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VARIOUS TYPES OF SHADOWING AND SPECIFICATION
PROPERTIES OF SEMIGROUP ACTIONS

Zahra Shabani’, Haleh Tajadodi?

In this paper, we introduce the notions of d-shadowing and weak specifica-
tion properties for finitely generated free semigroup actions on the compact metric spaces
and tnvestigate their relations with average shadowing and ergodic shadowing properties.
Moreover, we define a new notion for the ergodic shadowing property on the non-compact
metric spaces, which is a dynamical property and equivalent to its definition in the case
of semigroups on the compact metric spaces.
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1. Introduction

The concept of shadowing was originated from the Anosov closing lemma and because
of its rich consequences, shadowing plays an important role in the general qualitative theory
of dynamical systems. It is considerably developed in recent years and many authors have
studied several kinds of shadowing including ergodic shadowing [7], d-shadowing [5], and
average shadowing [10], which have the common motivation of studying the behavior of a
dynamical system by using the closeness of approximate orbits and true orbit. Moreover,
there are extensive connections between these variants of shadowing and the chaos and
stability; see [7, 11, 13].

Another variant of shadowing is the specification property in which one can approx-
imate distinct finite pieces of orbits by an actual orbit with a certain uniformity. It was
first introduced by Bowen[4] to study the ergodic property of Axiom A diffeomorphisms. It
has been shown that every mapping with the specification property is chaotic in the sense
of Devaney; see [1]. The authors in [7, 10], respectively, defined some kind of specification
such as weak specification and pseudo-orbital specification properties for a continuous map
on a compact metric space and studied their relations with other dynamical properties.

Recently, Osipov and Tikhomirov [15] introduced the notion of shadowing property for
the finitely generated group action. The continuous actions associated with finitely generated
semigroups on compact metric spaces are also called iterated function systems(IFSs). IFSs
are widely used for the construction of deterministic fractals; see [3]. Over the last ten
years or so, many research works have been devoted to the applications of IFSs in image
processing theory [6], in the theory of stochastic growth models [8], and in the theory of
random dynamical systems [14]. The shadowing property of IFSs was explored in [2, 9, 20].
Bahabadi [2] introduced the notions of shadowing and average shadowing properties for free
semigroup actions(IFSs). He obtained that a semigroup with average shadowing property
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is chain transitive. Wu, Wang, and Liang [20] improved this result and showed that the
average shadowing property for a semigroup actions implies chain mixing.

Ergodic shadowing and pseudo orbital specification properties for finitely generated
semigroup actions were introduced in [17], and it was proved that these properties are
equivalent to the semigroup being topologically mixing and having the ordinary shadowing
property. In [21], the definition of shadowing property, average shadowing property, and
topological ergodicity for iterated function system, were introduced and relation between
average shadowing and topological ergodicity was studied. But these definitions of shadow-
ing and average shadowing properties differ from the definitions given in [2]. In this paper,
we introduce the definition of d-shadowing and weak specification properties for finitely
generated semigroup actions and study the connection between these properties with er-
godic shadowing and average shadowing properties (in a similar way defined in [2] and [17],
respectively).

The main aim of this paper is to prove the following result.

Theorem 1.1. Let G be a semigroup generated by the family {id, gi1,...,gm} of continuous
maps on the compact metric space X where g; is surjective for some i € {1,...,m}. Then
the following properties on G are equivalent:

(1) ergodic shadowing,

2) d-shadowing and ordinary shadowing,

3) chain mizing and ordinary shadowing,

) topologically mizing and ordinary shadowing,

) average shadowing property and ordinary shadowing,
)

)

T

weak specification and ordinary shadowing,
pseudo-orbital specification.

(
(
(
(
(6
(7

Notice that the definitions of shadowing and ergodic shadowing properties of con-
tinuous map f and also for the semigroup actions on a compact metric space depend on
the metrics on non-compact metric spaces (see [12] and Example 6.1). In [12], the authors
introduced the new notions of e-chain and the shadowing property for homeomorphisms on
non-compact metric spaces, which are dynamical properties, that is, conjugacy invariant
and equivalent to the classical definitions in case of compact metric spaces. The authors
in [18], extended the notions of e-chain and shadowing property defined in [12] to the case
of finitely generated semigroup actions on non-compact metric spaces and showed that the
new notions of e-chain and shadowing on a non-compact metric space X are independent of
metrics on X. Here, we introduce the definition of ergodic shadowing property of semigroup
actions on non-compact metric spaces which is conjugacy invariant, and we obtain some
results.

This paper is organized as follows. Sec. 2 contains the main definitions and back-
ground information. In particular, we introduce the notions of the d-shadowing and weak
specification properties for finitely generated semigroup actions. In Sec. 3, we show that any
semigroup with d-shadowing property is chain mixing. Moreover, we build a semigroup with
d-shadowing that does not have the shadowing property and so it does not have the ergodic
shadowing property. In sec. 4, we show that for a semigroup with shadowing property,
the notions of average shadowing and topologically mixing properties are equivalent. The
relation between weak specification and pseudo orbital specification properties, is discussed
in sec. 5, and the proof of Theorem 1.1 is given in this section. In sec. 6, we present
an example that shows that the shadowing and ergodic shadowing properties of semigroup
actions on a compact metric space depend on the metrics on non-compact metric spaces
and then, we define a new notion for the ergodic shadowing property of semigroup actions
on non-compact metric spaces which is a dynamical property.



