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QUANTUM INTEGRAL INEQUALITIES ON THE PATTERN OF
OSTROWSKI AND OSTROWSKI-GRUSS TYPE INEQUALITIES

Ghulam FARID!, Mawahib ELAMIN?, Sayed Abdel-KHALEK?®

In this paper, we establish some well known integral inequalities for quan-
tum calculus. By applying g-integral and g-derivative formulas Ostrowski and Ostrowski-
Griiss type inequalities for q-integrals are obtained. In particular cases, some interesting
consequences are produced. Two versions of Hadamard type inequalities are given in
premises of quantum calculus.
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1. Introduction

Classical mathematical concepts and notions are core entities in the development of
new and generalized theories. For instance concept of limit was initiated to determine the
value of a function at a point where it is undetermined. Later on it was used to define the
derivative of a function which leads to the mathematical modeling of real world problems in
the form of initial and boundary value problems, dynamical systems, control systems. The
concept of fractional order derivatives was initiated at the same time when the usual deriva-
tive was invented. In this modern age of technology and artificial intelligence mathematical
notions have been extended and generalized in plenty of ways.

Fractional derivatives and integrals of various types have been invented, and are applied for
formulating generalized theories and notations. In solving fractional differential equations
one need new kinds of special functions such as Mittag-Leffler function, hypergeometric
function etc. More generally speaking theory of fractional calculus is actually applicable
not only in mathematics but also in biology, medicine, mechanics, control theory and many
other disciplines.
The notions ¢-derivative and g¢-integral are the generalizations of usual derivative and in-
tegral, that have interesting applications engineering and sciences. Mathematical concepts
linked with ordinary derivatives and integrals have been converted into g-calculus such as
g-polynomials, g-Taylor formula, g-gamma function, ¢g-beta function ¢g-hypergeometric func-
tion, g-Laplace transform etc can be found in literature. For a detailed study and applica-
tions of g-calculus we refer the readers to [1, 2, 3, 4, 5, 6, 7]. The g-derivative is defined
by
flgz) — f(z)
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From equation (1) it can be found that

Dy flaa) = LD ), @)

The above formulas (1) and (2) will be used frequently in establishing results of this paper.
The g-integral is defined by

/ it =21 - ) S ¢ (g ),
1=0

[ s = [ s [ s

Since, Do{f(t)g(t)} = f(t)Dug(t) + g(qt)D,f(t) the following formula of g-integration by
parts is important to estabhsh inequalities of this paper, see [1, p. 74]

and

b b
| 10Dt = 50190  f@)gla) ~ [ gla)Dus (0. ®)
The g-gamma function of a non-negative integer n is defined by
Len+1)=114+q)(1+q+¢*)..A+q+...+¢""). (4)

Also, lim T'y(n+1) =T(n+1) =nl, see [2].

q—1-
Another definition of ¢-derivative on an interval [a,b] is given as follows, see [8]:
Definition 1.1. Let u : I = [a,b] — R be a continuous function. For 0 < q < 1 the

g-derivative ;Dgu on I, is given by,

e —qa)—u©
a‘un(g) T (Q*l)(g ) 9 g# ) a q ( ) 1~>a ’D (5) (5)

Definition 1.2. [8] Let f : [a,b] — R be a continuous function. Then the q-definite integral
on la,b] is defined as

/ " f(t)dyt = (1 - g)(z — a) S (), (6)

for x € [a,b], a,b e I. If c € (a,x), then we have

/f dt—/f dt—/f (7)

All the above definitions and formulas will be utilized where needed, and we establish
quantum versions of well known inequalities that exist in literature. Forthcoming results
are worthy to mention for best understanding of the reason behind formulating results of
this paper. Let we narrate historically some classical inequalities and their related improve-
ments/refinements.

