sequence {ky;} C [1,00) such
that > o7 (kn — 1) < oo, where ky, = max{ky;; 1 < i < m}. Assume that F # 0
and T;(p) = {p}, (i = 1,2,--- ,m) for each p € F. Let {x,} be the iterative process
defined by (A), and an i, by i € [a,1) C (0,1) for k=0,1,--- ,m. Then

(i) imy o0 ||zn — p|| exists for all p € F,

(ii) limp—oo dist(Ti(xn), ) = limy oo || fizn — xn|| =0, (1 = 1,...,m.)

Proof. Let p € F. Then, we have

lyn — pll = ||bn,033n +bn12n1 +bn22n2 + 0+ bamZnm — pl
< bnolln = pll + bnallzna = pll + bnzllzn2 — pll + - + b llzn,m — Dl
= bnol|xn—p||4+bn1dist(zn,1, T1i(p))+bn2dist(zn,2, To(p))+...+bnmdist(znm, Tin(p))
< by ol|Zn—pl[ 4001 H(T1(20), T1 (0)) +bn o H (To(2), To(p)) 4o A-bnm H (T (1), Ty (p))
< bnollzn = pll + bnallzn — pll + bnellen — pll + o 4 bomllzn — pll = [Jon — pl|-

It follows that

[Znt1 = pll = llan,0Tn + an1 fi'Yn + an2f3'yn + . + anm fryn — pl|
< angl|@n = pll + an 1 [ fTyn — Pl + anpll f2yn — Pl + - + anmll fryn — pll
< anollzn — pll + an1knillyn — pll + an2kn2llyn — pll + - + anmknmllyn — pl|
< anollen = pll + anknllzn — pll + angknllzn — pll + ... + anmknllzn — p
< (L (kn = D)flzn = pl-
Since Y7, (k,—1) < oo, by lemma 2.5 we have lim,,_, ||z, —p|| exists for all p € F.
Since the sequences {z,} and {y,} are bounded, we can find » > 0 depending on p

such that z,, — p,y, —p € B,-(0) for all n > 0. From Lemma 2.4, for i = 1,2,...,m,
we obtain that

yn = PII> = 1bn0Tn + bnizna + bnozn + - 4 bpmznm — pl|>
< bnollzn = plI* + bullzng — plI* + bngllznz — plI> + ...
+ bnm | 2nm — pH2 = bn,0bn,ip(|zn — 2nill)

= bpol|lTn — plI* + bn,1dist(zn.1, T1(p))* + bnadist(zn2, To(p))? + ...

+ by mdist(zn,m, Tm(p))2 = b, 0bn,ip([|Tn — 2n.il)
< bnollzn = pll + bna H(T1(2n), Ty (p)? + bnoH(Ta(2n), To(p)) + ...

+ b H (T (2n), Tin(9))? = bn,0bn,io(|[2n — 2nil))

< bnollen = pl* + bullzn = pl* + b allen — pl* + ...
+bumll@n =PI = bnobuip(ll2n — 2nl))
= |l = pl1* = bnobnip (20 — 2n4ll)-
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It follows from Lemma 2.4 that

|zns1 =PI = an0n + an1 fTYn + an2f5yn + . + anmfryn — pll?
< anollzn — plI* + anall f1yn =PI + an2ll f5yn — plI* + ...
+ annll frtn — Pl = anotnio(|2n — fynl)
— |+ ...
+ an by o llyn = pII° = anoanio(|2n — fynl))
< an,O”xn _pH2 + an,lkiuxn - p”2 +an 2k2||xn - p”2 + o+ an,kaQLHxn _pH2
ill)
< (1+ (kp — D)llzn = plI* = anoanip(|[2n — fynll) = anibnobn,ikne(lzn — 2nl))-

So we have

< anpollen — pHQ—i—an lk 1Hyn p‘|2+an,2k72z,2 Yn

- an,Oan,i@(”xn fiynll) — Qn,ibn,0bn ik @(Hxn -

@ ¢([[zn — 2nl)) < anibn,obn,ikne (T — 2nl)
<l zn=p I = | Zng1 = p I + (k7 = 1))llzn — plI?,
which implies that

o
Y dollen — znl) <z — pl* + Z D)llan = plI* < oo,

from which it follows that lim, . ¢(||zn — zmH) = 0. Similarly it can be shown
that limy, o0 @(||zn, — fl'yn)|| = 0. From Lemma 2.4, since ¢ is continuous at 0 and
is strictly increasing, we have

hm lzn — 2nil| = lim ||z, — f'ynll = 0.

Moreover for i = 1,2,...,m, we get dist(zy, Tizyn) < ||xn — znil| — 0 as n — oo.
Using (A) we have

lim ||y, — 2| = lim (bn,IHZn,l — x| +bn,2Hzn,2 —xp| + ... +bn,m||zn,m —x,|) =0,
n—00 n—00

and

Tim [~ = Tim ) = 0.