Various types of shadowing and specification properties of semigroup actions 109

2. Preliminaries

In this section, we describe the free semigroup actions and state some notation and
definitions. Throughout this paper, let N = {1,2,3,...} and let Z*+ = {0,1,2,3,...}. Given
a finitely generated semigroup G with a finite set of generators G1 = {id, g1,92,-.-,9m},
where g; : X — X,i € P = {1,...,m}, is a continuous self-map on the compact metric
space (X,d). We write G = |J,,c5+ Gn, where Gy = id and

Gn=19i,0" 09,09, : 9i; € G1}. (1)
Indeed, G,, consists of elements that are concatenations of at the most n elements of G;.

Let F,,, be the free semigroup with generators {1,...,m}. One way to interpret this
statement is to consider the itinerary map ¢ : F,,, — G given by

n
W= WLW2 ... Wy 7 Gy = Guw; © 0 Gu,

and to regard concatenations on G as images by ¢ of paths on F,,.

Let Gy = {id,g1,...,9m} be a finite collection of continuous maps on the compact
metric space X. Th symbolic dynamic is a way to display the elements of semigroup G asso-
ciated with this family. Let 3™ be the space of infinite sequences of m symbols {1,...,m},
that is, ¥ = {w = wpwiwz ... : w; € {1,...,m}}. For any sequence w = wowiws ... € ™,
take g0 := id and for any n > 0, g"(x) := g,,,_, ©" 0 gu, (). Let A™ be a set of finite words
of symbols {1,...,m}, that is, if w € A™, then w = wg ... w;—1, where w; € {1,...,m} for
alli=0,...,0—1. Also, for 0 <i <1 — 1, we denote g% := gu, , 0+ 0 Guy-

Let (X,d) be a compact metric space and let G be a semigroup associated with the

finite family {id, g1, ..., gm} of continuous self maps on X. Given w = wy ... w,—1 € A™ and
€ > 0. An (e, w)-chain of semigroup G from z to y is a finite sequence ¢ = z,x1,..., 2, =y
such that

d(gw, (z:),2i41) <€ foranyi=0,...,n—1.
We say that G is chain transitive if for any =,y € X and any € > 0, there exists an e-chain
from z to y. Also G is called chain mizing if for any two points z,y € X and any € > 0,
there is a positive integer N such that for any integer n > N, there is an e-chain from x to y
of length n. We say that the semigroup G is topologically mizing, if for any two open subsets
U and V of X, there exists an integer N € N, such that for any n > N, g%(U) NV # 0, for
some w € X",
For any A C ZT, the density of A is defined by

. 1
d(A):nlirgoE|Aﬁ{0,l,...,n—1}|. (2)
Replacing lim with liminf in (2) gives the definition of d(A), the lower density of A.
For a sequence & = {z;}i>0, § > 0, and w = wowiws ... € ¥™, put
Np(f,G,w,(S) = {Z SYAR d(gwi(xi)a-ri-‘rl) 2 6})
Np“(§,G,w,8) = Z" \ Np(§, G, w, ),
and
Npn(¢,G,w,8) = Np(§,G,w,6) N{0,...,n—1}.

To simplify the notation, we denote them by Np(§,w,d) and Np, (&, w,d), respectively.
Given a sequence { = {x;};>0 and a point z € X, consider

Ns(&,w,2,0) ={i € ZT : d(g},(2), ;) > €},
Ns®(&,w,2,6) =Z1 \ Ns(&,w, z,0),

and
Nsp(§,w,2,0) = Ns(§,w,2,6)N{0,...,n—1}.
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Definition 2.1. Let § > 0 and let £ = {x;};>0 C X. We have the following concepts:
(1) € is a (6,w)-pseudo orbit of G for some w = wowy ... € ™, if for any i € ZT,
d(go.u ($i)7$i+1) < 5; see [2]
(2) € is a (0,w)-ergodic pseudo orbit of G for some w = wow; ... € L™ provided that the
set Np(&,w,d) has zero density (see [17]), that is,
Np,(&w,é
L INpu(Ew,0)

n—00 n

=0.

(3) [2] € is a (§,w)-average pseudo orbit of G for some w = wowiws ... € ™, if there is
N € N such that for any n > N,

n—1

1

- Y " d(gu, (w:), wi41) < 6.
1=0

Remark 2.1. Clearly, every orbit {¢”(z)},>0 is a (§,w)-pseudo orbit, and every (J,w)-
pseudo orbit is a (d, w)-ergodic pseudo orbit. Moreover a (d, w)-ergodic pseudo orbit may be
represented as

{ = {Jio, L1, L2y« - Tmg s Tmy+15 Tmg 425+ -+ s Lo s Tmog+1y Tmo42,5 - - }
where, {Zm, +1, Tm, 42, - - - » Tmiys ¢ € ZT are finite (§, w")-chains with w’ = Wy, 11Wm,42 - - - Wi,y —1 €
A™ mg = —1, and {m;};cz+ has zero density.

Now, we use the above notions of approximate trajectories to define the various types
of shadowing properties of this paper.

