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FIXED POINT THEOREMS IN C*-ALGEBRA-VALUED S-METRIC
SPACES WITH SOME APPLICATIONS
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In this paper, we introduce the new type of metric space, namely, C*-
algebra-valued S-metric space and give some fized point theorems for self maps with
contractive conditions. As applications, existence and uniqueness results for a type of
integral equation and operator equation are given.
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1. Introduction

Metric spaces are very important in mathematics and applied sciences. Gahler [4]
and Dhage [3] introduced the concepts of 2-metric spaces and D-metric spaces, respectively,
Mustafa and Sims [10] introduced a new structure of generalized metric spaces which are
called G-metric spaces as a generalization of metric spaces. Further, Sedghi, Shobe and
Zhou [11] introduced the notion of a D* -metric space as an improved version of a Dhage D-
metric space. Later, he examined the shortcomings of both G-metric and D*-metric spaces
and gave the concept of a new generalized metric space called a S-metric space [12] and
investigated some of their properties. Also discussed a fixed point theorem for self mapping
on a complete S-metric space.

Now, we present some necessary concepts and results in C*-algebra [2, 9]. Suppose
that A is an unital algebra. An involution on A is a conjugate-linear map a — a* on A
such that a** = a and (ab)* = b*a* for all a,b € A. The pair (A, *) is called a x-algebra.
A Banach x-algebra is a *-algebra A together with a complete sub-multiplicative norm such
that |la*|| = |la||(Va € A). A C*-algebra is a Banach *-algebra such that ||a*a| = ||a|?
[9]. Tt is clear that under the norm topology, L(H), the set of all bounded linear operators
on a Hilbert space H, is a C*-algebra. In [7], Ma established the notion of C*- algebra-
valued metric spaces and proved some fixed point theorems for self maps with contractive
or expansive mappings. The main idea consists in using the set of all positive elements of a
unital C*- algebra instead of the set of real numbers. Further in [6, 8], introduced a concept
of C*- algebra-valued b-metric spaces which generalizes the concept of C*-algebra valued
metric spaces.

In this paper, we introduce the new type of metric space, namely, C*- algebra valued
S-metric space and give some fixed point theorems for self maps with contractive conditions.
Some applications of our obtained results are given.
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2. Preliminaries

Throughout this paper, A will denote an unital C*-algebra. Set Ay, = {a € A:a =
a*}. We call an element a € A a positive element, denote it by 04 < a, if a = a* and
o(a) C [0,00), where 04 is zero element in A and o(a) is the spectrum of a. There is a
natural partial ordering on Ap given by a < b if and only if 04 = b — a. From now on,
Ay and A" will denote the set {a € A : 04 =< a} and the set {a € A : ab = ba,Vb € A},
respectively.

Lemma 2.1. [9] Suppose that A is a unital C*-algebra with a unit 14.
(1) For any x € Ay, we have v <14 < |z < 1.
(2) If a € Ay with |lal| < %, then 14 — a is invertible and ||a(1a — a)~'|| < 1.
(3) Suppose that a,b € A with a,b > 04 and ab = ba, then ab = 04
(4) Let a € A/, ifbce A withb=c=04, and 14 —a € fl; is an invertible operator,
then (14 —a)~ b= (14 —a) ‘e

Definition 2.1. [7] Let X be a nonempty set. Suppose that the mapping d : X x X — A
Satisfies:

(1) 04 =d(z,y) for allz,y € X and d(z,y) =04 iff z = y;

(2) d(z,y) = d(y,z) for all z,y € X;

(3) d(z,y) = d(z,2) +d(y,z) for all z,y,z € X.

Then d is called a C*- algebra-valued metric on X and (X, A,d) is said to be a C*-

algebra-valued metric space.
Now, We introduce the notion of C'*-algebra-valued S-metric space.

Definition 2.2. Let X be a nonempty set. Suppose the mapping S : X x X x X - A
Satisfies:

(S1) 04 < S(z,y,2) for all x,y,z € X;

(S2) S(z,y,2) =04 if and only if x =y = z;

(S3) S(z,y,2) X S(z,z,a)+ S(y,y,a) + S(z,z,a) for al x,y,z,a € X.