A convex function was defined in the start of twentieth century and satisfy a classical in-
equality, known as Hermite-Hadamard inequality and given as follows:

v (“1 a “2) <1 /uu By < L) Plue) _; W(uz) (8)

2 T U2 — Uy
provided W is convex on [u1, ug]. This inequality is very commonly targeted by researchers for
further possible investigations. For instance it is established in routine for new classes of func-
tions as well as for different kinds of integrals including fractional integrals, quantum inte-
grals, conformable integrals etc. It is also very common to find its refinements/generalizations,
the Hermite-Hadamard inequality is also estimated in the form of error bounds. A well
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known inequality namely Ostrowski inequality also provides error bounds of inequality (8)
by applying it at mid as well as boundary points of the defined interval. The Ostrowski
inequality is stated as follows:

Theorem 1.1. Let ¥ : I — R, be a differentiable mapping in I°, the interior of I and
ur,uz € I°, up < wug. If |U'(¢)] <M for all t € [u1,us]. Then for o € [u1,us] one can get:

U2 o — wituz)2
U(o) — ” iul / \I'()\)d)\‘ < Lll + (<u2_;1>2) (ug — ug ) M. (9)

uy

By applying a well known Griiss inequality [11], an Ostrowski type inequality was
derived in [12]. In literature it is called Ostrowski-Griiss inequality. In [13], the following
Ostrowski-Griiss type inequality was established:

Theorem 1.2. Let ¥ : [ — R, be a differentiable mapping in I°, the interior of I and
ur,ug € I°, up < ug. If My < U/(X) < My for all X € [uy,us]. Then for o € [uy,us] we
have

P(o) - T U)¥() = (0 —w)¥(w) 1 /uz\I/(A)dA‘ (10)

1
2 Z(UQ — ul) Ug — U "
(0 —u1)? + (ug — 0)?

4(ug —uq)

(Mg —My).

Our goal in this paper is, to investigate inequalities with conditions similar to the
aforementioned results but in quantum calculus. In forthcoming section, we first derive
Ostrowski inequality for g-integrals by setting condition on g¢-derivative to be bounded by
an arbitrary function. Some consequent inequalities have direct link with recently pub-
lished inequalities. An inequality similar to (10) for ¢-integrals is proved. We also find two
inequalities applying condition on second order g-derivative to be bounded.

2. Quantum Integral Inequalities of Ostrowski Type and Linked Results

Theorem 2.1. Let U : [ug,us] — R be g-differentiable and |D,¥(N)] < n(A), A € [uz, usg],
where 1 is g-integrable. Then for o € [uy,us], one can have

V(o) - — /u T (g\)d, A

U2 — UL Sy,

(11)

<1 ((a ul)/: DOV + (us — o) /u 77(/\)dq>\>.

U2 — U1 1 o

Proof. Under given conditions it is easy to see that the following expression is non-negative:

g

/ "0 = ) Dy (T dgA + | 0= wnd,

1 Ul
where A\ € [u1,0] and o € [u1,us]. By using g-integration by parts, one can have the
following inequality for g-integrals:

(- u)o) - [

Uy

o [oa

W(gNdyA > (o — ul)/ (N, (12)

31
On similar way, for A € [0, us], one can get the following inequality for ¢-integrals:

U2

/u2 (s — Nn(A)d,A — / (s — N DyU(A)d,\ > 0.

oa

By using g¢-integration by parts, one can have the following inequality for g-integrals:

U2

(uz — 0) /u DA + (1 — 0)T(0) — / T(g\)dgA > 0. (13)
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After some simplifications, adding the inequalities (12) and (13), the following inequality for
g-integrals hold:

V(o) — i /u2 U(gN\)dgA (14)
U2 — UL Jyyy
> EET— ((0’ —uy) /1: N(A)dgA + (u2 — 0) /:2 n()\)dq)\>.

Also, for X € [u1,ug] the terms (A — uq)(n(A) — Dg(¥(N))) and (u2 — X)(n(A) + Dg(¥(N))),
are non-negative. Hence, for g-integrals the following inequality holds:
ug

/TmemuyJ%@um%X3/(w—MmuHJ%m@m%Aza (15)

1 2

Making g-integration by parts one can get the following g-integral inequality:

W) - —— [ Wi (16)

U2 — UL Sy,

< (- [Caan o) [Taan).

