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GENERALIZED o-DISTANCE MAPPINGS AND
SOME FIXED POINT THEOREMS

K.ABODAYEH!, A BATAIHAH? and W. SHATANAWI!3

In this article, we introduce the concept of generalized 2-distance mappings
by using the concepts of G, -metric spaces and 12 -distance mappings. Also, we
introduce the notions of generalized 2 -Banach contraction and generalized 2-
Kannan contraction. We use such contractions to prove the existence and uniqueness
fixed point.

Keywords: generalized Q-distance, generalized b-metric space, Q,-distance, G-
metric space,b-metric space, fixed point.

1. Introduction

In 1989, Bakhtin [1] introduced the concept of b-metric spaces as a generalization
of the standard concept of metric spaces, while the result of Bakhtin became known
more by Czerwik [2]. For some results in b-metric spaces, we refer the reader to
[3]-[8]. The notion of generalization of metric spaces, called a G-metric space was
investigated by Mustafa and Sims [9] in 2006. After that many authors studied
many results on fixed and common fixed point in G-metric spaces; for example see
[10]-15]. In 2012 Jleli and Samet et al. [16] derived some known fixed point
theorems in G-metric spaces by using the concept of quasi metric spaces. The
clever paper of Jleli and Samet et al [16] reduces some fixed point theorems from
G-metric spaces to standard metric spaces. In 2010 Saadatiet.al. [17] introduced the
concept of Q-distance as a generalization of Q-distance [18] and studied some
fixed point results. Recently, many authors [19]-[23], [25] obtained many fixed
point results by using the concept of Q-distance mappings.

On the other hand, Aghanjaniet.al. [24] utilized the concept of G-metric
spaces and the concept of b-metric spaces to introduce the concept of G,-metric
spaces. The concept of generalized (-distance mappings (Q,-distance) will be
considered in more details where some fixed point results using such concept will
be obtained.
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2. Preliminary

The concept of G,-metric spaces is defined as follows:

Definition 2.1. [24] Let X be a nonempty set and s > 1 be a given real number.
Suppose that a mapping G: XxXxX —R*be a function satisfies:
(Gy1) G(x,y,2)=0ifx=y=2z
(Gp2) G(x,x,y) >0 forall x,y € X, with x # y;
(Gp3) G(x,y,¥) <G(x,y,z),forall x,y,z€ X with y # z;
(Gp4) G(x,y,2) = G(p{x,y,z}), where p is a permutation of x,y, z;
(Gp5) G(x,y,2) <s[G(x,a,a)+ G(a,y,z)] forall x,y,z,a € X.
Then the function G is called a generalized b-metric and the pair (X, G) is called
generalized b-metric space or G,-metric space.

It is clear that the class of G,-metric spaces is larger than that of G-metric
spaces.

Example 2.1. [24] Let (X,G) be a G-metric space, and G.(x,y,z) = G(x,y,z)?,
where p > 1 is a real number. Then we note that G, is a G,-metric with s =
2P~ To see this it is obvious that G, satisfies conditions (G,1)---(G,4) of
Definition 2.1, so it sufficient to verify Condition (G,5). If 1 < p < oo, then for
x > 0 the convexity of the function f(x)=xP implies that (a+ b)P <
2P~1(aP + bP). Thus for each x,y,z,a € X we obtain

G.(x,y,z) = G(x9,2)P <(G(x,a,a)+G(ayz))?
< 2P"1(G(x,a,a)? + G(a,y, z)P)
= 2P71(G,(x,a,a) + G.(a,y, 2)).

So G, isa Gp-metric.
Aghanjaniet.al. defined the G,-convergence and G,-Cauchy sequences as follows:

Definition 2.2. [24] Let X be a G,-metric space. A sequence (x,) in X is said to
be
1) Gp-convergentto x € X ifforany € > 0, thereexists k €N such that for
al nnm >k, G(x,x,, x) <E€.
2) Gp-Cauchy sequence if for any € > 0, there exists k €N such that for all
nm,l >k, G(x,, xm %) <E.
Proposition 2.1. [24] Let X be a G, -metric space. Then the following are
equivalent:
1) the sequence (x,) is G,-convergentto x.
2) G(xp,xp,x)—>0as n— oo
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3) G(x,,x,x) > 0as n— oo,

Proposition 2.2. [24] Let X be a G, -metric space. Then the following are
equivalent:
1) the sequence (x,) is G,-Cauchy .
2) forany e > 0, there exists k €N such that G (x,, Xy, xn) < €, for
all
nm:=k.