Also we have
ln = fenll < llan = flunll + 190~ f'nl

and

[Zn1 = fi'Tpia | < llznt1 — zall + lzn = fi'@all + [ /i 2041 — filzn|
< zns1 — @all + [l = fi'znll + knl|2ni1 — zn|| = 0.

Hence

|Zn+1 — fiznsall < |Tpgr — fz‘n—i_lxn-&-l” + Hfz‘n+1xn+1 — fizng1l

1
£

< |zn+1 — Tpptll + kil fi' T — 2l =0 as n— oo,
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which implies
lim || fixyn, — zn|| =0 i=1,2,...,m.
n—o0

0

Theorem 3.2. Suppose that X, D, f;, T;(i = 1,2,...,m) are as in theorem 3.2 with
F # 0 and T;(p) = {p},(i = 1,2,--- ,;m) for each p € F. Let {x,} be the iterative
process defined by (A), and ap ., by i € [a,1) C (0,1) fork=0,1,--- ,m. Then {z,}
converges strongly to a common fized point of T; and f; i=1,2,---,m if and only
if liminf,,_, o dist(zy, F) = 0.

Proof. Necessity it obvious. Conversely, suppose that lim,_, infdist(z,, F) = 0.
As in Theorem 3.2, we have

[#nt1 = pll < (1 + (kn = 1))l[2n —pl,
for all p € F. This implies that
dist(xpy1, F) < (14 (kp, — 1))dist(xpy1, F)

Since > >7 (k, — 1) < 0o , by lemma 2.5 we have limy,_,oodist(z,, F) exists. Thus
limp—00dist(zy,, F) = 0. Therefore there exists a subsequence {z,, } of {z,} and a
sequence {pi} in F such that ||z, — pi| < 2% for all k. Let 0, = (ky, — 1)||zn, — p||
(note that >~>°; 0, < c0). Then we get

”xnk+1 _pH < HxnkJrl*l _pH + anﬂ*l
< Hxnk+1*2 - pH + 0”k+1*2 + enkﬂ*l
<

Ngy1—ng—1

< [Jan, —pll + Z Oy +i
i=1

for all p € F. This implies that

Npt1—Nk—1
|20 =2l < llzn, = el + D0 Oy
i=1
1 nk+1—nk—1
=1

Now, we show that{py} is Cauchy sequence in D. Note that

Hpk+1 _pkH < ”pk+1 - xnk-i,-lH + Hxnk_;,_l _pkH
nk+1—nk—1
1 1
St Et 2 fmw
=1
nk+1—nk—1

1
< F + Z enkJria

=1
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which implies that {py} is Cauchy sequence in D and hence converges to ¢ € D.
Since for each t =1,2,--- ,m

dist(pk, Ti(q)) < H(Ti(px), Ti(q)) <|l ¢ — px ||

and pr — q as k — oo, it follows that dist(q, T;(¢)) = 0. Also, by continuity of f;
fori=1,2,...,m we have

Ipe = filpe)ll = llg — fi@)ll-
Hence ||¢ — fi(¢)|| = 0 which implies that g € f;q. Therefore ¢ € F and {z,, } con-

verges strongly to ¢. Since lim,,_, ||z, — || exists, we conclude that {z,} converges
strongly to g. This complete proof. O

Theorem 3.3. Suppose that X, D, f;, T;(i = 1,2, ...,m) are as in theorem 3.2 with
F # 0 and T;(p) = {p}, (i = 1,2,--- ,m) for each p € F. Let {x,} be the iterative
process defined by (A), and an,bp i € [a,1) C (0,1) for k = 0,1,--- ,m. If the
mappings {T;, fi - i =1,2,...,m} satisfy the condition (II), Then {x,} converges
strongly to a common fixed point of T; and f; fori=1,2,--- ,m.

Proof. By Theorem 3.2, for ¢ = 1,2, ...,m, we have
lim dist(T;(xy),xn) = Um || fixy, — zn| = 0.
n—oo n—oo

Since the mappings {71}, fi; @ =1,2,...,m} satisfying the condition (II), we get
lim,, o0 dist(zy, F) = 0. The conclusion now follows from Theorem 3.3. O

Theorem 3.4. Let D be a nonempty compact convex subset of a uniformly convex
Banach space X. Let T; : D — CB(D), (i = 1,2,---,m) be a finite family of
quasi-nonezpansive multivalued mappings satisfying the condition (E), and f; : D —
D, (i=1,2,---,m) be a finite family of asymptotically nonexpansive mappings with
sequence {kn;} C [1,00) such that Y > (k, — 1) < 0o, where k, = max{ky;: 1 <
i < m}. Assume that F # 0 and T;(p) = {p}, (i = 1,2,---,m) for each p € F.
Let {x,} be the iterative process defined by (A), and an by € [a,1) C (0,1) for
k=0,1,---,m. Then {x,} converges strongly to a common fixed point of T; and f;
fori=1,2,--- m.

