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DUALITY OF OPERATOR FRAMES IN BANACH SPACES

Chunyan Li', Qibin Fan?

In this paper, approrimate dual operator frames in separable Banach spaces
are introduced. The relationship between the duality of p-frames and the duality of (p,Y)-
operator frames is characterized. The perturbations of dual operator frames and approxi-
mate dual operator frames are discussed. With approzimate dual operator frames, we can
approximatively reconstruct, or almost reconstruct the elements of Banach spaces. For
a (p,Y)-operator frame, a sequence of approzimate dual operator frames that converges
to the dual operator frame always exists. We show that the direct sum of (p,Y')-operator
frames can preserve the actual and approzimate duality of operator frames.
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1. Introduction

Frames were first introduced by Duffin and Schaeffer [13] in nonharmonic Fourier
analysis. However, research on frames was discontinued until 1986 when frames were ap-
plied to wavelet and Gabor transform [12]. Since then, frame theory has been extensively
investigated [2, 3, 4, 5, 7, 11, 15, 16, 18]. A frame is a sequence {f;} in a Hilbert space
H with existing positive constants, namely, A, B such that the following condition can be
considered:

Allfll < (ZI(J‘, f)P)? < Bl Vf e

Given a frame {f;} for H, every element f in a Hilbert space H can be represented
as a linear combination
F=> cifs
i

Thus, frames can be viewed as the generalization of bases in Hilbert spaces. In terms of the
redundancy of frames, coefficients, which are the essential distinction between frames and
bases, can no longer be determined uniquely. To determine the coefficients {¢;}, we should
obtain a dual frame {g;} of {f;} such that ¢; = (f, g;)(Vi). Duality always exists for a frame
{f:} in Hilbert spaces, such as the canonical dual frame {S~!f;}, which is given by the
frame operator S. Although duality always exists, dual frame calculation is complicated.
Christensen and Laugesen [8] proposed methods to construct an approximate dual frame
and thus solve such problem. An approximate dual frame associated with {f;} is a sequence
{gi}, which satisfies the following condition:

If - Z<f, g fill <ellfll, VfeH

where 0 < e < 1. Thus, > (f, g:) fi is closer to f, when ¢ is smaller, and this finding indicates

?
that {g;} is near the “true dual frame”.
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In 1991, Grochenig [14] considered atomic decompositions versus frames and intro-
duced the concept of Banach frames. After 10 years, Aldroubi, Sung and Tang [1] introduced
p-frames in Banach spaces. Christensen and Stoeva [9] also investigated the properties of
p-frames in separable Banach spaces. A family {x}} C X* is called a p-frame for a Banach
space X if constants A, B > 0 exist, such that the following condition is satisfied:

1

P
Allz| < (Z <$Z‘,I>|p> < Bllz||, VreX. (1)
Casazza et al. [6] generalized the concept of p-frames and introduced Xg4- frames, where
Xg is a BK-space. A family {z}} C X* is called an X,-frame for the Banach space X if
constants A, B > 0 exist, such that the following is observed:

Allz| < {27, 2)}Ix, < Bllzll, Vo e X.

Cao et al. [10] also introduced the concept of (p,Y)-operator frames, where Y is a Banach
space and 1 < p < co. (p,Y)-operator frames cover p-frames and X4-frames. Let X, Y be
Banach spaces. A family {I';} of linear bounded operators from X to Y is a (p, Y)-operator
frame if positive constants A, B exist, such that the following condition is satisfied:

Allzll < (Y ITiz|?)7 < Bllzll, Ve € X. (2)

In Banach space Setting, the duality of p-frame, X4-frame or (p, Y)-operator frame does not
necessarily exist, and this condition is an intractable issue for the series expansion of elements
in Banach spaces. As such, we reduce our standards and determine the ”approximate
duality” to achieve the series expansion of elements in Banach spaces. For X ;—frames, two
concepts of generalized dual Banach frames are given [17]: pseudo-dual Banach frames and
approximate dual Banach frames. For a (p,Y)-operator frame {I';} of a Banach space X,
we aim to identify a sequence of bounded operators {A;} from X* to Y*, following the given
condition:
lx — ZA:FﬂL‘H <elz|,Vz € X,
K3

where ¢ is a small positive number. In such a case, the following condition is obtained:

TR ZA;’Tixﬁx € X.

