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GENERALIZED Ω-DISTANCE MAPPINGS AND 

SOME FIXED POINT THEOREMS 

 

K.ABODAYEH1, A.BATAIHAH2 and W. SHATANAWI1,3 

 

In this article, we introduce the concept of generalized 𝛺-distance mappings 

by using the concepts of 𝐺𝑏 -metric spaces and 𝛺 -distance mappings. Also, we 

introduce the notions of generalized 𝛺 -Banach contraction and generalized 𝛺 -

Kannan contraction. We use such contractions to prove the existence and uniqueness 

fixed point.  
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1. Introduction 

In 1989, Bakhtin [1] introduced the concept of b-metric spaces as a generalization 

of the standard concept of metric spaces, while the result of Bakhtin became known 

more by Czerwik [2]. For some results in b-metric spaces, we refer the reader to 

[3]–[8]. The notion of generalization of metric spaces, called a G-metric space was 

investigated by Mustafa and Sims [9] in 2006. After that many authors studied 

many results on fixed and common fixed point in G-metric spaces; for example see 

[10]–[15]. In 2012 Jleli and Samet et al. [16] derived some known fixed point 

theorems in 𝐺-metric spaces by using the concept of quasi metric spaces. The 

clever paper of Jleli and Samet et al [16] reduces some fixed point theorems from 

𝐺-metric spaces to standard metric spaces. In 2010 Saadatiet.al. [17] introduced the 

concept of Ω-distance as a generalization of Ω-distance [18] and studied some 

fixed point results. Recently, many authors [19]–[23], [25] obtained many fixed 

point results by using the concept of Ω-distance mappings.   

On the other hand, Aghanjaniet.al. [24] utilized the concept of G-metric 

spaces and the concept of b-metric spaces to introduce the concept of 𝐺𝑏-metric 

spaces. The concept of generalized Ω-distance mappings (Ω𝑏 -distance) will be 

considered in more details where some fixed point results using such concept will 

be obtained.  
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2. Preliminary 

The concept of 𝐺𝑏-metric spaces is defined as follows:  

 

Definition 2.1. [24] Let 𝑋 be a nonempty set and 𝑠 ≥ 1 be a given real number. 

Suppose that a mapping 𝐺: 𝑋×𝑋×𝑋 →R
+be a function satisfies:  

(𝐺𝑏1) 𝐺(𝑥, 𝑦, 𝑧) = 0 if 𝑥 = 𝑦 = 𝑧; 
(𝐺𝑏2) 𝐺(𝑥, 𝑥, 𝑦) > 0 for all 𝑥, 𝑦 ∈ 𝑋, with 𝑥 ≠ 𝑦;  
(𝐺𝑏3) 𝐺(𝑥, 𝑦, 𝑦) ≤ 𝐺(𝑥, 𝑦, 𝑧), for all 𝑥, 𝑦, 𝑧 ∈ 𝑋 with 𝑦 ≠ 𝑧;  
(𝐺𝑏4) 𝐺(𝑥, 𝑦, 𝑧) = 𝐺(𝑝{𝑥, 𝑦, 𝑧}), where 𝑝 is a permutation of 𝑥, 𝑦, 𝑧;  

(𝐺𝑏5) 𝐺(𝑥, 𝑦, 𝑧) ≤ 𝑠[𝐺(𝑥, 𝑎, 𝑎) + 𝐺(𝑎, 𝑦, 𝑧)] for all 𝑥, 𝑦, 𝑧, 𝑎 ∈ 𝑋.  

Then the function G is called a generalized b-metric and the pair (𝑋, 𝐺) is called 

generalized b-metric space or 𝐺𝑏-metric space.  

 

It is clear that the class of 𝐺𝑏-metric spaces is larger than that of G-metric 

spaces.  