Definition 2.2. (1) [2] A semigroup G has the shadowing property, provided that for
every € > 0, there exists & > 0 such that, for any (6,w)-pseudo orbit & of G, there is
a point z € X such that for any i € ZT,

d(g.(2), ;) < e

(2) [17] A semigroup G has the ergodic shadowing property if for each € > 0 there exists
d > 0 such that every (§,w)-ergodic pseudo orbit & of G can be e-ergodic shadowed by
some point z in X, that is, there exists ¢ € ¥™ with v; = w; fori € Np®(§,w,d), such
that

o INsa(E 0,7,
n—o00 n

(3) A semigroup G has the d-shadowing property if for each € > 0 there exists 6 > 0 such
that every (d,w)-ergodic pseudo orbit £ of G can be d-e-shadowed by some point z in
X, that is, there exists p € ¥™ with @; = w; fori € Np®(§,w,d) such that

d(Ns(&; ¢, 2,¢€)) > 0.

(4) [2] A semigroup G has the average shadowing property if for any e > 0, there is § > 0
such that every (0, w)-average pseudo orbit & of G is e-shadowed on average by a point
z € X, that is, there is ¢ € X" such that

n—1

Z d(gL(2),z;) < e

=0

=0.

1
n
Now, we introduce the notion of weak specification property for the context of semi-

group actions.

Definition 2.3. We say that the semigroup G has weak specification property if for any
€ > 0, there exists N(e) > 0 such that for any set {z1,...,zr} of points of X, any sequence
of nonnegative integers aqx < by < az < by < -+ < ap < by with aj41 —b; > N(e), and any
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wl = Wq, -+ W, —1 € A™, (1 <j <k), there exist a point z € X and w € X™ with w; = w;
for any a; <i < b; —1 such that

d(gi)(z),gi_aj (zj)) <€, forany a; <i<b;, 1<j<k.

wi

In the following, we recall the stronger notion of specification for the semigroup G,
which is called pseudo-orbital specification property and is equivalent to ergodic shadowing
property (see [17]).

Definition 2.4. We say that a semigroup G has the pseudo-orbital specification property if

for any € > 0, there exist 6 = §(e) > 0 and N(e) > 0 such that for any nonnegative integers

ar < by <ag <by <--- < ag < by with aj41 —b; > N(e) and (5, w?)-pseudo orbits &; with

& =1{zgaha; < i< by, 1 S'j <k, and w = wéj ...wirl € A™, there exist a point

ze€X andw e X™ withwi:wf fora; <i<bj—1and1 < j <k, such that
d(gl(2),2() <€ forany a;<i<b;, 1<j<k.

It is clear from the definition that the pseudo-orbital specification property implies
the weak specification property.

3. d-shadowing property of semigroup actions

Let X be a compact metric space and let G be a finitely generated semigroup asso-
ciated with {id,g1,...,9m}, of continuous maps on X. The aim of this section is to show
that every semigroup with d-shadowing property is chain mixing. Moreover, the connection
between the d-shadowing and ergodic shadowing properties is studied.

First, we show that the d-shadowing property of semigroups implies chain transitivity.

Theorem 3.1. Suppose that g1, ..., gm are continuous maps on a compact metric space X
such that one of them is surjective. If the semigroup G generated by these maps has the
d-shadowing property, then it is chain transitive.

Proof. Let z,y € X and € > 0 be given. Let § > 0 be as in the definition of the d-shadowing
property. Set mg = —1 and consider M = {m,;};cn an increasing subsequence of natural
numbers with d(M) = 0 such that N partitions into two subsets M; and M, satisfying

Ml = {0,1,2,...,m1}u{m2+1,m2+2,...,m3}u{m4+1,m4+2,...,m5}u...
and My = N\ M; with d(M;) = d(M,) = 1. Fix a sequence w = wowi ... € ™. Suppose
that g¢, £ € {1,...,m} is surjective. For each j > 0, consider the sequence

Ui = gzaimwl(l")’ moj + 1 <4 < majgq,
Z e (), majen +1 <0 < majyo,
which is the orbit of « on [mg; + 1,m9;41] and a piece of backward orbit of y on [mgj+1 +
1,mgoj42]. Then {y;}i>o0 is a (d, n)-ergodic pseudo orbit of G with n = nomina ... € £,
wi, meoj+1 <19 <mojyg,
ni=9qt i€ {mitien
L, mojy1 +1 <0 < mojyo,

for some t € {1,...,m}. Since the semigroup G has d-shadowing property, there are a
sequence v € £™ and a point z € X such that Ns({y;}i>0, 7, #, €) has positive lower density,
which implies that Ns({y;}i>0,7,2,€) N M; # 0, for ¢ = 1,2. Thus we can find positive
integers 1, j, r, s with r < s such that

d(gh(2),g,(x)) <€, d(g5(2),9,” (y)) <.
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One can see that the

N B o
2, G (), g (@), 95(2), 95 (2), 08 (2) 90 (W) 97 )y

is an (e, ¢)-chain from z to y with

C:w0w1...wi_lfy,«'yr+1...'ys_1 {...0.
J times

O

Let G be a finitely generated semigroup with the finite set of generators G; =
{id,g1,...,9m}. Take G} = G \ id, and for any k € N let G}, denote the space of compo-
sitions of k elements in G7. That is, g € G} if g = gk for some finite word w € A™ with
length k. Denote by G* the semigroup generated by G

In the following, we prove the invariance of d-shadowing property of the semigroup
G under iterations.

