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A NEW APPLICATION OF QUASI-F-POWER INCREASING
SEQUENCES TO FACTORED INFINITE SERIES

Hiiseyin Bor!

In [Politehn. Univ.Bucharest Sci. Bull. Ser. A Appl. Math. Phys., 75
(3) (2018), 37-40], we proved a main theorem dealing with an application of quasi-f-
power increasing sequences to absolute Cesaro summability methods. In this paper, we
generalize this theorem for a general summability method. Some new results have also
been deduced.
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1. Introduction

A sequence (A,) is said to be of bounded variation, denote by (\,) € BV , if
S AN = 3007 | A — At |< oo A positive sequence X = (X,) is said to be a
quasi-f-power increasing sequence, if there exists a constant K = K(X, f) > 1 such that
Kfn Xy > fmXm, holds for n > m > 1, where f = (f,) = [n“(logn)?, v > 0,0 < o < 1]
(see [13]). If we take =0, then we obtain a quasi-o-power increasing sequence (see [11]).
Let 3" a, be a given infinite series. We denote by t2# the nth Cesaro mean of order (a, 3),
with ao+ 5 > —1, of the sequence (na,,), that is (see [7])

(6% 1 - oa—
o8 = yrz ZlAnfiAfvav, (1)
where
ASE — O(notF), AS™P =1, and A*TP =0 for n>o0. (2)
The series ) a,, is said to be summable | C, o, ;0 |, k> 1 and 6 > 0, if (see [4])
Znék_l | t%’ﬂ |k< 0. (3)
n=1

If we take 6 = 0, then | C,a, 3;6 |, summability reduces to | C,«, 8 |, summability ( see
[8]). Also, if we take § = 0 and 6 = 0, then | C, ¢, ;6 |, summability reduces to | C,«a |,
summability (see [9]). Furthermore, if we take 3 = 0, then we get | C, ;¢ |, summability
(see [10]).

2. Known results.

The following theorems are known dealing with the absolute Cesaro summability
factors of infinite series.
Theorem A ([2]). Let (\,) € BV and (X,,) be a quasi-f-power increasing sequence for
some o (0 < o < 1). Suppose also that there exist sequences (53,,) and (A,), such that

| AXn |< Bn (4)
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Bn—0 as n— oo (5)
> n | ABy | X, < o0 (6)
n=1

| An | X =0(1) as n— . (7)

If the sequence (u?) defined by (see [12])

e ‘t%l ) o = 1,
= { maxi<y<n [t5], 0<a <1 (8)
satisfies the condition
m a\k
U
Znék( n) =0(Xp) as m — oo, (9)
n
n=1

then the series ) a, A, is summable | C,o;0 |, k> 1and 0 <d < a < 1.

Theorem B ([6]). Let (X,,) be a quasi-f-power increasing sequence. If conditions from (4)
to (7) are satisfied and the sequence (u) defined by (8) satisfies the condition

o (up)”

Z n " ;571 =0(X,n) as m — oo, (10)

n=1

then the series ) a, A, is summable | C, ;0 |, k> 1and 0 <d < a < 1.

3. The main result.

The aim of this paper is to generalize Theorem B for | C,«, ;9 |, summability
method. Now, we shall prove the following more general theorem.
Theorem. Let (X,) be a quasi-f-power increasing sequence. If conditions from (4) to (7)
are satisfied and the sequence (u2?) defined by (see [3])

B — _
aﬁ: ‘t% |a O‘*17ﬁ> 13 11

Un { maxi<y<n [t9°], 0<a<1,8>-1 (11)
satisfies the condition

m a,B\k
Z nék% =0(X;) as m — oo, (12)
n=1 n An

then the series ) a,A, is summable | C,a, 356 [, k> 1,8 > -1,0< 6§ < a <1, and
(a+B8—-06—-1)k>0.

We need the following lemmas for the proof of our theorem.

Lemma 1([3]). f0<a <1, > -1, and 1 < v < n, then

v m
1> Ax L Aba, |< max | > Ax Alay | (13)
p=0 - = p=0

Lemma 2([5]). Under the conditions on (X,), (8,) and (A,,) as expressed in the
statement of the theorem, we have the following ;

i Brn Xy < 0. (14)

n=1
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4. Proof of the theorem. Let (7.%°%) be the nth (C, a, 3) mean of the sequence (na,\,).
Then, by (1), we have 78 = ﬁ S A" ABva, . Applying Abel’s transformation
first and then using Lemma 1, we have that

1 n—1 )\ n
aB 1 _\n —1 48
LD WIS ITMR S S
n v=1 " v=1
n—1 v
1 a— a—
| T8 | < WZMAUHZAn ;Agpa,,|+Aa+B\ZA “1APva, |
n v=1 p=1
1

n—1
< S TALEDUEE | AN |+ | A |ug? =T + T
1

A%Jrﬂ

To complete the proof of the theorem, Minkowski’s inequality, it is enough to show that
oo
Znék_l | T3P F< oo for r=1,2. (16)

Whenever k > 1, we can apply Holder’s inequality with indices k& and k’, where % + % =1,
we get that

m—+1 m—+1

Z nékfl |Tr(zx,’1ﬁ ‘k Z nék: 1 AoHrﬂ k{z AoHrﬂ ,B)k | AN, |k}

n=2
> {Z 1}1971
v=1
m+1

_ Z nék 2+k— (a+ﬂ)k{z ,U(aJrB)k ,B)kﬂ{?}

IA

m m—+1 1

_ a+B)k(, a,B\k gk
= O(l)Zv( ) (ug”)" By Z N2+ (atB—o—1)k
v=1 n=v+1
— Z (o Bk (0.8 5k/oo dx
, a2t(atf—5-1k
= 0(1) Y (ug ), By
v=1
m 1 k—1
_ 1 a,Br\k ; Skt+k—1
0) >4 () *
m a,B)k
= 01 5 ok (uv
();vﬂ =
m—1 )k)
= 0(1) Avﬂvzdk k1+0 mﬁmzﬁkxkl
v=1
m—1
= 0(1) | A(vBy) | Xo +O(1)mBm X
v=1
m—1
= O(l) | (er 1)A/8v *Bv |Xv +O(1)mBmX
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m—1 m—1
= 0(1) ) v|AB | Xy +0(1) Y BuXy+OL)mBpXy =0(1) as m — oo,
v=1 v=1

by the hypotheses of the theorem and Lemma 2. Finally, we have that

m N m B U%’B k
ST = 3 D A
n=1 n=1
m aﬁ)k:
= 01 An néki(u"
COMENE-=
m—1 n
(ug?)"
= 0Q1) ) Al | o
n=1 1; UXi”f '
m a,B\k
s (up”)
+ O(l) | )\m | Z nXk—l

m—1

= 01) Y [ AN | X+ 0(1) [ A | X,

3
Il
-

3

0(1) Z BrnXn+01) | A | X =0O(1) as m — oo,
n=1

by the hypotheses of the theorem and Lemma 2. This completes the proof of the theorem.
It should be noted that, if we take § = 0 (resp. o = 1), then we get a new result for | C, o |,
(resp. | C, 156 |,,) summability. If we set § = 0, then we obtain Theorem B. Also, if we take
~v = 0, then we have another new result.
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