 

Example 2.1. [24] Let (X,G) be a G-metric space, and 𝐺∗(𝑥, 𝑦, 𝑧) = 𝐺(𝑥, 𝑦, 𝑧)𝑝, 

where 𝑝 > 1 is a real number. Then we note that 𝐺∗  is a 𝐺𝑏 -metric with 𝑠 =
2𝑝−1 . To see this it is obvious that 𝐺∗  satisfies conditions (𝐺𝑏1) ⋯ (𝐺𝑏4)  of 

Definition 2.1, so it sufficient to verify Condition (𝐺𝑏5). If 1 < 𝑝 < ∞, then for 

𝑥 > 0  the convexity of the function 𝑓(𝑥) = 𝑥𝑝  implies that (𝑎 + 𝑏)𝑝 ≤
2𝑝−1(𝑎𝑝 + 𝑏𝑝). Thus for each 𝑥, 𝑦, 𝑧, 𝑎 ∈ 𝑋 we obtain  

 
𝐺∗(𝑥, 𝑦, 𝑧) = 𝐺(𝑥, 𝑦, 𝑧)𝑝 ≤ (𝐺(𝑥, 𝑎, 𝑎) + 𝐺(𝑎, 𝑦, 𝑧))𝑝

≤ 2𝑝−1(𝐺(𝑥, 𝑎, 𝑎)𝑝 + 𝐺(𝑎, 𝑦, 𝑧)𝑝)

= 2𝑝−1(𝐺∗(𝑥, 𝑎, 𝑎) + 𝐺∗(𝑎, 𝑦, 𝑧)).

 

 

So 𝐺∗ is a 𝐺𝑏-metric.  

Aghanjaniet.al. defined the 𝐺𝑏-convergence and 𝐺𝑏-Cauchy sequences as follows:  

 

Definition 2.2. [24] Let X be a 𝐺𝑏-metric space. A sequence (𝑥𝑛) in 𝑋 is said to 

be  

1) 𝐺𝑏-convergent to 𝑥 ∈ 𝑋 if for any 𝜖 > 0, there exists 𝑘 ∈N such that for 

all 𝑛, 𝑚 ≥ 𝑘, 𝐺(𝑥, 𝑥𝑛, 𝑥𝑚) < 𝜖.  

2) 𝐺𝑏-Cauchy sequence if for any 𝜖 > 0, there exists 𝑘 ∈N such that for all 

𝑛, 𝑚, 𝑙 ≥ 𝑘, 𝐺(𝑥𝑛, 𝑥𝑚, 𝑥𝑙) < 𝜖. 
Proposition 2.1. [24] Let X be a 𝐺𝑏 -metric space. Then the following are 

equivalent:  

1) the sequence (𝑥𝑛) is 𝐺𝑏-convergent to 𝑥.  

2) 𝐺(𝑥𝑛, 𝑥𝑛, 𝑥) → 0 as 𝑛 → ∞. 
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3) 𝐺(𝑥𝑛, 𝑥, 𝑥) → 0 as 𝑛 → ∞. 
 

Proposition 2.2. [24] Let X be a 𝐺𝑏 -metric space. Then the following are 

equivalent:  

1) the sequence (𝑥𝑛) is 𝐺𝑏-Cauchy .  

2) for any 𝜖 > 0, there exists 𝑘 ∈N such that 𝐺(𝑥𝑛, 𝑥𝑚, 𝑥𝑚) < 𝜖, for 

all  

𝑛, 𝑚 ≥ 𝑘.  

 

Definition 2.3. A 𝐺𝑏-metric space X is called 𝐺𝑏-complete or complete 𝐺𝑏-metric 

space if every 𝐺𝑏-Cauchy sequence is 𝐺𝑏-convergent in X.  

3. Generalized 𝛀-distance mappings (𝛀𝒃-distance) 

 

First, we introduce the concept of generalized Ω-distance mappings.  

 

Definition 3.4.  Let X be a 𝐺𝑏 -metric space. Then a mapping Ω: 𝑋×𝑋×𝑋 →
 [0, ∞) is called a generalized 𝛺-distance mapping or Ω𝑏-distance mapping on 𝑋 

if the following conditions are satisfied:  

1) Ω(x, y, z) ≤ s [Ω(x, a, a) + Ω(a, y, z)], for all x, y, z, a ∈ X and s ≥
1, 

2) for any x, y ∈ X, the functions Ω(x, y, . ), Ω(x, . , y): X → X are lower 

semi continuous,  

3) for every ϵ > 0 , there is δ > 0  such that Ω(x, a, a) ≤ δ  and 

Ω(a, y, z) ≤ δ imply Gb(x, y, z) ≤ ϵ. 
 