Then S is said to be C*- algebra-valued S-metric on X and (X,.A,S) is said to be a
C"*-algebra-valued S -metric space.

Definition 2.3. Suppose that (X, A, S) be a C*-algebra-valued S-metric space. Let {x,}5

be a sequence in X. If S(xy,Tn,x) s 04 [fi.e. ||S(zn,xn,z)|| = 0] (n = o) , then it is
said that {x,} converges to x, and we denote it by lim,_,.o{z,} = z.

If for any p € N, S(Tn+p, Tntp, Tn) Il 04 (n — 00), then {x,} is called a Cauchy
sequence i X.

If every Cauchy sequence is convergent in X, then (X,A,S) is called a complete
C*-algebra-valued S-metric space.

Example 2.1.

Let X = R and A = M>(C), the set of bounded linear operators on a Hilbert space
C2. Define S: X x X x X — A by

[z — 2| + ]y — 2| 0

S(@y,2) = 0 Kz — 2+ 1y~ 2| |’

where k > 0 is a constant. Then (X, A, S) is a complete C*-algebra-valued S-metric space.
Lemma 2.2. [13]

(1) If {bp}52; C A and limy,—, o0 by, = 04, then for any a € A, lim,_,o0 a*bpa = 04.
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(2) If a,b € Ay and c € .A/Jr, then a < b deduces ca < ¢b, where A; =A; NA.

Lemma 2.3. Let (X, A, S) be a complete C*-algebra-valued S-metric space. Then, S(z,x,y) =
Sy, ).

Proof. By (S3), we get,

S(w,z,y) = S(z,2,2)+ (v, 2,2) + S(y,y,2) = S(y,y,7) (1)
Sy,y,x) =2 SW,y,9)+ 5 y,y) + S z,y) = S(z,7,y). (2)
From (1) and (2), S(z,z,y) = S(y,y, x). O

Lemma 2.4. Let {z,} be a sequence in X. If {x,} converge to x and y, respectively, then
T =y.
Proof. Let lim,, o ©, = « and lim,,_, @, = y. By (S3) and by lemma 2.3, we have
S(r,z,y) = Sz, z,2,) + S(x,2,2,) + S(y,y, Tn)
= S(xn,Tn,x) + S(@n, Tn, ) + S(@n, n,y)
= 25(zn,zn,z) + S(Tn, Tn,y) — 04 (n — 0).
Therefore, ||S(z,z,9)|| =0z =y. O

3. Main result

Theorem 3.1. Let (X, A,S) be a complete C*-algebra-valued S-metric space. Suppose that
the mapping f : X — X satisfies S(fx, fx, fy) < a*S(x,x,y)a, where a € .A/Jr with ||a|| < 1,
for all x,y € X. Then there exist a unique fived point in X.

Proof. Without loss of generality, one can suppose that a £ 04. Let o € X. Construct a
sequences {x,} C X such that x, 1 = fz,. By using (3),
S($n+1;$n+17xn) = S(fxn7fmn7fxnfl) = a*S(mna-Tn7xn71)a

(a*)QS(xn—h Tn—1, CCn—z)Cl2

IA

PN

(a*)ns(xb X1, Io)anv

where we use the property, if b,c € Ay, then b < ¢ implies a*ba =< a*ca [9].
For any n 4+ 1 > m and by Lemma 2.3,

S(xn+1a Tn41, xm) = S(xn-&-la Tn+1, xn) + S(xn-&-la Tn41, xn) + S(xma Tm, zn)

= 25(33‘n+1,$n+1,.’13n) + S(an,l'n,l'm)

= 25($n+1axn+laxn> + [S(xn; xnyxnfl)
+S(1’na T, xnfl) + S(.’Em7 Ty xnfl)]
= 2S($n+1a LTn+1, xn) + 2S(In7 T, 'Tn—l) +

e+ 25Tt 1, T 1, T
= 2 Z (a*)ks(xhxhxo)ak
k=m
Let S(x1,x1,20) = ¢ for some ¢ € A/Jr.