Theorem 3.2. If a semigroup G has the d-shadowing property, then the semigroup G* has
thed-shadowing property for any k € N.

Proof. Given fixed € > 0 and k € N, the uniform continuity of mappings g;, i = 1,...,m
implies that there exists n < e/k such that d(z,y) < n implies that d(g,(x), g%, (y)) < €/k,

for any i = 1,...,m and w € A}". Thus, for any finite (n, w)-chain {ro,...,7}, we have
d(g,(ro),m:) < €/2,i=0,1,...,k. Let § < n be an n-modulus of ergodic shadowing property
for the semigroup G. Suppose that & = {20, Z1,. .-, Tmg; Tmo+1s- - - s Tmys Tmq+1,-- -5 1S a

d-ergodic pseudo orbit for the semigroup G*. It can be verified that there is a sequence
w = wowq ... € X such that

{i € Z+; d(gw(i+1)k—1 OO Gwik (l‘l)v xi-i-l) 2 6} c {mi}i€Z+

Take a sequence {y; };>0 with

N EY i=nk forsome ncZT
vi= {ginkw(xn), i=mnk+j forsome nec€Zt,0<j<k,
that is,
{yitizo = {Z0, Guo (20): Gy © fuo (T0)s - -+ G5 0+ © G (T0),
T15 9o (£1)5 Guorr © oo (1) -+ 3 Guogi—g © =+ * © Guo (1), T2, - . .
Ty Guorn (Tn)s Gwrn i1 © Jwrni1 (Tn)s s Gwingarnoz © O G (Tn)s Tn1, - - -}

is a d-ergodic pseudo orbit for the semigroup G. Since the semigroup G has the d-shadowing
property, there are a point z € X and v € X™ such that {y;};>0 is d-n-shadowed by
{gfy (2)}i>o0. Since M = {m, };cz+ has zero density, we can assume that Ns({y;}i>0,7, 2z, 7) N
M = 0. If ever, m € Ns({yi}i>0,7,2,m) N M, then d(g7"(2),ym) < 1. Let m = nk + j for
some n € ZT and 0 < j < k. Then

{g’TYn_l(Z% ginkw(x’rL)v gi—:klw(l‘n)’ s 795:’3&1(37”)7 anrl}

is an (1, w)-chain with w = Y, 1Wnk+1 - - Wit k—1Wn+1)k € AL Therefore, we have

d(g;n+k_j (Z)7$n+1) = d(gﬁ)_j (gfyn_l(z))vanrl) <e

Set By := Ns({y:}i>0,7,2,1m). With out loss of generality, suppose that d(z,z9) < €. By an
induction argument, we will show that the sequence ¢ is (7, €)-traced by the orbit of z under
the semigroup G* along a set B C Z* with kd(B) > d(Bj). By the definition, z,, is the

Lot BO{012n=1} _ gy 0 q 1Bi0f0.12.kn=1}| _ py

for some
n n n kn

kn’th element of {y;};>o.



Various types of shadowing and specification properties of semigroup actions 113

Pn, qn € N. Then it is enough to show that ki~ > 2= for n € N. Since d(z,z0) < ¢, the first
step of induction is established. Assume that k4* > 2= We will show that

gn+1 Pn+1
> ) 3
n+1 7 k(n+1) (3)

We observe that either ¢,4+1 = ¢ or ¢nt1 = gn + 1. If gr41 = ¢y, then this means that x,,41
in £ is not e-shadowed by the orbit of z under the semigroup G*¥ and hence by the above
argument x,1 is not e-shadowed by the y-orbit of z under the semigroup G in sequence
{yi}i>o0 either. So p,4+1 = py, and (3) holds. If g,+1 = ¢, + 1, then p,11 < p, + k and again
(3) holds. This terminates the proof. O

Corollary 3.1. Let G be a semigroup generated by a finite family of continuous self-maps
on a compact metric space X such that one of the generators is a surjective map. If G has
d-shadowing property, then it is chain mizing.

Proof. Since G has the d-shadowing property by Theorem 3.2, for any k& € N, G* has the
d-shadowing property, so applying Theorem 3.1, we obtain that it is chain transitive and
therefore G is chain mixing by [20, Theorem 2.3]. O

Clearly every finitely generated semigroup G with the ergodic shadowing property has
the d-shadowing property. The next example shows that the ergodic shadowing property is
strictly stronger than the d-shadowing of finitely generated semigroups on compact metric
spaces.

Example 3.1. Here, we construct a semigroup with d-shadowing property that does mot
have the ergodic shadowing property. Let g1, ga : [0,1] — [0,1] be two maps defined by

gi(z) =1 —(x—1)2, go(z) = /1~ (z—1)3.