Example 3.2. Consider the 𝐺𝑏-metric G defined on 𝑋 =R by 𝐺(𝑥, 𝑦, 𝑧) = (|𝑥 −
𝑦| + |𝑦 − 𝑧| + |𝑥 − 𝑧|)2 ∀ 𝑥, 𝑦, 𝑧 ∈R. Define Ω: 𝑋×𝑋×𝑋 → [0, ∞) by 

Ω(𝑥, 𝑦, 𝑧) = (|𝑥 − 𝑦| + |𝑥 − 𝑧|)2 for all 𝑥, 𝑦, 𝑧 ∈ I. Then Ω is a generalized Ω-

distance with 𝑠 = 2. Note that it is a straightforward to verify that Conditions (1) 

and (2) of Definition 3.4 are satisfied. So we need to check that the last condition 

of the definition is valid. 

Let 𝜖 > 0  be given. Choose 𝛿 =
𝜖

40
 such that Ω(𝑥, 𝑎, 𝑎) < 𝛿  and 

Ω(𝑎, 𝑦, 𝑧) < 𝛿. Then  

Ω(𝑥, 𝑎, 𝑎) = (|𝑥 − 𝑎| + |𝑥 − 𝑎|)2 < 𝛿 ⇒ |𝑥 − 𝑎| < √𝛿. 
Also,  

Ω(𝑎, 𝑦, 𝑧) = (|𝑎 − 𝑦| + |𝑎 − 𝑧|)2 < 𝛿 ⇒ |𝑦 − 𝑎| < √𝛿 and |𝑧 − 𝑎| < √𝛿. 
Now 
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𝐺(𝑥, 𝑦, 𝑧) = (|𝑥 − 𝑦| + |𝑦 − 𝑧| + |𝑥 − 𝑧|)2

≤ (|𝑥 − 𝑎| + |𝑦 − 𝑎| + |𝑦 − 𝑎| + |𝑧 − 𝑎| + |𝑥 − 𝑎| + |𝑧 − 𝑎|)2

= 4|𝑥 − 𝑎|2 + 4|𝑦 − 𝑎|2 + 4|𝑧 − 𝑎|2 + 8|𝑥 − 𝑎||𝑦 − 𝑎| + 8|𝑥 − 𝑎||𝑧 − 𝑎|

 

              +8|𝑦 − 𝑎||𝑧 − 𝑎|                                                                                                       

<  4𝛿 + 4𝛿 + 4𝛿 + 8𝛿 + 8𝛿 + 8𝛿      
           =   40𝛿 = 𝜀                                                                                                           

 

 

Definition 3.5. Let (X,G) be a 𝐺𝑏-metric space and Ω be an Ω𝑏-distance on X. 

Then we say that X is Ω-bounded if there exists 𝑀 > 0 such that Ω(𝑥, 𝑦, 𝑧) ≤ 𝑀 

for all 𝑥, 𝑦, 𝑥 ∈ 𝑋. 
 

The following result is a generalization of Lemma 1.7 in [17] for Ω𝑏 -

distance.  

 

Lemma 3.3.  Let 𝑋 be a 𝐺𝑏-metric space and Ω𝑏 be a generalized Ω-distance on 

𝑋 . Let (𝑥𝑛) , (𝑦𝑛)  be sequences in 𝑋 , (𝛼𝑛) , (𝛽𝑛)  be sequences in [0, ∞) 

converging to zero and let 𝑥, 𝑦, 𝑧, 𝑎 ∈ 𝑋. Then we have the following:  

1) If Ω𝑏(𝑦𝑛, 𝑥𝑛, 𝑥𝑛) ≤ 𝛼𝑛  and Ω𝑏(𝑥𝑛, 𝑦𝑚, 𝑧) ≤ 𝛽𝑛  for any 𝑚 >
𝑛 ∈N,  then 𝐺(𝑦𝑛, 𝑦𝑚, 𝑧) converges to 0 and hence 𝑦𝑛  converges 

to 𝑧; 
2) If Ω𝑏(𝑦, 𝑥𝑛, 𝑥𝑛) ≤ 𝛼𝑛  and Ω𝑏(𝑥𝑛, 𝑦, 𝑧) ≤ 𝛽𝑛  for 𝑛 ∈ N, then 

𝐺(𝑦, 𝑦, 𝑧) < 𝜖 and hence 𝑦 = 𝑧; 
3) If Ω𝑏(𝑥𝑛, 𝑥𝑚, 𝑥𝑙) ≤ 𝛼𝑛  for any 𝑚, 𝑛, 𝑙  ∈N with 𝑛 ≤ 𝑚 ≤ 𝑙, then 

(𝑥𝑛) is a 𝐺𝑏-Cauchy sequence;  

4) If Ω𝑏(𝑥𝑛, 𝑎, 𝑎) ≤ 𝛼𝑛  for any 𝑛 ∈N, then (𝑥𝑛)  is a 𝐺𝑏 -Cauchy 

sequence.  