Proof. By Theorem 3.2, we have for t =1,2,....,m
lim dist(T;(xy), ) = Um || fixy — zn|] = 0.
n—oo n—o0o

Since D is compact, there exists a subsequence {xy, } of {z,} such that lim z,, = w
for some w € D. By condition (E), there exists u > 1 such that for i =1,2,...,m

dist(w, Tyw) < |lw — xy, || + dist(xy,, Tyw)
< pdist(xy,, Tizn,) + 2||lw — zp, || = 0 as k — oo,

this implies that w € F(T;). Also, by continuity of the mappings f; (i = 1,2,...,m)
we have

[Zn, = fitn, | = [lw = fiw]  as k= oo,
hence w € F(f;). Since {xy, } converges strongly to w and lim,_« ||z, — w|| exists
( by Theorem 3.2), it follows that {z,} converges strongly to w. O
By similar method as in [[19] , Theorem 3.3], we can prove the following

Lemma. However we omit the details of proof.
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Lemma 3.1. Let D be a nonempty closed convex subset of a uniformly convexr Ba-
nach space X with the Opial property. Suppose that T : D — K(D) is a multivalued
mappings satisfying the condition (E). If x,, — v weakly and lim disty, o0 (zy, Txy) =
0, then v € Tw.

Theorem 3.5. Let D be a nonempty closed convex subset of uniformly convexr Ba-
nach space X with the Opial property. Let T; : D — K(D), (i = 1,2,---,m) be
a finite family of quasi-nonexpansive multivalued mappings satisfying the condition
(E), and f; : D — D, (i = 1,2,--- ,m) be a finite family of asymptotically nonez-
pansive mappings with sequence {ky;} C [1,00) such thaty o> | (kn—1) < oo, where
kn, = max{ky; : 1 <i < m}. Assume that F # 0 and T;(p) = {p}, (i =1,2,--- ,m)
for each p € F. Let {z,,} be the iterative process defined by (A), and a, ,bn i €
[a,1) C (0,1) for k =0,1,--- ,m. Then {x,} converges weakly to a common fized
point of T;, fi, fori=1,2,--- ,m.

Proof. By Theorem 3.2, {z,} is an approximate fixed point sequence of T; and f;
for i =1,2,...,m, that is

lim dist(zy, Tizy) = lim || fiz, — z,] = 0.

Also limy, 0 ||zn, — w|| exists for all w € F. Thus {x,} is bounded. Since X is
uniformly convex, it is reflexive, so that we can assume that z, — ¢ weakly as
n — oo for some ¢ € D. By Lemma 3.6 and 2.7 we have ¢ € F. Now we prove
that {z,} has a unique weak subsequential limit in F. To prove this, let w and
v be weak limits of the subsequence {z,,} and {z,,} of {z,}, respectively and
v # w. By Lemma 3.6 and 2.7, w,v € F, and hence by Theorem 3.2, the limits
lim;, o0 ||2n — w]| and limy, 0 ||z, — v|| exists. Then by Opial’s property,

lim ||z, —w| = lm |z, —w||
n—o00 T — 00
< lim |z, —v| = lim @, — |
nj—00 n—00
= Jdm o, —of < linflz, —wl]
= lim ||z, — w||
n—oo

which is a contradiction. Therefore {z,} converges weakly to a point in F. O

We now intend to remove the restriction that T;(p) = p for each p € F. We
define the following iteration process.
(B): Let T; : D — P(D) (i = 1,2,...,m) be a finite family of given multivalued
mappings and

Pr,(z) ={y € Ti(x) :|| = — y ||= dist(z, Ti(x))}-
For fixed x¢g € D we consider the iterative process defined by:

Yn = bn,Omn + bn,lzn,l + bn,QZn,2 +---+ bn,mzn,ma n > 0,

T4l = Gn,0Tn + an,lf{lyn + an,2f£byn + -+ an,mf;;yna n >0
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where 2, ; € Pr,(xy,) and {a, 1}, {bn i} are sequences of numbers in [0,1] such that
for every natural number n

m m
Zan,k = an,k =1
k=0

=0

k
We note that if T': D — P(D) is a multivalued mapping, then F(T') = F(Pr) and
for all p € F(T), Pr(p) ={p}

Remark 3.1. All of the above results holds, if we assume T; D — P(D) is a mul-
tivalued mapping, which Pr is quasi-nonexpansive.

Remark 3.2. A mapping T : C — CB(C) is x-nonexpansive [24] if for all z,y € C
and uy, € Tx with d(z,u,) = inf{d(z,z) : z € Tx}, there exists u, € Ty with
d(y,uy) = inf{d(y,w) : w € Ty} such that

d(ug, uy) < d(z,y).

By the definition of the Hausdorff metric, we obtain that if T is *x-nonexpansive,
then Pr is nonexpansive. It is known that *-nonexpansiveness is different from
nonexpansiveness for multivalued maps, (see [25] for details).
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