n n
S(Tnt1, Tnt1,Tm) =X 2 Z (a*)kc%c%ak =2 Z (c%ak)*(c%ak)
k=m

k=m

n n
< 2Y [erad P22 fleraf|?1a
k=m

k=m
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From Definition 2.3, we get that {z,} is a Cauchy sequence with respect to A. The com-
pletion of X implies that there exist x € X such that lim, . ,, = lim,, o fr,—1 = .
Using the condition (S3) and by Lemma 2.3,

S(xaxafx) j S(m,z,fzn)—i-S(x,x,fxn)+S(fx,fx,fxn)
= QS(x,x,fxn)—|—S(fxn,fxn,fx)
= 25(z,z, fan) + a*S(xn, Tn,x)a — 04 (R — 00).

Hence, fx = z. i.e. x is a fixed point of f.
Uniqueness: Suppose that y(#)z, is another fixed point of f. Then,

0a = S(z,z,y) =S(fz, fz, fy) 2 a”S(z,z,y)a

which together with ||a|| < 1 yields that

0< IS,z 9l < Nla*S(fz, fz, fy)all < lla*|[[|1S(z, 2, y)llla]
< lalPIS(z, 2, )l < 1S(z, ).
Thus, ||S(z,z,y)| =0 and S(x,z,y) = 04, which gives z = y. O

Corollary 3.1. Let (X, A,S) be a complete C*-algebra-valued S-metric space. Suppose that
the mapping f : X — X satisfies

1S(fz, fz, fy)ll < llall [|S(z, z,y)| (3)
where a € fl/_,_ with ||a|| < 1, for all x,y € X. Then there exist a unique fized point in X.

Theorem 3.2. Let (X, A,S) be a complete C*-algebra-valued S-metric space. Suppose the
mapping, f: X — X satisfies

S(fx, fz, fy) 2 a(S(fz, fz,x) + S(fy, fy,y)) (4)
where a € .A/Jr and |la|| < 5, Va,y € X. Then there exists a unique fized point in X.

Proof. Without loss of generality, one can suppose that a # 04. Let o € X. Construct a
sequences {x,} C X such that x,,+; = fz,. For any n € N and by using (4),

S(mn-‘rl;xn-&-laxn) = S(fxnvfxnafxn—l)

= alS(fxn, fxn,xn) + S(fTn-1, [Tn-1,Tn_1)]
= a[S(@ni1, Tna1,Tn) + S (@0, T, Tn_1)]
(1a —a)S(Tnt1,Tnt1,2n) = aS(xn,Tn, Tn-1)
S(Zng1, Tni1, Tn) = (1a—a) 'aS(xn, Tp, 20 1)
= bS(xp, T, Tp 1) 2028 (Tp_1,Tp_1,Tn_2)
=< S(x1,21,%0)-

where b = (14 — a)~'a and by using Lemma 2.1, we have a € .A; with [la]| < 3, one have
(1a—a) e Al anda(ly —a)~ ' € .A;_ with |la(1a —a)7t| < 1.
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Let S(z1,x1,20) =¢, c € A/Jr. For any n+ 1 > m,

PN

S(Tpt1s Tnt1, Tn) + S(Tnt1, Tng1s Tn) + ST, T, Tn)
25(na1s Tnt1, Tn) + S(Tn, Tn, Tm)
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From Definition 2.3, we get that {z,} is a Cauchy sequence with respect to A. The com-
pletion of X implies that there exist x € X such that lim, o z, = lim, oo fTrnt1 = .
Using (S3) and by Lemma 2.3,

S(fz, fz,x) = S(fz, fz, fen) + S(fz, fz, fon) + S(z, 2, fzn)
= 2(S(fz, fx, frn) + S(frn, frn, T)
=< 2a(S(fx, fx,x) + S(fxn, fen, )]+ S(fzn, fo,,2)
(1a—2a)S(fx, fe,z) = 2aS(fzn, fTn,zn) + S(fTn, f2n, )
S(fr, fr,z) =< 2a(la —2a) ' S(frn, frn, )
+(1a —2a) " S(fan, fo,, )
IS(fz, fz,2)| < [2a(la —2a) [ [S(f2n, fan, )l

+H(La = 2a) IS (fan, frn, )| — 0 (n = oo).
Therefore fr = z. i.e. x is a fixed point of f.