 

Proof.  

1) Let 𝜖 > 0  be given. From the definition of a generalized Ω -

distance, there exists 𝛿 > 0  such that Ω𝑏(𝑠, 𝑎, 𝑎) ≤ 𝛿  and 

Ω𝑏(𝑎, 𝑡, 𝑧) ≤ 𝛿 imply 𝐺𝑏(𝑠, 𝑡, 𝑧) ≤ 𝜖. Choose 𝑛0 ∈N such that 𝛼𝑛 ≤
𝛿 and 𝛽𝑛 ≤ 𝛿 for every 𝑛 ≥ 𝑛0. Then, for any 𝑚 > 𝑛 ≥ 𝑛0, we have,  

Ω𝑏(𝑦𝑛, 𝑥𝑛, 𝑥𝑛) ≤ 𝛼𝑛 ≤ 𝛿, Ω𝑏(𝑥𝑛, 𝑦𝑚, 𝑧) ≤ 𝛽𝑛 ≤ 𝛿, 
and hence 𝐺𝑏(𝑦𝑛, 𝑦𝑚, 𝑧) ≤ 𝜖, so that (𝑦𝑛) converges to 𝑧.   

2) Part (2) follows directly from Part (1).  

3) Let 𝜖 > 0 be given. As in the proof of (1), choose 𝛿 > 0 and 𝑛0 ∈
I . Then, for any ≥ 𝑚 > 𝑛 ≥ 𝑛0, Ω𝑏(𝑥𝑛, 𝑥𝑛+1, 𝑥𝑛+1) ≤ 𝛼𝑛 ≤ 𝛿 , 

Ω𝑏(𝑥𝑛+1, 𝑥𝑚, 𝑥𝑙) ≤ 𝛼𝑛+1 ≤ 𝛿,  and hence 𝐺𝑏(𝑥𝑛, 𝑥𝑚, 𝑥𝑙) ≤ 𝜖. 
Therefore, (𝑥𝑛) is a 𝐺𝑏-Cauchy sequence.  

4) Part (4) is a special case of Part (3).    □ 
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4. Some fixed point results through 𝛀𝒃-distance mappings 

 

We introduce in this section the notion of Ω𝑏-Banach contraction.  

 

Definition 4.6. Let (X,G) be a 𝐺𝑏-metric space and Ω be an Ω𝑏-distance on X. A 

mapping 𝑇: 𝑋 → 𝑋 is called a Ω𝑏-Banach contraction if there is 𝑘 ∈ [0,1) such 

that  

 

Ω(𝑇𝑥, 𝑇2𝑥, 𝑇𝑦) ≤ 𝑘Ω(𝑥, 𝑇𝑥, 𝑦) for all 𝑥, 𝑦 ∈ 𝑋, with 𝑠 ≥ 1  and   𝑘𝑠
< 1. 

 

Theorem 4.4.  Let (𝑋, 𝐺) be a complete 𝐺𝑏-metric space and Ω be a generalized 

Ω-distance on X with a constant 𝑠 > 1 such that X is Ω-bounded. Let T be a self-

mapping on X that satisfies the following conditions:  

 

1) The function 𝑇 is an Ω𝑏-Banach contraction,  

2) for all 𝑢 ∈ 𝑋 assume that if 𝑇𝑢 ≠ 𝑢, then inf{ Ω𝑏(𝑥, 𝑇𝑥, 𝑢): 𝑥 ∈
𝑋} > 0. 

Then T has a unique fixed point in X.  