Definition 2.3. A G,-metric space X is called G,-complete or complete G,-metric
space if every G,-Cauchy sequence is G,-convergent in X.

3. Generalized Q-distance mappings (Q,-distance)

First, we introduce the concept of generalized Q-distance mappings.

Definition 3.4. Let X be a G,-metric space. Then a mapping Q: XXXxX —
[0, 00) is called a generalized 2-distance mapping or €,-distance mapping on X
if the following conditions are satisfied:
1) Qxy,z) <s [QA(xaa)+Q(a,yz)], forall x,y,zaeX and s >
1,
2) forany x,y € X, the functions Q(x,y,.), Q(x,.,y): X = X are lower
semi continuous,
3) for every € >0, there is § >0 such that Q(x,a,a) <& and
Q(a,y,z) <86 imply Gy(x,y,z) < e.

Example 3.2. Consider the G,-metric G defined on X =R by G(x,y,2) = (|Jx —
yl+ |y —z|+|x—2z|)* V x5z €R. Define Q: XXXxX — [0,0) by
Q(x,y,2) = (]x —y| + |x — z|)? forall x,y,z € I. Then Q is a generalized Q-
distance with s = 2. Note that it is a straightforward to verify that Conditions (1)
and (2) of Definition 3.4 are satisfied. So we need to check that the last condition
of the definition is valid.

Let € >0 be given. Choose & = :—0 such that Q(x,a,a) <& and
Q(a,y,z) < 6.Then

Qx,a,a) = (|x—a|+|x—a|)2 <8 = |x—a| < V6.

Also,
Ua,y,2)=(a-y|+]la—z)?<6=|y—a|<Vé and |z —a| <6.
Now
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G(x,y,2)

(x =yl +1y—zl+|x - z])?
(lx—al+ly—al+ly—al+lz—al +|x—al +|z—al)’
4x —al*>+4ly—al*+4|z—a|* +8|x —a||ly — a| + 8|x — a||z — a|
+8ly —allz — al
< 464+46+46+86+85+86

A

= 406=¢

Definition 3.5. Let (X,G) be a G,-metric space and Q be an Q,-distance on X.
Then we say that X is Q-bounded if there exists M > 0 such that Q(x,y,z) <M
forall x,y,x € X.

The following result is a generalization of Lemma 1.7 in [17] for Q-

distance.

Lemma3.3. Let X bea G,-metric space and Q,; be a generalized Q-distance on
X. Let (x,), (v, be sequences in X, (a,),(B,) be sequences in [0, o)
converging to zero and let x,y, z,a € X. Then we have the following:

Proof.

D IF QO xnxy) <a, and Q,(xn, Y 2) < B, for any m >
n €N, then G(y,, ym,z) converges to 0 and hence y, converges
to z;

2) It Qp(y,x0,%,) <a, and Qp(x,,y,2z) <B, for n€ N, then
G(y,y,z) < € and hence y = z;

3) If Qp(xy, Xm, %) < ap for any m,n,l €N with n <m <[, then
(x,) isa Gp-Cauchy sequence;

4) If Qp(xy,a,a) < a, for any n €N, then (x,) is a G, -Cauchy
sequence.

1) Let € >0 be given. From the definition of a generalized (-
distance, there exists 6§ >0 such that Q(s,a,a)<é and
Qp(a,t,z) <6 imply Gy(s,t,z) < €. Choose ng €N such that a, <
6 and B, < & forevery n = n,. Then, forany m > n > n,, we have,

Q'b (yn’xn»xn) Sap = 5, Q'b (xn' ym’Z) = .Bn <94,
and hence G, (V,, ym,Z) < €, sothat (y,) convergesto z.

2) Part (2) follows directly from Part (1).

3) Let € > 0 be given. As in the proof of (1), choose § > 0 and n, €
[. Then, for any >m>n=>ng QO (X, Xps1, Xn41) Sy <6,
Qp (s, X X)) < ape1 <6, and  hence  Gp(xn, xpm X)) < €.
Therefore, (x,) isa G,-Cauchy sequence.

4) Part (4) is a special case of Part (3). O
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4. Some fixed point results through Q,-distance mappings

We introduce in this section the notion of (0,-Banach contraction.