By identifying 0 with 1, g1 and go are homeomorphisms on S* with unique fized point x = 0
and the orbits of any points except zero move by these maps on S counter-clockwise and
attract to x = 0. Let G be the semigroup generated by {id, g1,g2}. Since g1 and g do not
have the shadowing property, so the semigroup G does not have the shadowing and ergodic
shadowing properties (see [2, 17]). Now we show that G has the d-shadowing property. Let
0 < e < 1/2 be given. Since for any x € [e,1 — €] and any w € ™, after a finite iterate
n € Z*, g7(z) leaves [e,1 — €], so we can choose § < €/2 sufficiently small such that every
(0, w)-chain with w € A™ has at most N(e,d)-elements in [e,1 — €]. Let & = {x;}i>0 be a
(6,w)-ergodic pseudo orbit. Then

o, L1y 7xm1;xm1+lamm1+la seey xmz;xmz-‘rlaxmz-ﬁ-Qa cvey
where w € ™, mg = —1, and {m;};>1 is a sequence with zero density. Since every
§-chain of length N(e,8) + 1 has some element in S* \ [e,1 — €], so every d-chain & =
Ty 415 Tyt 1y - - - Tmyirr @ > 0 has at least [(mig1 —m;)/N(€,6)] elements in S\ [e,1 — €].
Set
Ap:=1{ic{0,1,....n—1}:2; € S*\ [e,1 — €]}
Then
my
Mip1 — My

[An| >
i=1
where my = max;>o{m; : m; < n}. Put A = UpenA,. Therefore d(A) = 1/N(e, ). Let
y = 1—¢€/2; then for any j € A, we have d(g7,(y),z;) < 2¢, which implies that G has the
d-shadowing property.

N(e,d)
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4. Average shadowing property of semigroup actions

This section is devoted to show under the assumption of the shadowing property of
semigroup G, average shadowing and topologically mixing properties are equivalent. We
first prove that every semigroup with shadowing and topologically mixing properties has
the average shadowing property.

Theorem 4.1. If a semigroup G generated by a finite family of continuous self-maps {g; :
i=1,...,m} has the shadowing and topologically mizing properties, then it has the average
shadowing property.

Proof. Without loss of generality, we can assume that diamX < 1. Let ¢ > 0 be given
and let 6 > 0 be provided by the shadowing property for /2. Since the mappings g; are
uniformly continuous, there exists 77 < § such that d(z,y) < n implies that d(g;(x), ¢;(y)) < 0
for any 1 < ¢ < m and x,y € X. Since X is compact, we can find a finite open cover
U = {Ui,...,Up} of X composed of open balls of radius /2. For any two open sets
U;,U; € U, choose an integer N;; > 0 and a sequence w¥ € ¥™ such that L (U)NU; # 0
for n > N;j;. Take N := max{N;; : 1 < 1,5 < M}. Choose M > 0 such that 2N/M < €/2,
and put A = §/M. Let £ = {z;}:;>0 be a (J,w)-average pseudo orbit for G. We can construct
a sequence

O=ag<bg<a1 <by <---
of natural numbers such that the following conditions hold:

(1) [aj,b;] C Np(&,w,\) for each j € Z7,
(2) aj41 —b; = N for each j € Z7.

Then §; = {xa;,Ta, 41,2y, },J > 0, are (A, w?)-pseudo orbits in X with w’/ = Wa, -+ Wh,—1 €
A™. For any x € X, we denote by U(z) the open set U € U containing z. By the choice of
N, there exists a sequence ¢/ € {w” : 1 <i,j < M} C X™ such that

gz‘yj (U(xbj)) n U(xaj+1) 7é 0.
Therefore there is y; € U(xy,) such that ggj (y;) € U(xa,,,). Now consider the sequence
Y=Y ... € X" with
wg’ ajﬁfgbj_L
Ve = ;
©1p,r by << aj -1,
(yj)}. One can see that

{§O7C07£1,C1, .. }

is a (d,7)-pseudo orbit and can be ¢/2-shadowed by a point z € X. In particular, for any
j € laj,b5],5 > 0, we have d(g!(z),z;) < €/2. Now, we show that z, (v, €)-shadows in the
average A-pseudo orbit {z;};>0. Let L > 0 be such that for any n > L,

and Cj = {gtpj(yj)v"' )gg]

1 n—1
g Zd(‘gwi (.’)31‘)7l‘i+1) <.

=0

Let L = rM + s for some » > 0 and 0 < s < M. Thus |[Np,({z;}i>0,w,A)| < s + 1, since
otherwise

n—1

-~ Z d(gw, (i), xiv1) = (r+ 1)6/L > 6/M = A.
i=0
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Moreover,

n—1

1 ; € 1

n E d(gfr(z%xz) < %(n - |N8n({$i}i20u’yaz76)|) + ﬁ'NSn({xi}iZ()v'%ZvE)‘
=0

< £+ T |Npa({aiizo,w,0)
<t i<t 2o
-2 M -2 M ’
which completes the proof. O

Corollary 4.1. Let G be a semigroup generated by the family {id, g1,...,9m} on a com-
pact metric space X, satisfies that g; is surjective for some i € {1,...,m} and let G have
the shadowing property. Then G is topologically mixing if and only if it has the average
shadowing property.