Uniqueness:
Suppose that y(#)z, is another fixed point of f. Then,

04 = Sz,2,y) =S(fz, fr, fy) 2 alS(fr, fo,2) + s(fy, fy,y)] = 0a.

Hence, S(z,z,y) = 04 < x = y. Therefore the fixed point is unique. O

Theorem 3.3. Let (X, A, S) be a complete C*-algebra-valued S metric space. Suppose that
the mapping f : X — X satisfies

S(fx, fx, fy) 2 a(S(fz, fz,y) + S(fy, fy,2)) (5)

where a € AIJr and |lal] < %, Va,y € X. Then there exists a unique fized point in X.
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Proof. Without loss of generality, one can suppose that a # 04. Let o € X. Construct a
sequences {x,,} C X such that x,; = fz,, . By using (6), for any n € N,

S($n+17xn+17$n) = S(fxfh fxn, fxn—l)

(]—A - QQ)S(anrh Tn41, mn)

By using Lemma 2.1, we have a € .Al+ with ||la] < 3

alS(fon, frn, Tn-1) + S(frn_1, fTn_1,7,)]
(S(fTn, fTn, frn—2) + S(frn_1, frn_1, fTn_2)]
a[s(fxnafxmfwnfl) +S(fxmfxnafxnfl)
+S(frn—2, frn—2, fTn_1]

al2S(fxn, Tn, fon—1) + S(fTn-1, fTn-1, fTn_2]
al2S(Tnt1, i1, Tn) + S (Tn, Tn, Tn—1]
[

a S(l’n,IL’n, xnfl)

A TA A
S

IATA A

3, one have (14 —a)™! € .Al+ and

a(la —a)~' € A with ||a(14 —a)~!|| < 1. Therefore,

S(Tnt1, Tnt1, Tn)

= (lA - QG)_laS(xnvxn>1‘n—l) = bS($n,$n,$n_1),

where b = (14 —a)"ta. For n+1 > m,

S(anrh Tn+1, xm)

IA

IA

A

A

A

PN

S(Tnt1s Trt1, Tn) + S(Tnt1, Togl, Tn) + S(Tmy T,y Tn)
25(ng1s Tnt1, Tn) + S(@n, Tn, Tm)

25(nt1, Tnt1, Tn) + [S(Tn, n, Tno1)
+S(Xn, Ty Tre1) + S(Ximy Tyny Tro1)]

25(Znt1s Tng1, Tn) + 25(2n, T, Tn_1)

+. .+ 25T mt1s Tint1, Ton)

2™ + 0"+ L+ 0] (2, 1, 0)

2 Z bhe =2 Z bEb5 et
k=m k=m
2 Z c2b3b3c? =2 Z (bgc%)*(b%c%) =2 Z b2 c2 |2
k=m k=m k=m
- k1 1 -
21> brerPlia X2l |P1a Y |BF)?
k=m k=m

N n N bl|2m
2edP1a Y 0% < 22 10

k=m

From Definition 2.3, we get that {z,} is a Cauchy sequence with respect to A. The comple-
tion of X implies that there exist x € X such that lim, . z, = lim,, fz,—1 = x. Using
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(S3) and by Lemma 2.3,
S(fx, fz,x)