Definition 4.6. Let (X,G) be a G,-metric space and Q be an Q,-distance on X. A
mapping T: X — X is called a Q,-Banach contraction if there is k € [0,1) such
that

QO(Tx,T?x,Ty) < kQ(x,Tx,y) for all x,y € X,with s >1 and ks
< 1.

Theorem 4.4. Let (X,G) be acomplete G,-metric space and € be a generalized
Q-distance on X with a constant s > 1 such that X is Q-bounded. Let T be a self-
mapping on X that satisfies the following conditions:

1)  The function T is an Q,-Banach contraction,
2) for all u € X assume that if Tu # u, then inf{ Q,(x, Tx,u):x €
X}>0.
Then T has a unique fixed point in X.

Proof. Let x, € X. We construct a sequence (x,) in X such that x, =
Tx,_, n €N. Consider t > 1. Then by using the contraction condition, we get

Q(Xn, Xn41, Xnte) = Q(Txp-1, Txn, Txnye-1)

gl; Q(Xp—1, X, Xptt—1)
S k Q(xn_z, xn—li xn+t—2)

< k™Q(xg, X1, Xt)-

Since X is Q-bounded, there exists M > 0 such that Q(x,y,z) <M for all
x,y,z € X. Therefore,
Q(xn, Xn+1, Xnie) < K™M. (4.1)

Now, by using part (1) of the definition of Q,-distance and (4.1), we have for all
[Zm>n
Q(xn: Xm» xl) < SQ(xn' Xn+1, xn+1) + SQ(xn+1' Xm» xl)
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= S-Q(xm xn+1’xn+1) + SZ-Q(xn+1fxn+2: xn+2) + SZQ(xn+2: xm'xl)

< S-Q(xnrxn+1rxn+1) + SZ-Q(xn+11xn+2'xn+2) + -
+Sm_n_1ﬂ(xm—2'xm—lrxm—1) + Sm_n_lﬂ(xm—lrxmr xl)

< Sk™M + s?k™IM 4 o 4 sMTTLME2 4 gMon L eme1

< sk™M + s?2k™"IM + s3k™PM + -

= sk™M (1 + sk + (sk)? + )
1
= sk™"M

1—sk’

Taking the limit as n — oo, we have

lim Q(x,, x5, x)=0.
n,m,l-oo

Hence, by Lemma 3.3, (x,,) is a G,-Cauchy sequence. Therefore there is u € X
such that x, is G,-convergent to u. For € > 0, there exists N € N such that
Q(xp, Xm, x1) < €, forall n,m,l > N. Therefore llim Q (xp, xm, x;) < €.

Now, by the lower semi continuity of Q in its third variable, we have

Q(xp, X, u) < lim Q (X, X, xp) < €, forall m,n > N.

p—)OO
Let m =n+ 1. Then Q(xp, Xp4q,u) < lim Q (X, X541, %,) < €, for all n = N.
p—)OO
If Tu # u, then for each € > 0, the second condition of Theorem 4.4 implies that
0 <inf{ Q(x, Tx,u): x € X} < inf{ Q(x,, Xpy1, u):n = N} <€,
which is a contradiction. Therefore Tu = u.
To prove the uniqueness, suppose that there exists v € X such that Tv = v. Then
by the contraction condition, we have
Q(u,u,v) = Q(Tu, T?u, Tv) < kQ(u,u, v).

Since k < 1, we have Q(u,u,v) = 0. Also, by the contraction condition, we have
Q(u,u,u) = Q(Tu, T?u, Tu) < kQ(u, u, w).
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Therefore Q(u,u,u) = 0. Part (3) of the Definition 3.4 implies that G (u,u,v) =
0 and hence u = v. m|

Now, we introduce the notion of €,-Kannan contraction.

Definition 4.7. Let (X,G) be a G,-metric space and Q be an Q,-distance on X. A
mapping T:X — X is called an Q,-Kannan contraction if there is k € [0, %) such
that

Q(Tx, T?x,Ty) < k [Q(x,Tx,Tx) + Q(y, Ty, Ty)]
forall x,y € X, with s > 1 and ks <.

Theorem 4.5. Let (X,G) be acomplete G,-metric space and Q be a generalized
Q-distance on X with a constant s > 1 such that X is Q-bounded. Let T be a self-
mapping on X that satisfies the following conditions:
1) T isan Q,-Kannan contraction.
2) for all u € X assume that if Tu # u, then inf{ Q,(x, Tx,u):x €
X} > 0.
Then T has a fixed point in X.