Considering this condition and a previous work [17], we introduce the concept of
approximate dual operator frames in our study. Our work demonstrates that a sequence
of approximate dual operator frames converges to an actual dual operator frame. Even in
Hilbert space setting, the sum or direct sum of two frames is no longer a frame. However,
we discover that the direct sum of two operator frames is still an operator frame in their
respective corresponding spaces. This paper also reveals that the direct sum can preserve
the duality and approximate duality of operator frames in Banach space setting.

The paper is organized as follows. Section 2 provides some elementary definitions
and results regarding p-frames and (p,Y)-operator frames. These definitions and results
are essential for subsequent discussions. Section 3 discusses the approximate dual operator
frames. The arguments mentioned in the preceding paragraphs are described on the basis
of some important theorems. We then prove these theorems in detail.

2. Preliminary Definitions and Lemmas

Throughout this paper, let J be the set of all natural numbers or a finite subset of all
natural numbers, F be the field C of all complex numbers or the field R of all real numbers
and p, ¢ be constants following the condition, 1 < p,q < co. We use B(X,Y’) to denote the
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Banach space of all bounded linear operators from a Banach space X to another Banach
space Y. If X =Y, then B(X) := B(X, X). In this paper, Ix is always the identity operator
on X (simply I). Provided the existing canonical mappings Jx : X — X** Jy : Y — Y™**,
we consider X,Y as a subspace of X** Y ** respectively. In this paper, all Banach spaces
are separable.

If {X;}icy is a collection of Banach spaces, then we define the direct sum of Banach
spaces as follows:

©pXi = Hzities s i € Xa(Vi € J), [{zitiesllp < o0},

where

H{zitiesll, = <Z ||afz||p>

i€J
Clearly, ®,X; is a Banach space and the dual space of ©,X; is ©,X}, where 1 5 + =
1,1 < p,qg < oo and X} is the dual space of X; for every ¢ € J. Specifically, we denote EBpX
by ¢?(X) and denote the dual space of ¢P(X) by ¢7(X*). Suppose that J = {1, 2}, then we
have the following:

. 1
X, @, Xy = {:171 @y T2 1 11 € X1,23 € X with [z1 @y z2]| = (|21 ]|? + [|z2|P)? } .
For any a1 @, ©3, 75 ®, 23 € X1 @, X2, X € F, we have
(21 Bp 3) + (27 Bp 23) = (w1 + 27) Bp (w3 + 23)
Nat ®p 13) = Axi ©p Azs.
In addition, the dual space of X; @, X5 is the space X @4 X35 and Vz1 ®p z2 € X1 ©p
Xo, 2] @p 25 € X7 @y X5, we have the equation:
(21 ©p 22, 2] Bg x3) = (21,27) + (22,25).

Let Th € B(X1),T> € B(X3), and we define a map T1 @, T> on X; &, X» using the

equation:
(Th & To) (1 Bp x2) = Thz1 B)p Toxe, V1 Bp 22 € X1 B)p Xo.

We then prove that 71 @, Ts € B(X1 @, X2) and T5 @, T5 is the adjoint of T1 @, Th.

A family § = {z};c5 € X* is said to be a p-Bessel sequence for X if the upper frame
condition in (1) holds. Equivalently, the following inequality holds:

S et

ieJ

< Bll{citiesll, {eities € €2(J)

where B coincides with the constant in (1). The analysis operator and synthesis operator
of a p-Bessel sequence {x}};cy € X* are defined as follows:

Ug: X — P()), Ugx = {(x,2])}icy, Vre X,

Tg :éq(J)—>X*, Tg({cZ leJ ZCZ :, V{cl}zeJeﬁq( )
i€J
A family T' = {T'; };¢y of operators in B(X,Y) is said to be a (p, Y)-operator Bessel se-
quence for X if the upper frame condition in (2) holds. Equivalently, the following inequality

holds:

> Ty
icJ
where B coincides with the constant in (2). The analysis operator and synthesis operator
are denoted by Ur, 1T respectively, where Ur and Tt are defined as follows:

Ur: X — ép( ), U[‘(f) = {Fif}iej, Vf e X

< Bll{y; Yiesll, V{yi}ies € £9(YY)
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Tr: 09(Y*) — X, To({y; bies) = > _Tiyf, V{yjbies € L9(Y™).
ieJ
Assuming that {z}};c; C X* is a p-frame for X. If a ¢g-Bessel sequence {z;}icy € X
exists, such that the following condition is satisfied:

sz(x,xf)xi, Vre X; ¥ :Z@:*,xi)xf, Vot e X*, (3)
i€l ieJ
then {z;}iey is called a dual frame of {z}};c5 [9]. Upon checking, we verify that a dual
frame of a p-frame for X is a g-frame for X*. Therefore, if § = {z}};e; C X™* is a p-Bessel
sequence for X and F = {z;}iey C X is a ¢-Bessel sequence for X* satisfying (3), then §
and F are a p-frame for X and a g-frame for X*, respectively. In this case, we call (F,9) a
pair of dual frames. We also say that one of (F,5) is a dual frame of the other.
Similarly, a (g, Y™*)-operator Bessel sequence A = {A;};cj C B(X*,Y™*) is said to be
a dual operator frame of a (p,Y)-operator Bessel sequence I' = {I';};c5 C B(X,Y) when it
satisfies the following conditions:

x:ZA;‘Fim, Vo € X, x*:ZFfAix*, Va* e X*. (4)
ic] =
In this case, I', A are automatically a (p,Y)-operator frame and a (q,Y™)-operator frame,
respectively.
When conditions (3) and (4) are relaxed, the concept of approximate dual frames is
obtained.

Definition 2.1. Assume that %—i—% =1,9 = {z}}icy C X* is a p-Bessel sequence for X and
F ={z;}ics C X is a qg-Bessel sequence for X*. (G,F) is said to be a pair of approzimate
dual frames if ||[Ix — TsUg|| < 1 or ||Ix~ — TgUsg| < 1.

This definition is a special case of approximate dual Banach frames [17] when X; =

(7).

Definition 2.2. Assume that %Jr% =1, ={T}ics C B(X,Y) is a (p,Y)-operator Bessel
sequence and A = {A;}iey C B(X*,Y™*) is a (q,Y™)-operator Bessel sequence. (I',A) is
called a pair of approzimate dual operator frames if | Ix —TaAUr|| < 1 and ||Ix+ —TrUp|| < 1.

Clearly, a pair of dual frames is a pair of approximate dual frames and a pair of dual
operator frames is a pair of approximate dual operator frames.

Some basic results on frames and operator frames in Banach spaces are listed in the
form of lemmas, which will be used in the proofs of the main theorems in this paper.

Lemma 2.1. [9] If § = {z} }icy C X* is a p-frame for X, then X is reflexive.

Proof. By the definition of p-frames, the analysis operator Ug of G has a close range R(Ug)
and is injective. This condition shows that X is isomorphic to R(Ug). Provided that R(Ug)
is a close subspace of ¢7(J), then R(Ug) is reflexive. Therefore, X is reflexive. O

w

Lemma 2.2. [10] Let T' = {T';}ics € B(X,Y) be a (p,Y)-operator Bessel sequence with
bound Br. Then for every y* € Y*, the family {Tfy*}ics is a p-Bessel sequence for X with
bound Br|ly*||.

The next lemma is a common result, we omit its proof.

Lemma 2.3. Let X be a Banach space, T € B(X) and I be the identity operator on X. If

o0

|l —T|| <1, then T is invertible and T~ =T+ Y (I —T)".
n=1
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Proposition 2.1. Assume that % + % =1, T ={Ti}ics € B(X,Y) is a (p,Y)-operator
Bessel sequence and A = {A;}iey C B(X*,Y™*) is a (¢,Y*)-operator Bessel sequence. If
(T, A) is a pair of approximate dual operator frames, then T' and A are a (p,Y)-operator
frame and a (q,Y™*)-operator frame, respectively.

Proof. Since Tp\Ur € B(X),TrUx € B(X*), |[I — TAUr|| < 1 and ||I — TrUya|| < 1, Lemma
2.3 implies that TAUr, TrU, are invertible. For every z € X, 2* € X*, we have the following
inequalities:

] = [[(TaUr) "' TaUra|| < [(TaUr) "' Talll|Ura]),

2|l = [(TrUn) " T Una™ || < [(TrUx) " Tr[[[[Us2" .

Therfore, Ur, Up are bounded below, and thus I is (p, Y)-operator frame and A is a (g, Y™*)-
operator frame. O

Remark 2.1. For approzimate dual frames, this result is also true. In this case, based on
Lemma 2.1, X is a reflexive Banach space. Therefore, ||[Ix—T5Ug| < 1 and || Ix+—TqUs| <
1 are equivalents according to Definition 2.1, which is the reason why we use the word “or”.
However, || Ix — TaUr|| < 1 and ||Ix~ —TrUal| < 1 are not equivalent based on Definition
2.2.