 

Proof. Let 𝑥0 ∈ 𝑋 . We construct a sequence (𝑥𝑛)  in 𝑋  such that 𝑥𝑛 =
𝑇𝑥𝑛−1 𝑛 ∈N. Consider 𝑡 ≥ 1. Then by using the contraction condition, we get  

 

Ω(𝑥𝑛, 𝑥𝑛+1, 𝑥𝑛+𝑡) = Ω(𝑇𝑥𝑛−1, 𝑇𝑥𝑛, 𝑇𝑥𝑛+𝑡−1) 

 ≤ 𝑘 Ω(𝑥𝑛−1, 𝑥𝑛, 𝑥𝑛+𝑡−1) 

 ≤ 𝑘2Ω(𝑥𝑛−2, 𝑥𝑛−1, 𝑥𝑛+𝑡−2) 

 ⋮ 

 ≤ 𝑘𝑛Ω(𝑥0, 𝑥1, 𝑥𝑡). 
  

 

Since 𝑋  is Ω -bounded, there exists 𝑀 > 0  such that Ω(𝑥, 𝑦, 𝑧) ≤ 𝑀  for all 

𝑥, 𝑦, 𝑧 ∈ 𝑋. Therefore,  

 Ω(𝑥𝑛, 𝑥𝑛+1, 𝑥𝑛+𝑡) ≤ 𝑘𝑛𝑀. (4.1) 

 

Now, by using part (1) of the definition of Ω𝑏-distance and (4.1), we have for all 

𝑙 ≥ 𝑚 > 𝑛 

Ω(𝑥𝑛, 𝑥𝑚, 𝑥𝑙) ≤ 𝑠Ω(𝑥𝑛, 𝑥𝑛+1, 𝑥𝑛+1) + 𝑠Ω(𝑥𝑛+1, 𝑥𝑚, 𝑥𝑙) 
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 ≤ 𝑠Ω(𝑥𝑛, 𝑥𝑛+1, 𝑥𝑛+1) + 𝑠2Ω(𝑥𝑛+1, 𝑥𝑛+2, 𝑥𝑛+2) + 𝑠2Ω(𝑥𝑛+2, 𝑥𝑚, 𝑥𝑙) 

 ⋮ 

 ≤ 𝑠Ω(𝑥𝑛, 𝑥𝑛+1, 𝑥𝑛+1) + 𝑠2Ω(𝑥𝑛+1, 𝑥𝑛+2, 𝑥𝑛+2) + ⋯ 

 +𝑠𝑚−𝑛−1Ω(𝑥𝑚−2, 𝑥𝑚−1, 𝑥𝑚−1) + 𝑠𝑚−𝑛−1Ω(𝑥𝑚−1, 𝑥𝑚, 𝑥𝑙) 

 ≤ 𝑠𝑘𝑛𝑀 + 𝑠2𝑘𝑛+1𝑀 + ⋯ + 𝑠𝑚−𝑛−1𝑘𝑚−2𝑀 + 𝑠𝑚−𝑛−1𝑘𝑚−1𝑀 

 ≤ 𝑠𝑘𝑛𝑀 + 𝑠2𝑘𝑛+1𝑀 + 𝑠3𝑘𝑛+2𝑀 + ⋯ 

 = 𝑠𝑘𝑛𝑀(1 + 𝑠𝑘 + (𝑠𝑘)2 + ⋯ ) 

 
= 𝑠𝑘𝑛𝑀

1

1 − 𝑠𝑘
. 

  

 

Taking the limit as 𝑛 → ∞, we have  

 

lim
𝑛,𝑚,𝑙→∞

Ω (𝑥𝑛, 𝑥𝑚, 𝑥𝑙) = 0. 

 

Hence, by Lemma 3.3, (𝑥𝑛) is a 𝐺𝑏-Cauchy sequence. Therefore there is 𝑢 ∈ 𝑋 

such that 𝑥𝑛  is 𝐺𝑏 -convergent to 𝑢.  For 𝜖 > 0 , there exists 𝑁 ∈N such that 

Ω(𝑥𝑛, 𝑥𝑚, 𝑥𝑙) ≤ 𝜖, for all 𝑛, 𝑚, 𝑙 ≥ 𝑁. Therefore lim
𝑙→∞

Ω (𝑥𝑛, 𝑥𝑚, 𝑥𝑙) ≤ 𝜖. 

Now, by the lower semi continuity of Ω in its third variable, we have  

 

Ω(𝑥𝑛, 𝑥𝑚, 𝑢) ≤ lim
𝑝→∞

Ω (𝑥𝑛, 𝑥𝑚, 𝑥𝑝) ≤ 𝜖, for all 𝑚, 𝑛 ≥ 𝑁. 