U2 — U1 1 o

Inequalities (14) and (16), provide the required inequality. O

Some examples of function 7 are considered to get the forthcoming results.

Remark 2.1. By setting specific values of function n, one can obtain Ostrowski type in-
equalities of various forms. We consider two examples as follows:
1. Let

R .
n(\) = { o =A), fur<A<o (a7)

%(A—UL if o < A< up.

Then inequality (11) takes the following form

‘\I/(a)— ! /uz\y(qx)qu

Uy — U7 up

< u;m </:(a—A)qu/f(A—a)qu).

By calculating the g-integrals appearing in right hand side we get the following inequality:

‘\1/(0) S /u T (g\)d,\

U2 — U1 uq
39g—1)a+(1+q)b 2
‘gq (O'_ ( q ) q( ‘1) ) ;2 62 1)

< ||D,¥||(us — u
< (1D, ]| n(1+q p— 8a(1+q)

The above inequality is exclusively proved in [8].
2. Let n(\) = (A —u1)?, B € R —{~1}. Then we have

o o — u )BT —
/u(A—ul)ﬁqu:( (11_)q1+(ﬁ1) 9, (18)

1
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and
/u2 ()\ - ul)ﬁqu _ /uz ()\ B u1)’3dq)\ B /U()\ - UI)ﬁqu (19)
(u2 —u)'"*P(1—q) (0 —uw)"*(1-q)
= (1—q'+8) - g9
- (11%’3) ((ug —ur)™P = (0 —ur)'*7),

see [8, Lemma 2.2]. The inequality (11), after putting values of q-integrals from (18) and
(19) takes the following form:

W(o)— — / " B

U2 — U1 w1

1—¢q
ug —uy)(1 — ¢'+h)

=1

) <(‘7 —u1)** + (ug — o) ((ug —ur)'"* — (U—UJl)HB))'

Corollary 2.1. Ifn is increasing along with conditions of Theorem 2.1, then we have

L [T wanin
((0’ —u1)*n(o) + (ug — 0')277(U2)) ,0 € [ug,us).

If we set 0 = % in (20), it appears as follows:

U1 + Uuo 1 w2 U2 — U U + ug
v — v < .
( 5 ) r— / (@A)dgA| < — (77 < 5 > + n(u2)>

Ul
The second main result is g-Ostrowski-Griiss type inequality stated and proved as
follows:

Theorem 2.2. Let ¥ : [ug,us] — R be g-differentiable and ((t) < Dy¥(t) < n(t), t €
[u1,us], where {,n are q-integrable. Then for o € [uy, us], we have:

‘\IJ(U) - (20)

1

T U2 — U

1 (0 —u2)¥(uz) — (0 —u1)¥(uy) 1 u2

L) - s — ) e MR (21)
1 o o “

< 2(1L2—u1)[(0 —up) /UI N(A)dgA — /ﬂ (0 = N)C(AN)dgA + (ug — g)/(7 N(A)dgA

_ /, = )\)C(A)dq)\] .

Proof. Under given conditions it is easy to see that the following expression is non-negative:
g

/0(0 = M(Dg¥(A) = C(A)dgA + / (A = u1)((A) = Dg¥(A))dgA.

1 ul

Hence we can obtain the following inequality

/U(cr — A)DyT(\)dA — /U(/\ — u1) Dy (N)d,A (22)

> [ o= NeWdA - [ = unydi
Using formula (3) for g-integration by parts we have

(0 —up)(¥(w)+ V(o)) — 2/ U(gA\)dgA < (0 — ul)/

Ul Ul

g o o

n()\)dq)\ — / (J — )\)C()\)qu.
b (23)
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Under given conditions we also have the following g-integral inequality:

uz

/uZ(A =) (n(A) = DgW(A))dgA + / (ug = A)(Dg¥(A) = ¢(A))dgA = 0.