PN

S(fz, fx, fr,) + S(fz, fx, fr,) + (2, 2, fr,)
2(8(fx, fx, frn) + S(frn, fon, )
2[a(S(fx, fz,2n) + S(fn, frn, v)]
S(Tpt1,Tnr1,x)
2a(S(fz, fr,zn) + 2aS(frn, fon, )
+S(Tn+1, Tnt1,T)
2a[S(fx, fx,z) + S(fx, fx,x) + S(xpn, Tn, x)]
+2aS(xpnt1, Tna1,2) + S(Xpa1, Tnat, T)
= 4aS(fz, fr,z) 4+ 2aS(xn, pn, x)

+2aS(znt1, Tnt1,2) + S(Tpt1, Tnt1, T)
(1qa —4a)S(fx, fx,x) = 2aS(zn,zn,2) +2aS(Tpi1, Trnt1, )

+S(Tpa1, Tny1,T)

1S(fz, fz,2)| < [2a(1a —4a) T[S (@n, o, )] + [S(@nt1, Tngr, )]

(14 = 4a) IS (@nt1, Tagr, @) — 04 (1 — 00).

Al
4

PN

Therefore fx = z. i.e) x is a fixed point of f.
Uniqueness: Suppose that y(#)z, is another fixed point of f.

04 = S(x,2,y) = S(fz, fr, fy) < alS(fz, fz,y) +s(fy, fy,2)] = a[S(x,z,y) + s(y, y, )]
(1A —G)S($,$,y) = aS(y,y,x)
S(I,l‘,y) = a(lAia)ils(y7y7x) ja(lAia)ils(aaxvy)'
Since [ja(1a —a)7t| < 1,
0 < [IS@,z )l =1S(fz, fz, fy)]l < la(la —a)~'S(z,2,y)||
< la(ta —a) H[IS(z, 2, 9)|| < IS(z, 2, y)|

This means that, S(x,z,y) = 04 < x = y. Therefore the fixed point is unique. O
Example 3.1.

Let X = L>°(E) and H = L?(E) , where E is Lebesque measurable set. By L(H) we
denote the set of bounded linear operators on Hilbert space H. Clearly L(H) is a C*-algebra
with usual operator norm.

Define §': X x X x X — L(H) by S(fagap) = T|f—p|+lg—pl (vfagvp € X)a where
7y, H — H is multiplication operator, 7, (¢) = h - ¢, for ¢ € H. Then S is a C*-algebra-
valued S-metric and (X, L(H), S) is a complete C*-algebra-valued S-metric space.

Let {fn}22; in X be a Cauchy sequence with respect to L(H). i.e) for any p € N,
1S(frtps fraps fo)l = 0 (n — o0). Now,

Hs(fn+pafn+pvfn)” = ||7T\fn+p—fn|+\fn+,;—fn||
= 721 tup— sl = 12(fatp = Fu)ll oo = 0 (n = 00).

Then {f,}52, is Cauchy sequence in the space X. Since X is complete C*-algebra-valued
S-metric space, there exists f € X such that || f, — f||.. = 0 (n — o0). Therefore,

1S(frs Fus O = N7 sitia—sill = 120fn = Pllao
= [(fn = Do +I(fr = Hlloe = 0 (n = 00).

Hence the sequence {f,}22; converges to the function f in X with respect to L(H). Thus,
(X,L(H),S) is complete with respect to L(H).
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4. Applications

As applications of contractive mapping theorem on complete C*-algebra valued S-
metric space, existence and uniqueness results for a type of integral equation and operator
equation are given.

Example 4.1. Consider the integral equation

x(t) = /EK(t,sm(s))ds +g(t),t € E,

where E is the Lebesgue measurable set. Assume that the following hypotheses hold

(1) K: Ex E xR — R integrable and g € L*(E);
(2) there exists a continuous function ¢ : E X E — R and k € (0,1) such that

|K(t75au) - K(t757v)| < k|¢(t,5)(U7l})|,

fort,s € E and u,v € R;
(3) supier [ lo(t,s)|ds < 1.
Then the integral equation has a unique solution x* in L (E).

Proof. Let X = L*°(E) and H = L*(E) , where E is Lebesque measurable set. Set S
as Example 3.1, then S is a C*-algebra valued S-metric and (X, L(H),S) is a complete
C*-algebra valued S-metric space with respect to L(H).