3. Main results and proofs

Now, we characterize the relationship between the duality of p-frames and the duality
of (p,Y)-operator frames by Theorems 3.1 and 3.2.

Theorem 3.1. Let % —|—% =1, G = {zf}ics C X* be a p-Bessel sequence for X and
F ={z;}ics C X be a q-Bessel sequence for X*. The two operator sequences are defined as
follows:

A X —F, Al (%) = (2;,27), Va* € X*
[9:X —TF, I'Y)=(z,z}), VreX,
Therefore, (G,F) is a pair of approzimate dual frames if and only if (U's, Ag) is a pair of
approzimate dual operator frames, where I'g = {F?}ieJ, Ay = {AT}ieg.
Proof. We then show that I'g is a (p, F)-operator Bessel sequence and Az is a (g, F)-operator
Bessel sequence. Let T, Tx, be the synthesis operators of J, Ay respectively. We also let

Ug,Ur, be the analysis operators of §,I'g respectively. For any x € X, we obtain the
following equation:

lv = Tag Urgell = o =Y AT Tiz| = [lo = AT (w,a7)]|
ieJ i€J
= |lz =) {.af)aill = |z — TsUgz|.
ieJ

Let Uz, Up, be the analysis operators of F, Ag respectively and let Tg,Tr, be the
synthesis operators of G, I'g respectively. For any * € X*, we obtain the following equation:

lo* = TogUn,a™ll = lla” = 3oT7"ATa"| = fla* = 3_TF* (@i, a”)]
i€J i€
= llo* = Yot @l = o — TsUsa"||
i€J

Thus, by Definition 2.1 and Definition 2.2, we can prove the theorem. O
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Theorem 3.2. Let % —|—% =1, T = {T;}ics C B(X,Y) be a (p,Y)-operator Bessel se-
quence with bound Br and A = {A;};ej C B(X*,Y*) be a (¢, Y™*)-operator Bessel sequence
with bound Bp such that BrBy < % If (T,A) is a pair of dual operator frames, then
{Try* Yics, {Aly}tics) is a pair of approzimate dual frames for units y € Y,y* € Y*.
Proof. We define an operator P as follows
PP(Y) — P(Y), P({yitics) = {{yi,y")ylies-
Clearly, P is a linear bounded operator. Indeed, provided that y, y* are units, we obtain the
following inequality:
IPEyidienl? = Iy ) wtiesll? =Y I1wi v )yllP
i€l
D lylPUy P19l = Ny PP > lgall? < {uitiesllP-
= =5
This inequality shows that ||P| < 1.
In addition, Lemma 2.2 implies that {I'fy*};c; is a p-Bessel sequence for X* and
{A}y}icy is a g-Bessel sequence for X. We denote Ur,- as the analysis operator of {I'}y* };cs

and T, as the synthesis operator of {Afy};c;. For any x € X, when (I', A) is a pair of dual
operator frames and BrBj < %, we have the following:

|z = TayUrgel| = || D AjTiw =Y (2, Tiy")Afy|
i€J i€J
ITa({Tiz}ies — {(2, Iiy")yties)l
= ||Ta(Urz — PUrx)|| < Bal|Urx — PUrz||
BallI = Pl - [Urz|| < 2BxBrllz|| < [l].
Thus, ({TFy*}ies, {Afy}ics) is a pair of approximate dual frames. O

IN

N

Let (T', A) be a pair of approximate dual operator frames. Then we obtain the follow-

ing:
|z — TaUrz|| < |I — TaUr| - |||, Vz € X.
Assuming that ||I —TpUr|| < 1, then TAUrz ’almost reconstructs’ z. In fact, we can always
find a sequence {Y,,} of (p, Y )-operator Bessel sequences such that T,, becomes much closer
to a dual operator frame of A as n — oo.
Theorem 3.3. Let %—i—% =1, T ={T}ics C B(X,Y) be a (p,Y)-operator Bessel sequence
and A = {A;}ies C B(X*,Y*) be a (q,Y*)-operator Bessel sequence. If (I',A) is a pair
of approzimate dual operator frames, then (Y,,A) is a pair of approzimate dual operator
frames for any n € N, where T,y = {Y7}ie3, Y? = > Ty(I — TaUr)*,Vi € J. Furthermore,
k=0
if lim Y, =7 ={Y;}icy, then (Y, A) is a pair of dual operator frames.
n—oo