[ea

Which can be rewritten as follows:

/m (g — N)DgT(N)dg — /u (A — 0) Dy T (\)dy\ (24)

> [ = e = [T 0= i,

Doing g¢-integration by parts using formula (3), and also by using A — o < us — o for
X € [0, uz], we have

U2

(s — &) (¥(us) + W(or)) — 2 / W(gA)d\ (25)

<=0 [ a0 [ e = N

From inequalities (23) and (25), one can get

3¥) - = W)W(QIEZ)Q__(;)_ ) — /u W(g\)d\ (26)
1 a o ua
SM[(O —up) /u1 n(A)dgA — /u1 (0 = NC(A)dgA + (ug — o) /U n(\)dgA

- /U (s — A)C(/\)qu] .

Now, from given condition, one can obtain the forthcoming g-integral inequalities:

o

/ T = ) (D) — ) + / (0 = NN — DF(N))dA > 0. (27)

1 Uy

u

[ =000 - DA+ [T 0= 080 - a0, (2)

g

Applying g-integration by parts using formula (3) for aforementioned inequalities, and
adding consequent inequalities, we get

%‘I’(o’) _ (- Uz)‘l’(;t(z)g—(;)— u)W(ur) _ - iul /uuz W (gA)dgA (29)
1 o o u2
> ‘2<u2—u1>[(" —u) / 1A - / (7= NN A (42 =) / N(A)dgA

U2
~ [ = e
The required inequality (21) is obtained from inequalities (26) and (29). O

Corollary 2.2. If n and ¢ are increasing along with conditions of Theorem 2.2, then we
have

2(u2 - ul) U2 — UL Jyy

<o~ w2 (o) = G ) un - 02 () - 42

T (g\)dgA

In the following theorem we give a result for twice g-differentiable bounded functions.
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Theorem 2.3. Let ¥ : [uj,us] — R have second order q-derivative to be bounded i.e

C(A) S DXU(X) <n(A) for all X € [u1,us), where ¢,n € Lluy, us]. Then for o € [uy, us], we

have:

uqtug
2

1—gq /
1+q | Ju,

< [ RN+ 0 DR W) dh 4 (1 - ) () o)

U2

(A — u1)2C(\)d + /

uytug
2

(u2 — A)QC(/\)qu} (31)

2(1 — .
+ (1+qQ) <UQ\I/(C]U2) - ul\I/(qul) — (u2 _ Ul)\IJ <Q(U12U2)>>
1 u1tug u
—q Z ,
=11y {/ul (A —u1)*n(A\)dg A + /W(UZ _ /\)Qn(A)qu}.

Proof. Under given condition on Dglll, for A € [uq, %} the following g-integral inequality
holds:

upfug uyfug
2

A= u)2D2UNd A= [ (A= u1)2C(\)dgA > 0. (32)

Ul ul
We use g¢-integration by parts by applying (3), to get the following inequality:

2 wgtug
_ I t
(U22U1> Dq\IJ(W) - / DgW(gA)((1 + q)A — 2u1)dg A (33)

uytug
2

- (A —u1)?¢(\)dy A > 0.

Ul
On simplifying, the above inequality takes the following form

2 uqtug
Ug — U w1 + w 2
< 2 5 1) Dq\I/( ! : 2) —(1+q)/u AD W (gA)dgA (34)

ultug uqtug
2 2

+ou / DyW(gA\)d,\ — / (A = w)2¢(A)dA > 0.

uy ul

Now, using the formula (2) we get

uptug

<u25u1)2w(u1;u2)_q+1él T (PN - T(V) dh (35)

q—1

uy +ug

+(q+1)/u1 T DTN + 2u; (w(W) —\Il(qu1)>

uptug
2

- (A —u1)?C(N)dyA > 0.

uy
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Applying formula (3) for doing g-integration by parts of the first term in second line of the
above inequality we have

uq+u
(Uz—u1)2D \I/(U1+u2)Q+1 E
q

4 2 -1 /m T (TN + (g - D)T(gN) — T(N) dA (36)
+(g+1) (u1 —;—UQq/(Ul —gm) _ ul@(uﬂ) 1 2u (\p (W) _ \I,(qul))