Proof. By [20, Corollary 3.3], if G has the average shadowing and ordinary shadowing prop-
erties, then it is topologically mixing. This, together with Theorem 4.1, terminates the
proof. O

5. Weak specification property of semigroup action

In this section, the relation between weak specification and pseudo-orbital specifi-
cation properties is studied. It is clear from the definition that any semigroup with the
pseudo-orbital specification property, has the weak specification property. In the following,
we present a finitely generated semigroup action with the weak specification property, that
does not have the pseudo-orbital specification property.

Example 5.1. Let X = S, let gy be any C-expanding map on X and go := Ry : X — X be
the rotation of the angle a. Let G be a semigroup with generating set {id, g1,92}. The semi-
group G does not have the shadowing property, as ga does not have not the shadowing prop-
erty. Therefore it does not have the pseudo orbital specification property(since the pseudo-
orbital specification property implies shadowing [17, Theorem 1.1]). We show that G has the
weak specification property. Since g1 is an expanding map by [19, Lemma 11.2.7], There ex-
ists €9 > 0 such that for any e < eg, anyx € X, and anyn € N, g}(B(z,n,€)) = B(g7(x),¢€),
where,

B(w,n,€) :={y € X, max d(g; (), 91(y)) < e}

Also for any € > 0, there exists N = N(¢) such that gi¥ (B(x,¢)) = S for any v € X.
By this observation, for given € > 0, any set {x1,...,xk} of points of X, any sequence of
nonnegative integers a1 < by < ag < by < -+ < ap < by with aj41 —b; > N(e), and any
wl = Wq, -+ wy,—1 €A™, (1 < j < k), we can find a point z € X such that for w € X™ with

o — w;, 7 S [aj,bj — 1],
U1, ezt \[ag, b — 1],

we have 4
d(gi,(z),gz_-aj (zj)) <e forany a; <i<b;, 1<j<k.

wd

Here, we shall show that by assuming the shadowing property for finitely generated
semigroup G, weak specification property implies the pseudo-orbital specification property.

Proposition 5.1. If a semigroup G associated with the family of continuous self maps
{id, 1, ..., gm} satisfies that g; is surjective for some i € {1,...,m} and has the shadowing
and weak specification properties, then it has the pseudo-orbital specification property.
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Proof. Let € > 0 be given and let n < /2. Let 6 > 0 be an p-modulus of the shadowing
property and let N(n) be an n-modulus of the weak shadowing property of the semigroup
G. For any sequence of nonnegative integers a; < by < as < by < .-+ < ap < by with
aj4+1 —b; > N(n) and (8, w’)-pseudo orbits &; with & = {z(;},a; < i <b;, 1 <j <k,
and w’/ = w, ...wij_l € A™, since one of the generators g; is surjective for some i €
{1,...,m}, we can extend &; to a (J,w’)-pseudo orbit &; with w/ € ¥™ and w] = w! for
a; <i<bj_1,1 <j < k. By the shadowing property of G, there exits a point z; € X that
e-shadows f;. In particular, for any a; <¢ < b;,1 < j <k, we have

d(gijj(zj), x(j,i)) <. (4)
Set x; = gz_’;(zj), 1 < j < k. Since the semigroup G has the weak specification property,

there exist a point z € X and w € ¥™ with w; = w] = w] for a; <i < b;_1, such that

d(9:,(2), 9,5 (25)) = d(9,(2), 9L,y (7)) < . (5)
Thus (4) and (5) yield
d(g’ (z), T() <2n<e
This means that G has the pseudo orbital specification property. O

Now, we are ready to state the proof of Theorem 1.1.

Proof of Theorem 1.1. First, we mention that in [17, Theorem 1.1], it was proved that
(1) <= (3) <= (4) < (7). So, we prove the remaining implications. It is clear from
the definition that every semigroup with ergodic shadowing property has the d-shadowing
property, thus (1) implies (2). (2) = (3) follows from Corollary 3.1. By Corollary 4.1,
we obtain (4) <= (5). Using the fact that pseudo-orbital specification property implies
weak specification property and Proposition 5.1 yield that (6) <= (7). This terminates the
proof. O

6. The ergodic shadowing on non-compact metric spaces

In this section, we define the notion of ergodic shadowing property of semigroup
actions on non-compact metric spaces that is a dynamical property.

Definition 6.1. [18] Let X and Y be two metric spaces. We say that two semigroups F
and G with generating sets {id, f1,..., fm} and {id,g1,...,9m} on X and Y, receptively,
are (topologically) conjugate if there is a homeomorphism h : X — 'Y such that ho f; = g;oh
foralli=1,...,m. The homeomorphism h is called a conjugacy between F and G.

A property P is called a dynamical property if a semigroup G has the property P,
then any other semigroup F which is conjugate to G also has the property P.