Proof. Let By be the Bessel bound of A and Br be the Bessel bound of I'. Given that (T, A)
is a pair of approximate dual frames, then ||[I — TAUr| < 1. Therefore, TpAUr is invertible
and its inverse can be written via a Neumann series as (ThAUr)~! = Y. (I — Tp\Ur)*. For

k=0
every x € X, the following inequality holds:

Dol = YUY T = TaUn)*el” <Y ITe Y (I — TalUr)*|l?

icJ icJ k=0 i€J k=0

B\ Y (I = TaUr)*a||? < BRI Y (I = TaUr)*||” - |lz]”-
k=0 k=0

IN



Duality of Operator Frames in Banach Spaces 145

Thus Y,, = {Y7}ies is a (p,Y)-operator Bessel sequence for every n € N. Assuming that
T~ is the synthesis operator of Y,,, then we can get the following results:

Ty Upz® = Y TPAa* = Z(i Ti(I — TaUp)®)*Asa*

ieJ i€J k=0
= Y (I -UFTHF Y Tihiz® = (I = TrUp) TrUnz®
k=0 i€J k=0

I —TrUpN)RI — (I — TrUy)|z*

>
k=0
n n
= Y (I —=TrUn)ka" =) (I — TrUp) o
k=0 k=0
= 2" — (I —ToUp)" "2
and
TaUr,z = Y AYre=>Y A/ il —T\Ur)")z
i€J i€J k=0
= > AT (I = TaUr)*z) = TaUr (Y (I = TaUr)*z)
i€J k=0 k=0
= [I— (I =TAUD)()_(I - TaUr)*z)
k=0
n
= > (I-TxUp)* x—Z(I—TAUp)k“x
k=0 k=0
= 22— (I —T\Up)" .
Hence
11 =T, Unll = (I = TeUA)" | < I = TrUs[I" T < 1
and

([T = TaUx, || = |I(I - TAUF)n+1H <||II- TAUF”n-H <1

These results show that (Y, A) is a pair of approximate dual operator frames for any n.
If lim Y, =7 = {Y;}icy, then Ve > 0, there exists N € N such that |T,, — T|| <
n—oo

€,¥n > N. Here, the norm of operator Bessel sequence was defined [10]. For every z* € X*,
we have the following:

[Ea e 7 Y I EA W ¢y P [ (N ¢ P N o W
i€J ie€J i€J i€J
< lat = Tr, Una*|| + | (00 = TNz
i€J
< I =TeUA" e+ O e[ QI3 = T5|P)»
ieJ ieJ

17 = TrUA " ™| + Ball2™ || - [T = T
Provided that ||I — TrUa|| < 1, then lim ||[I — TrU,||" ™! = 0. Hence as n — oo,
n—0o0

11 = TrUA|" o™ || + Balla™| - [[Tn = ]| =0,
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ie. x* = TrA;z*,Va* € X*. Similarly, for every x € X, the following inequality holds:

ieJ
le =D ATz < o= AIYFal 4+ || DA TTe =Y AT Y|
ieJ ieJ ieJ icJ
< o= TaUs, 2l + || ) A7 (Y7 = Ti)z|
ieJ
< = TaUp "l + BAI{(T} = To)abies |

17 = TaUp " lall + Ball T = Y| - [l
Provided that ||[I — TpUr|| < 1, then lim ||[I — TpUrp||"™! = 0. Hence as n — oo,
n— oo
I = TaUr " [l2]| + Bal| Tn — T -

ie. x=> AfT;z,Vo € X. Therefore, (T, A) is a pair of dual operator frames. a
ieJ

|z[| =0,

The sum or direct sum (or disjointness) of frames is a complicated problem. In Hilbert
space setting, Han and Larson [15] systematically investigated the sum and disjointness of
frames. By means of duality or approximate duality of frames, we can get interesting results
about the sum and direct sum of (p,Y)-operator frames.

Theorem 3.4. Let % + % =1. IfT ={T}ies CB(X,Y) and Y = {Y;}ic; C B(X,Y) are
dual operator frames of a (q,Y™*)-operator Bessel sequence A = {A;}ic; C B(X*,Y™), then

for any A\, u > 0, M;i‘l‘;r is also a dual operator frame of A.