 

Let 𝑚 = 𝑛 + 1. Then Ω(𝑥𝑛, 𝑥𝑛+1, 𝑢) ≤ lim
𝑝→∞

Ω (𝑥𝑛, 𝑥𝑛+1, 𝑥𝑝) ≤ 𝜖, for all 𝑛 ≥ 𝑁. 

If 𝑇𝑢 ≠ 𝑢, then for each 𝜖 > 0, the second condition of Theorem 4.4 implies that   

 

0 < inf{ Ω(𝑥, 𝑇𝑥, 𝑢): 𝑥 ∈ 𝑋} ≤ inf{ Ω(𝑥𝑛, 𝑥𝑛+1, 𝑢): 𝑛 ≥ 𝑁} ≤ 𝜖, 
 

which is a contradiction. Therefore 𝑇𝑢 = 𝑢. 
 

To prove the uniqueness, suppose that there exists 𝑣 ∈ 𝑋 such that 𝑇𝑣 = 𝑣. Then 

by the contraction condition, we have  

Ω(𝑢, 𝑢, 𝑣) = Ω(𝑇𝑢, 𝑇2𝑢, 𝑇𝑣) ≤ 𝑘Ω(𝑢, 𝑢, 𝑣). 
Since 𝑘 < 1, we have Ω(𝑢, 𝑢, 𝑣) = 0. Also, by the contraction condition, we have  

Ω(𝑢, 𝑢, 𝑢) = Ω(𝑇𝑢, 𝑇2𝑢, 𝑇𝑢) ≤ 𝑘Ω(𝑢, 𝑢, 𝑢). 
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Therefore Ω(𝑢, 𝑢, 𝑢) = 0. Part (3) of the Definition 3.4 implies that 𝐺(𝑢, 𝑢, 𝑣) =
0 and hence 𝑢 = 𝑣.        □ 

 

Now, we introduce the notion of Ω𝑏-Kannan contraction.  

 

Definition 4.7. Let (X,G) be a 𝐺𝑏-metric space and Ω be an Ω𝑏-distance on X. A 

mapping 𝑇: 𝑋 → 𝑋 is called an Ω𝑏-Kannan contraction if there is 𝑘 ∈ [0,
1

2
) such 

that  

Ω(𝑇𝑥, 𝑇2𝑥, 𝑇𝑦) ≤ 𝑘 [Ω(𝑥, 𝑇𝑥, 𝑇𝑥) + Ω(𝑦, 𝑇𝑦, 𝑇𝑦)] 

for all 𝑥, 𝑦 ∈ 𝑋, with 𝑠 ≥ 1 and 𝑘𝑠 <
1

2
. 

 

Theorem 4.5.  Let (𝑋, 𝐺) be a complete 𝐺𝑏-metric space and Ω be a generalized 

Ω-distance on X with a constant 𝑠 > 1 such that X is Ω-bounded. Let T be a self-

mapping on X that satisfies the following conditions:  

1) 𝑇 is an Ω𝑏-Kannan contraction.  

2) for all 𝑢 ∈ 𝑋 assume that if 𝑇𝑢 ≠ 𝑢, then inf{ Ω𝑏(𝑥, 𝑇𝑥, 𝑢): 𝑥 ∈
𝑋} > 0. 

Then T has a fixed point in 𝑋.  

 

Proof. For 𝑥0 ∈ 𝑋 , we construct a sequence (𝑥𝑛)  in 𝑋  such that 𝑥𝑛 =
𝑇𝑥𝑛−1, 𝑛 ∈N. 

Consider 𝑡 ≥ 1. Then by using the contraction condition, we get  

 

Ω(𝑥𝑛, 𝑥𝑛+1, 𝑥𝑛+𝑡) = Ω(𝑇𝑥𝑛−1, 𝑇𝑥𝑛, 𝑇𝑥𝑛+𝑡−1) 

 ≤ 𝑘 [Ω(𝑥𝑛−1, 𝑥𝑛, 𝑥𝑛) + Ω(𝑥𝑛+𝑡−1, 𝑥𝑛+𝑡, 𝑥𝑛+𝑡). 