(A — u1)2C(\)dgA > 0.

uy

Furthermore, for A € [“1F%2 u,] we also have

uz u2
/+ (uz = A)’D2W(A)dg\ — /+ (ug — A)?C(N)dy\ > 0.
wtuy wtuy

(37)

Applying g-integration by parts twice via formula (3) and using (2), the forthcoming in-
equality is formulated

(ug —

-l m) Dq\p<“1;“2> - Zfi/i (W) + (g — DT(gN) — T(N) dgA (38)

wytup
+(q+1) <u2\11(u2)u1+u2\1/<u1+uz

. . >) + 2uq (xp(qug)\p<q(“+“2))>

2

U2
— / (ug — A)?C(N)dy\ > 0.
”1;”2
Inequalities (36) and (38) are added, to obtain the next inequality.

/ W@ + (- D) — T dgA+ (L ) (P () — 0T (ury))

(39)
00 o) i) - (222)

U1

1= " w2
> </+ (3 — N2C(\)dgA +/ (h ul)zc(A)qu> |

The proof of second inequality is on the same way; here we use the non-negativity of terms
(A —wu1)?(n(X) — D2¥(N)) and (uz — A)*(n(A) — D2¥())), doing g-integration we get:

uq +ug
2

[T w0 - DRvonaA+ [ = 02 00) - DR 0. (10)

By using g-integration via formulas (3) and (2), the second inequality of (31) can be com-
puted.

O
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Theorem 2.4. The following q-integral inequality holds under suppositions of Theorem 2.3:
(1 —q)(ug —uy)? 1 /“2 < Uy +u2)2

A— A)dgA 41

1 +q (UQ _u1)2 w 2 C( ) q ( )

~ DgV(uz) — Dg¥(u1)  (¢+1)(u2¥(us) — Uﬂ’(“l)))
4 (u2 *Ul)z

< /u2 (\I’(QQ/\) + (¢ —1)T(gN) — \I/(/\)) o\ < (1- q)l(j_Qq_ up)?
uz Dy ¥(uz) — Dg¥(ur) (g +1)(ua¥(uz) — ur¥(u1))

) n(A)dgA — 4 - (uz — up)?

Proof. Let X € [u1,us] and by using given condition on D?¥, we have

u 2 ug 2
/ ()\ _— "2”‘2> DA — / ()\ - "2“‘2> D2U(A)d,\ > 0. (42)
u u

1 1

Doing g-integration by parts and for A € [ug, us] using ()\ — %7“)2 < (ug — u1)27 after
some rearrangement of terms the following inequality is obtained

(us — U1>2<Dq‘1’iw> = D) 4 / CAD (g0, (43)

1
Uz

+ (uz —ul)/ ADB(qN)d A < (s — u1)2/ N

1

Using formula (2) and g-integration we will get the following inequality:

[ @+ - 0wy - woy)agp < S0 (a4
“ DyW(ug) — DgW(u1)  (g+1)(ua¥(uz) — u1W(uy))
) </u1 1A = 4 (ug —u1)? ) '

By using non-negativity of (A — %)Q(Dg\ll()\) — ¢(A\)) and taking g-integration we will

get
w2 uy +u 2 w2 uy +u 2
/ ()\— 12 2) Dgxlf(A)quz/ ()\— 12 2) C(A)dgA. (45)
u u

1 1

Doing g-integration by parts we get

(ug — u1)?* (D ¥ (ug) — Dy¥(uy))
4

—(g+1) / "D, (N)d\ (46)
Uu u2 2
+(u2—u1)/ /\Dq\I'(q)\)dq)\z/ (A—“l;””) COVd .

Using formula (2) and g-integration we will get the first inequality of (41). |

3. Conclusion

This research established Ostrowski and Ostrowski-Griiss type inequality in quantum
calculus. Those were proved by applying boundedness of first order g-derivative. By ana-
lyzing second order g-derivatives to be bounded, two g-integral inequalities similar to error
estimations of the Hadamard inequality were derived.
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