Proof. For x, € X, we construct a sequence (x,) in X such that x, =
Txn_l,n ENa
Consider t > 1. Then by using the contraction condition, we get

Q(Xn, Xny1, Xnte) = Q(Txp-1, Txn, Txpit-1)
< k ['Q(xn—l' Xn, xn) + 'Q(xn+t—1' Xn+tr xn+t)-
Now,

'Q(xn—l'xn' xn) = -Q(Txn—Z'szn—Z'Txn—l)

< k [Q(xn—zf xn—lfxn—l) + Q(xn—l'xn’xn)]'

Therefore, Q(x,_1, Xn, ) < q Q(Xp_2,Xn_1,Xn_1), Where q = ﬁ <1
By applying the previous steps repeatedly, we get Q(xp_1, X5 Xp) <
qn_l.Q(XO,Xl,Xl).
Since X is Q-bounded, there exists M > 0 such that Q(x,y,z) <M, for all
x,y,Zz € X. Hence

Q(Xp_1, Xn, Xp) < q" M.
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Also,
— 2
Q(Xn+t-1 Xn+e> Xn+t) = Q(Txptt—2, T Xpat—2, TXn4e-1)

<k [QXnst-2) Xntt—1 Xntt—1)
+ -Q(xn+t—1f Xn+t xn+t)]-

Therefore Q(xn4¢-1, Xnto Xnve) < q QXnte-2, Xn+t-1 Xnte-1) -

Applying the previous steps repeatedly, gives us

-1
Q(Xptt-10 Xnets Xnse) < 0 Q(Xp, Xpy1, Xet1)-
Hence
-1
Q(Xntt—1) Xnttr Xnse) < 7M.

Thus Q(x,, Xpi1, Xnet) < k[q"IM + q""IM] = 2kq™ M.
Since k < % we have

-Q(xn'xn+1'xn+t) = qn_lM- (4-2)
Forall I > m > n, we have

'Q(xn: Xm» xl) < S'Q(xm Xn+1 xn+1) + S'Q(xn+1' Xm» xl)

< S'Q(xn: Xn+1 xn+1) + Szﬂ(xn+1' xn+21xn+2) + Szﬂ(xn+2rxm; xl)

< S-Q(xnfxn+1:xn+1) + Szﬂ(xn+1:xn+2'xn+2) + -
+Sm_n_1ﬂ(xm—2: Xm—-1s xm—l) + Sm_n_lﬂ(xm—l' Xm» xl)

< Sqn—lM + qunM 4+ -+ Sm—n—lqm—SM + Sm—n—lqm—ZM

< sq" M + s%2q"M + s3q" M + -
=sq" 'M(1+sq + (sq)* + )

1
1—-sq

n-1

Taking the limit as n — oo, gives us

lim Q(x,, x5, x) =0.
n,m,l-oo

Lemma 3.3, implies that the sequence (x,) is a G,-Cauchy sequence. Therefore
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there exits u € X such that x, is G,-convergent to u. Consider € > 0. Then
there exists N € N such that Q(x,, x,,, x;) <€, for all n,m,l >N and thus
llim Q (X, Xm, x;) < €. Note that Q(xy, X, u) < lim Q (X, X, x,) < €, for all
—00 p—©

m,n=N. Let m =n+ 1. Then Q(xp, xp41,u) < lim Q (xp, Xp41,%p) < €, for
p—©

all n > N.
If Tu # u, then the second condition of the theorem implies that
0 <inf{Q(x, Tx,u):x € X} < inf{ Q(x,, xpi1, u):n = N} <€,
for each € > 0 which is a contradiction. Therefore Tu = u.
To prove the unigueness, assume that there exist two fixed points z, v of T
The contraction condition yields
O (z,2,2) = O(Tz,T?%z,Tz)

<k [Q2z2z2z)+Q(z2z2z)]

=2k Q(z z 2).

Since k < % we have Q(z,z,z) = 0. Similarly, we have Q(v,v,v) = 0.
Now,
Q(u,u, v) = Q(Tu, T?u, Tv)

<k [Quuu)+ Qw,v,v).
=k [0+ 0]=0.

Therefore, Definition 3.4 we have G(u,u,v) = 0 and hence u = v. ]
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