  

Now,  

 

Ω(𝑥𝑛−1, 𝑥𝑛, 𝑥𝑛) = Ω(𝑇𝑥𝑛−2, 𝑇2𝑥𝑛−2, 𝑇𝑥𝑛−1) 

 ≤ 𝑘 [Ω(𝑥𝑛−2, 𝑥𝑛−1, 𝑥𝑛−1) + Ω(𝑥𝑛−1, 𝑥𝑛, 𝑥𝑛)]. 

  

Therefore, Ω(𝑥𝑛−1, 𝑥𝑛, 𝑥𝑛) ≤ 𝑞 Ω(𝑥𝑛−2, 𝑥𝑛−1, 𝑥𝑛−1), where 𝑞 =
𝑘

1−𝑘
< 1. 

By applying the previous steps repeatedly, we get Ω(𝑥𝑛−1, 𝑥𝑛, 𝑥𝑛) ≤
𝑞𝑛−1Ω(𝑥0, 𝑥1, 𝑥1). 
Since 𝑋  is Ω -bounded, there exists 𝑀 > 0  such that Ω(𝑥, 𝑦, 𝑧) ≤ 𝑀 , for all 

𝑥, 𝑦, 𝑧 ∈ 𝑋. Hence  

Ω(𝑥𝑛−1, 𝑥𝑛, 𝑥𝑛) ≤ 𝑞𝑛−1𝑀. 
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Also,  

 

Ω(𝑥𝑛+𝑡−1, 𝑥𝑛+𝑡, 𝑥𝑛+𝑡) = Ω(𝑇𝑥𝑛+𝑡−2, 𝑇2𝑥𝑛+𝑡−2, 𝑇𝑥𝑛+𝑡−1) 

 ≤ 𝑘 [Ω(𝑥𝑛+𝑡−2, 𝑥𝑛+𝑡−1, 𝑥𝑛+𝑡−1)
+ Ω(𝑥𝑛+𝑡−1, 𝑥𝑛+𝑡, 𝑥𝑛+𝑡)]. 

  

Therefore Ω(𝑥𝑛+𝑡−1, 𝑥𝑛+𝑡, 𝑥𝑛+𝑡) ≤ 𝑞 Ω(𝑥𝑛+𝑡−2, 𝑥𝑛+𝑡−1, 𝑥𝑛+𝑡−1) . 
 

Applying the previous steps repeatedly, gives us  

 

Ω(𝑥𝑛+𝑡−1, 𝑥𝑛+𝑡, 𝑥𝑛+𝑡) ≤ 𝑞𝑛−1Ω(𝑥𝑡, 𝑥𝑡+1, 𝑥𝑡+1). 
Hence  

Ω(𝑥𝑛+𝑡−1, 𝑥𝑛+𝑡, 𝑥𝑛+𝑡) ≤ 𝑞𝑛−1𝑀. 
 

Thus Ω(𝑥𝑛, 𝑥𝑛+1, 𝑥𝑛+𝑡) ≤ 𝑘[𝑞𝑛−1𝑀 + 𝑞𝑛−1𝑀] = 2𝑘𝑞𝑛−1𝑀. 

Since 𝑘 <
1

2
, we have  

 Ω(𝑥𝑛, 𝑥𝑛+1, 𝑥𝑛+𝑡) ≤ 𝑞𝑛−1𝑀. (4.2) 

For all 𝑙 ≥ 𝑚 > 𝑛, we have  

 

Ω(𝑥𝑛, 𝑥𝑚, 𝑥𝑙) ≤ 𝑠Ω(𝑥𝑛, 𝑥𝑛+1, 𝑥𝑛+1) + 𝑠Ω(𝑥𝑛+1, 𝑥𝑚, 𝑥𝑙) 

 ≤ 𝑠Ω(𝑥𝑛, 𝑥𝑛+1, 𝑥𝑛+1) + 𝑠2Ω(𝑥𝑛+1, 𝑥𝑛+2, 𝑥𝑛+2) + 𝑠2Ω(𝑥𝑛+2, 𝑥𝑚, 𝑥𝑙) 