Let T': L=(E) — L®(E) be

Tx(t) = [EK(t,&x(s))ds +g(t),t € E.

Set A =kI, then A€ L(H); and ||A|| =k < 1. For any h € H,

|S(Tz, Tx, Ty)|| = supypj=1 {(T(To-Ty|+T2—Ty) " h)
= sup|nj=1 {T2ira—1y s h)
= sup|p||=1 (2|Tx — Ty|h, h)

= 8Up\|h|\:1/E(2\Tl‘ — Ty| h)(t) - h(t)dt

< 2w [ [ / |K<t,s,x<s>K<t,s,y<s>>] Ih(t) 2 dt
< 2o [ [ / k¢<t,s><m<s>—y<s>>|ds} Ih(e) 2 dt
< s [ | [[lotlas| ool

< ksupteE/E|q5(t,s)|ds~sup“hnzl/E|h(t)\2dt2foyHoo
< ohfe—yl.

= k20—

Lt ——
= A S, z,y)| -

Since ||A|| < 1 and by Corollary 3.1, the integral equation has a unique solution in L>®(E).
O
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Example 4.2. Suppose that H is a Hilbert space, L(H) is the set of linear bounded operators
on H. Let Ay, As, As, ... Ay, ... € L(H), which satisfy Y., | An]? <1 and X € L(H) and
Q € L(H)y. Then the operator equation

X—iA;XAn:Q

n=1
has a unique solution in L(H).

Proof. Put a =Y, [|Anll?. If & = 0, then the equation has a unique solution in L(H).
Assume that a > 0. Choose a positive operator T' € L(H). For every X, Y € L(H), set

S(XY, 2) = (IX = Z|[ +[IY - Z|) T

It is easy to verify that S(X,Y, Z) is a complete C*-algebra valued S-metric. Consider the
map F: L(H) — L(H) defined by

F(X) = i AT XA, +Q.

n=1

Then,
S(F(X), F(X),F(Y)) = 2(FX)-FY)|T

= 2D A(X-Y)A,|T
n=1

< 2) A X -Y)|T
n=1

= aS(X,X,Y)
= (a2D)*S(X,X,Y)(a2]).

Using Theorem 3.1, there exists a unique fixed point X in L(H). Furthermore, since
Yoo AYX A, 4 Q is a positive operator, the solution is a Hermitian operator. |

As a special case of Example 4.2, one can consider the following matrix equation,
which can also be found in [14]:

m
X-) ArXA,=Q
n=1
where @ is a positive definite matrix and Ay, A, --- A, are arbitrary n X n matrices with
Yo Il4,]| < 1. Using Example 4.2, there exists a unique Hermitian matrix solution.

Remark 4.1. The step function is an example of an integrable function but not a continuous
function. In Example 4.1, some special cases of a step function, which satisfies condition
(2), have been mentioned.

5. Conclusions

In this paper, we extend S-metric space [12] in the setting of C*- algebra-valued
S-metric space and prove some fixed point theorems for self mappings with contactive con-
ditions. Fixed point theorems for operators in metric space are widely investigated and
have found various applications in differential and integral equations [1, 5]. The important
applications of our results are existence and uniqueness of a solution of integral equation
and operator equation, which will be obtained in this paper.
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6. Future Work

The continuation of this research is considering C*-algebra-valued Sy-metrics. We

introduce the notion of C*-algebra-valued Sp-metric space, as a generalization of C*-algebra-
valued S-metric space. metric space.

Definition 6.1. Let X be a nonempty set and b € A" such that b < 14. Suppose the
mapping S : X x X x X — A satisfies:

(1) 04 = S(x,y,2) foral z,y,z € X;

(2) S(z,y,2) =04 if and only if x =y = z;

(3) S(z,y,2) X b[S(x,z,a) + S(y,y,a) + S(z,2,a)] for all x,y,z,a € X.

Then S is said to be C*- algebra-valued Sp-metric on X and (X, A, S) is said to be a

C*-algebra-valued Sp-metric space.
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