Proof. If T and T are dual operator frames of A, then we obtain the following:

T = ZA;‘FM, ¥ = ZI‘;‘Aix*, Ve e X, z* € X7,

iel il
szAfTiaz, x*:ZT;‘Aim*, Vee X, 2" e X*.
i€l i€l

Hence, for any A, p > 0, we have the following:

i€l =3 i i
T = = N————z, VzelX,
A pu ; At

AY TIA " +p > YiAx*
A+ ‘

/\Fi Tz
= Z(i)*mx*, Vot e X*.
A+ p

icJ

This result shows that (Al;\izr ,A) is a pair of dual operator frames. O

For the direct sum of (p,Y)-operator frames, the result is natural. Indeed, when we
let T% = {T¥},c5 C B(X},Y%) be a (p, Yy)-operator frames for X, with upper bound and
lower bound By, Ak, with k = 1,2, for any z1 ® 22 € X7 @ X5, we can obtain the following:

DN @ T @ @ w7 =3 ey & Diaa|? =3 [Tiwa]l” + 3 [T |-
= = = iel
On the one hand,

DT @ T (x1 @ 22)[|? = min{Ay, Az} (o]l + [|22]”) = min{Ar, A} (|21 & 22||P).
i€J
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On the other hand,

DT @ T (@1 @ @o)||P < max{ By, Ba} (| ||” + [|z2]|P) = max{Bi, Ba} (|1 & 25|7).
icJ
These two inequalities imply that I't @ I'? is a (p,Y; @ Ya)-operator frame for X; & X,.
Similarly, this argument is true for n-tupples. Surprisingly, such a direct sum can preserve
the duality and approximate duality of (p,Y)-operator frames.

Theorem 3.5. Let % —+—% =1, T* = {T*};c5 C B(Xy,Ys) be a (p,Yy)-operator Bessel
sequences for Xy, and A = {A¥};c; C B(X;, YY) be a (q,Y()-operator Bessel sequences for
Xp, with k = 1,2. If for every k = 1,2, (T*, A¥) is a pair of dual operator frames, then
(T eT?={T!oT?}ics, A @ A% = {A} ® A?}ics) is a pair of dual operator frames.

Proof. Clearly, I'* ©T? is a (p, Y1 @ Ya)-operator Bessel sequence for X; & X5 and A @ A2
is a (g, Y]" ® Y5")-operator Bessel sequence for X7 @ X;. For every z1 ® x5 € X; @ Xo,
x] & x5 € Xi @ X5, we have the following:

i€l i€l =

= > (M @A) T} oT?) (21 @ z2),
=

oy = » TPAzieY TPAjy;=> T/*Alz; @ T Alx}

i€l i€l i€l

= D o) (Al @A) (@] o a3).
i€J

Hence, (I'' @ T'?, A @ A?) is a pair of dual operator frames. O

Theorem 3.6. Let % +é =1, I'* = {T*};e5 C B(Xy,Yx) be a (p,Yy)-operator Bessel
sequence for Xy and A* = {A¥},c; € B(X}, YY) be a (g, Yy)-operator Bessel sequence for
X}, with k = 1,2. If for every k = 1,2, (T*¥, A*) is a pair of approzimate dual frames, then
(T @2 = {T!oT?}ies, AL @ A2 = {A} @ A?}ics) is a pair of approzimate dual operator
frames.

Proof. From the definition of approximate dual operator frames, ||I — Tx1Ur:]] < 1 and
I — Th2Urz|| < 1 hold. For every xz; @ z2 € X1 & X, then

||[L'1 D xo — TA1€BA2UF1@F2 (xl &) x2)||p
= lev@az = Y (Al @A) (T} @ TH)(@1 @ 2)|P

ic)
= ||$1 D X2 — ZA%*F21$1 S5 ZAf*Ffngp
ieJ ieJ
= (@1 =D _APTiz) @ (v — Y AP T o)
ieJ ieJ
= o = Y ATz P+ ey — > AT TP
ieJ i€J

= ||$1 — T Uplxlnp + H:BQ — TAzUpzxznp
= [ =Ty Up|Pllzol|” + I = Ta2Upz|?[|z2 [P
<zl + ll2ll” = [lzy @ 227,

ie. ||I_TA1@A2UF1@F2H < 1. Similarly, ||I_TF1@F2UA1@A2H < 1. Hence, (Fl @FQ,Al @Az)
is a pair of approximate dual operator frames. O
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In the last part of this paper, we discuss the perturbations of dual operator frames
and approximate dual operator frames.