Note that shadowing and ergodic shadowing properties of semigroup action on com-
pact metric spaces are independent of metric and they are dynamical properties. However,
they depend on the metrics on non-compact metric spaces, as we see in the following exam-

ple.
Example 6.1. Let T : R — S'\ {(0,1)} be a map given by

2
T(t) = (1_?12’ ;ﬁ) , forallt eR,
and let X = T(Z). Let d be the metric on X induced by the Riemannian metric on S*, and
let d' be a discrete metric on X. It is clear that d and d' induce the same topology on X.
Let g1 : X — X be a homeomorphism defined by g1(a;) = a;+1. Denote by G the finitely
generated semigroup action associated with {id, g1, g2}, where g2 is any homeomorphism on
X. Since the metric d' is discrete, it is easy to see that G has the ergodic shadowing property
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with respect to d'. We show that g, does not have the shadowing property with respect to
d. Therefore the semigroup G does not have the shadowing property. By contradiction, let
g1 : X — X have the shadowing property. For ¢ = i, let 6 > 0 be an e-modulus of the

shadowing property of the mapping g1. Choose Ny € N such that d'(an,,a—n,) < g. For
any i > 0, put j :=i mod 2Ny. Then, the sequence {x;};>0 given by

CLj7 jE{O,l,Q,...,Ng*l},
T; = .
aj—2Ng, ] € {N(),N() + ].,. . .,2N() — 1}

is a &-pseudo orbit for g1. So, there is a point z € X such that d(gi(z),z;) < &, for any
i >0 . Since for any z € X, gi(z) attract to (0,1), so we can find an integer i € N such that
d(gi(2),z;) > €, which is a contradiction. So, G does not have the shadowing and ergodic
shadowing properties with respect to d.

Now, we define the notion of ergodic shadowing property for the finitely generated
semigroup actions on non-compact metric spaces, which is independent of metrics.

Let C(X) be the collection of all continuous functions from X to (0,00). Let X be a
metrizable space and let G be a finitely generated semigroup action with the set of generators
{id, g1,...,9m}. For a sequence { = {x;};>0 C X, § € €(X), and w = wowrws ... € ™, put

Np(E,G,w,(s) = {Z ez : d(gwi, (xi)vxi+l) > 6(9% (xl))}7

Np°(§,G,w,8) = Z" \ Np(¢, G, w,d),
and
Np,(¢,G,w,0) = Np(&§,G,w,0)N{0,...,n—1}.
Given a sequence { = {x;};>0 and a point z € X, consider

NS(E,G,UJ,Z,a) = {Z SYAR d(g;(z),:vz) 2 6(9;(‘2))}7

Ns°(¢,G,w,2,6) = L7\ Ns(€,G,w, 2,9),
and
Ns,(¢,G,w,z,0) = Ns(§,G,w,z,6)N{0,...,n —1}.

Definition 6.2. Let X be a metrizable space, let G be a finitely generated semigroup action
with the set of generators {id,g1,...,9m}, and let 6 € C(X).

(1) [18] For w € A™ and x,y € X, a (J§,w)-chain of semigroup G from xz to y is a
finite sequence xg = x,x1,...,Tn =y such that d(gw, (i), Tit+1) < €(gw, (z:)), for all
1=1,...,n—1.

(2) [18] We say that {z;}i>0 C X is a (d,w)-pseudo orbit of G for some w = wowy ... €
X, iffO?” any i € Z+7 d(ng (Ii)vxi-i-l) < 6(ng ('r’t))

(3) We say that {x;};>0 C X is a (4, w)-ergodic pseudo orbit of G for some w = wows ... €
™ provided that the set Np(§, G,w,d) has zero density, that is,

n—oo n

=0.

Definition 6.3. Let X be a metrizable space, let G be a finitely generated semigroup action
with the set of generators {id,g1,...,9m}. We say that

(1) [18] G has the shadowing property, if for every e € C(X), there is 6 € C(X) such that
for every (6,w)-pseudo orbit {z;}i>0 of G, for some w € L™, there is a point z € X
satisfying d(g’,(x), z;) < e(g’,(x)) for alli > 0.
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(2) G has the ergodic shadowing property if for each e € C(X), there exists § € C(X) such

that every (9, w)-ergodic pseudo orbit & of G can be e-ergodic shadowed by some point

z in X, that is, there exists ¢ € ¥™ with ¢; = w; for i € Np°({z;}i>0, G, w,0), such
that

lim |Nsn({zi}i205 G7 252 6)‘

n—00 n

=0.

In the following, we show that Definition 6.3 for the semigroup G on the non-compact
metric space X can be preserved by conjugacy. Hence, they do not depend on the choices
of metrics on X. For this, we need two lemmas.

Lemma 6.1. [12, Lemmas 2.7 and 2.8] Let (X,d) and (Y,d') be two metric spaces.

(1) A function f from X to'Y is continuous if and only if, for any € € C(Y), there exists
d € C(X) such that if d(x,y) < é(x) (x,y € X), then d'(f(x), f(y)) < e(f(z)).
(2) For every a € C(X), there exists v € C(X) such that

v(z) <inf{a(z): z € B(z,vy(x))}. (6)
The next lemma is cited from [18] and is an immediate result of Lemma 6.1.

Lemma 6.2. [18] Let (X,d) be a metric space and let f; : X — X (i = 1,...,m) be
continuous maps. Then, for every e € C(X), there exists § € C(X) such that if d(z,y) <

0(z), then d(f;(x), fi(y)) < e(fi(x)) foralli=1,...,m.

Proposition 6.1. Let X be a metric space and let G be a semigroup action with generating
set {id,g1,...,9m}. Then the shadowing and ergodic shadowing properties of G introduced
in Definition 6.3, are dynamical properties.