 ⋮ 
 ≤ 𝑠Ω(𝑥𝑛, 𝑥𝑛+1, 𝑥𝑛+1) + 𝑠2Ω(𝑥𝑛+1, 𝑥𝑛+2, 𝑥𝑛+2) + ⋯ 

 +𝑠𝑚−𝑛−1Ω(𝑥𝑚−2, 𝑥𝑚−1, 𝑥𝑚−1) + 𝑠𝑚−𝑛−1Ω(𝑥𝑚−1, 𝑥𝑚, 𝑥𝑙) 

 ≤ 𝑠𝑞𝑛−1𝑀 + 𝑠2𝑞𝑛𝑀 + ⋯ + 𝑠𝑚−𝑛−1𝑞𝑚−3𝑀 + 𝑠𝑚−𝑛−1𝑞𝑚−2𝑀 

 ≤ 𝑠𝑞𝑛−1𝑀 + 𝑠2𝑞𝑛𝑀 + 𝑠3𝑞𝑛+1𝑀 + ⋯ 

 = 𝑠𝑞𝑛−1𝑀(1 + 𝑠𝑞 + (𝑠𝑞)2 + ⋯ ) 

 
= 𝑠𝑞𝑛−1𝑀

1

1 − 𝑠𝑞
. 

Taking the limit as 𝑛 → ∞, gives us  

lim
𝑛,𝑚,𝑙→∞

Ω (𝑥𝑛, 𝑥𝑚, 𝑥𝑙) = 0. 

Lemma 3.3, implies that the sequence (𝑥𝑛) is a 𝐺𝑏-Cauchy sequence. Therefore 
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there exits 𝑢 ∈ 𝑋  such that 𝑥𝑛  is 𝐺𝑏 -convergent to 𝑢.  Consider 𝜖 > 0 . Then 

there exists 𝑁 ∈ N such that Ω(𝑥𝑛, 𝑥𝑚, 𝑥𝑙) ≤ 𝜖,  for all 𝑛, 𝑚, 𝑙 ≥ 𝑁  and thus 

lim
𝑙→∞

Ω (𝑥𝑛, 𝑥𝑚, 𝑥𝑙) ≤ 𝜖. Note that Ω(𝑥𝑛, 𝑥𝑚, 𝑢) ≤ lim
𝑝→∞

Ω (𝑥𝑛, 𝑥𝑚, 𝑥𝑝) ≤ 𝜖, for all 

𝑚, 𝑛 ≥ 𝑁. Let 𝑚 = 𝑛 + 1. Then Ω(𝑥𝑛, 𝑥𝑛+1, 𝑢) ≤ lim
𝑝→∞

Ω (𝑥𝑛, 𝑥𝑛+1, 𝑥𝑝) ≤ 𝜖, for 

all 𝑛 ≥ 𝑁. 
If 𝑇𝑢 ≠ 𝑢, then the second condition of the theorem implies that  

0 < inf{ Ω(𝑥, 𝑇𝑥, 𝑢): 𝑥 ∈ 𝑋} ≤ inf{ Ω(𝑥𝑛, 𝑥𝑛+1, 𝑢): 𝑛 ≥ 𝑁} ≤ 𝜖, 
for each 𝜖 > 0 which is a contradiction. Therefore 𝑇𝑢 = 𝑢. 
To prove the uniqueness, assume that there exist two fixed points 𝑧, 𝑣 of 𝑇 

The contraction condition yields  

Ω(𝑧, 𝑧, 𝑧) = Ω(𝑇𝑧, 𝑇2𝑧, 𝑇𝑧) 

 ≤ 𝑘 [Ω(𝑧, 𝑧, 𝑧) + Ω(𝑧, 𝑧, 𝑧)] 

 = 2𝑘 Ω(𝑧, 𝑧, 𝑧). 

  

Since 𝑘 <
1

2
, we have Ω(𝑧, 𝑧, 𝑧) = 0. Similarly, we have Ω(𝑣, 𝑣, 𝑣) = 0. 

Now,  

Ω(𝑢, 𝑢, 𝑣) = Ω(𝑇𝑢, 𝑇2𝑢, 𝑇𝑣) 

 ≤ 𝑘 [Ω(𝑢, 𝑢, 𝑢) + Ω(𝑣, 𝑣, 𝑣). 

 = 𝑘 [0 + 0] = 0.  

  

Therefore, Definition 3.4 we have 𝐺(𝑢, 𝑢, 𝑣) = 0 and hence 𝑢 = 𝑣. □ 
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