Proof. Let G and F be two semigroups generated by Gi1 = {id,g1,...,9m} and F; =
{id, f1,..., fm} on the metric space (X,d) and (Y, d’), respectively. Suppose that G and F
are topologically conjugate with conjugacy h : X — Y. We show that the ergodic shadowing
property preserves by topological conjugacy. Assume that G has the ergodic shadowing
property. For every ¢ € C(Y), there exists ¢ € C(X) such that if d(z,y) < e(z), then
d'(h(z), h(y)) < &' (h(z)). Take 6 € C(X) as an e-modulus of ergodic shadowing property of
G, and let &' € C(Y) be such that if d’(z,y) < §'(z), then d(h~1(x),h 1 (y)) < 6(h~1(x)).
Let {z;}i>0 C Y be a (¢',w)-ergodic pseudo orbit of F' for w = wows ... € ™. We show that
{h=Y(z;)}i>0 is a (8, w)-ergodic pseudo orbit of G. Indeed for any i € Np®({z;}i>0, Fyw, '),
we have d'(f,, (%), it1) < &' (fw, (z;)) implies that

(g, (W1 (), h N (wig1)) = d(h™ (fuo, (23)), B (@i41)) < 6(gu, (B (24)))-

It yields that Np¢({z;}i>0, Fyw,d") € Np¢({h= (z;)}i>0,G,w,d) and so {h™1(z;)}i>o is
a d-ergodic pseudo orbit of G. Since the G has the ergodic shadowing property, there
exist 2 € X and ¢ € ¥™ with ¢; = w; for i € Np*({h™ (z;)}i>0,G,w,d), such that
Ns({h=*(z;)}i>0, G, ¢, z, €) has zero density. Since for any i € Ns¢({h™!(x;)}i>0, G, ¢, 2, €),
d(gt(2), h () < e(gl(2)), we have

d'(h(gy,(2)),ai) = d' (f(h(2)), i) < € (f(h(2))).
This means that Ns¢({h™(z;)}i>0, G, ¥, 2,€) C Ns({z;}i>0, F, ¢, h(2),€), which implies
that h(z), €-ergodic shadows {x;};>0. Thus F the has the ergodic shadowing property. O

The proof of the next lemma for a semigroup G on a compact metric space X was
appeared in [17]. In the following, we show that it holds for semigroup G on non-compact
metric spaces with the new notions for J-chain and shadowing property introduced in Defi-
nitions 6.2 and 6.3.
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Lemma 6.3. Let (X,d) be a metric space and G be a semigroup associated with finite family
{id, g1,...,9m} of continuous maps on X. If the semigroup G has the shadowing property,
then G is topologically mixing if and only if it is chain mizing.

Proof. Let x,y € X and let € € C(z). By Lemmas 6.1 and 6.2, there exists
d(z) < inf{e(z) : z € B(x,0(x))} (7)

such that if d(z,y) < d(x), then d(g:(z),9:(y)) < €(gi(x)),i = 1,2,...,m. Since G is
topologically mixing, there exists an integer N > 0 such that ¢ (B(z,d8(z))) N B(y,d(y)) # 0
for any n > N, for some w € £™. Take z € B(z,d(z)) such that g7’ (z) € B(y,d(y)). We
show that
£ ={2,90(2),95(2). .- 957 (2), 9}

is an e-chain from z to y. Indeed, d(z, z) < §(z) implies that d(guw,(Z), Gu, (2)) < €(guw, (X))-
Since g”(z) € B(y,d(y)), using equation (7) yields that d(y) < €(¢”(z)). Thus, we have
d(gl(z),y) < 0(y)) < e(g(z)). It means that £ is an e-chain from z to y.

Conversely, fix any nonempty open sets U,V C X and choose points z € U and
y € V. Let g > 0 be such that B(z,e0) C U and B(y,e9) C V. Choose ¢ € C(X) with
e(z) < €y/2 for any x € X. Let 6 € C(X) be provided by the shadowing property for e.
For any sufficiently large n > 0, choose a (§,w)-chain £ = {xg = z,21,...,2, = y} with
W = wowy ... wp—1 € A™, that is, d(gw, (), Ti+1) < 6(gw,(x;)), for any i = 0,1,...,n — 1.
Extend ¢ to a (6, w)-pseudo orbit &', where w € ¥™ and w; = w; for ¢ =0,1,...,n — 1. By
the shadowing property of G, there is a point z € X such that

d(g,,(2), z:) < (g, (2)) < €0/2
for any ¢ = 0,1,...,n. Therefore, d(z,z) < € and d(¢"(z),y) < €. Thus z € B(z,e0) C U
and ¢ (z) € B(y,€p) C V. So the semigroup G is topologically mixing,. O

7. Conclusions

In this paper, we have studied the notions of d-shadowing, weak specification and av-
erage shadowing of semigroup actions on compact metric spaces. Furthermore, the relations
between the mentioned notions with the topologically mixing, the ergodic shadowing prop-
erty and the pseudo-orbital specification property have been discussed. Moreover, we have
considered the new notions of shadowing, ergodic shadowing and chain mixing properties of
semigroup actions on non-compact metric spaces, that are conjugacy invariant. Studying
the relations between various types of shdaowing and specification in non-compact metric
spaces via these new definitions is a topic for further research, which is the purpose of our
next paper.
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