Theorem 3.7. Let %—i—% =1, T ={Ti}ics C B(X,Y) be a (p,Y)-operator Bessel sequence
and A = {A;}iey C B(X*,Y*) be a (q,Y*)-operator Bessel sequence with bound By > 0.
Suppose that sequence T = {Y;}iey C B(X,Y) satisfies the following condition:

I =Tl < Ay bieall, i bies € €4(Y), (5)
icJ

then the following statements hold.

(1) When ||I — TrUp|l < 1 = ABa and ||[I — TaUr|| < 1 — ABy, (T, A) is a pair of
approzimate dual operator frames.

(2) When (T, A) is a pair of dual operator frames and ABy < 1, (T, A) is also a pair
of approximate dual operator frames.

Proof. T ={T";};c5 C B(X,Y) is a (p,Y)-operator Bessel sequence, (5) implies that T is
a (p,Y)-operator Bessel sequence. For every z* € X*, we obtain the following:

||.13* - TTUAJT*H < ||x* - TFUAJ‘*H + HTFUAl‘* — TTUAZ‘*H
< M =TrUAl - (27| + AlUaz™||
<

(I = TrUall + ABp)[J2"]-

Provided that (5) implies that T' — T is a (p,Y)-operator Bessel sequence with bound A,
then the following inequality holds:

(T = Yahies| = O 1T = To)a]?)7 < Allz, Ve € X (6)
i€J

For every x € X, by (6), we get the following:

|z — TaUrz|| | = TaUrz|| + [|TaUra — TaUr||
11 = TaUr|| - ]| + 1 Ta(Ur = Ur)z]|
[1 = TaAUr|| - lz[| + Bal|(Ur — Ur)z||

(IT = TAUrll + ABa) - |||

INIA NN

Clearly, if |[I — TrUa|| < 1 — ABy and ||I — TAUp|| < 1 — ABa, then (Y, A) is a pair of
approximate dual operator frames. More specifically, if (I, A) is a pair of dual operator
frames and ABj < 1, then (T, A) is a pair of approximate dual operator frames. O

Theorem 3.8. Suppose that X,Y are two reflexive Banach spaces. Let % + % =1T =
{Ti}ics € B(X,Y) be a (p,Y)-operator Bessel sequence with bound Br >0, A = {A;};c5 C
B(X*,Y*) be a (q,Y*)-operator Bessel sequence with bound B > 0 and (T, A) be a pair of
approzimate dual operator frames. Suppose that the constants 0 < A, Ag, p < 1 exist, and
a sequence T = {Y;}icq C B(X,Y) exist, such that ||[I —TrUu| <1 — %BA and
VJ € F(J),{yf ties € L9(Y™), the following condition holds:

I 0 =Tl < Al Do Tiwi I+ Aell Do i |+ w (Z |ny|"> : (7)

i€J icJ icJ icJ

where F(J) is the set of all finite subsets of J. Then (T, A) is a pair of approzimate dual
operator frames.
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Proof. First, we need to prove that T is a (p,Y)-operator Bessel sequence. In fact, using
the inequality (7), we can get the following:

1Dl < (0 =Ty + Y Tiwll

eJ e€J eJ
1
q
< Alnzr:ym+A2||zr:y:|+u(znyw> IS
e ieJ 1edJ ieJ

1

A+ DI Trfl+ X2l Y Yy +M<Z|yfllq>,

i€ i€ icJ

that is

1>l < IEF“H+(2]%W>,VMha6WW)

ieJ ieJ icJ

Given that I" is a (p, Y')-operator Bessel sequence and {y; };cs € £9(Y*), then > I'ly; exits.
i€J

Thus for any € > 0, a finite set Jy C J exists, such that the following is obtained:

z 1—A
1> Tivil < 5 <Z ||y7|q> < fe, VI E€F(), JonT = 2.
ieJ

i€J 2M

Thus

1> Tiwill <

icJ

LS |+(zuw) <o Wuhe € 1Y)
icJ

icJ

Therefore, > TIyF converges and thus leads to the following result:
i€J

* % 1 + )‘1
ISt NS+ (z » ||q>
1€]J €] 1€J

1+ X K

B
e Br+ 5] i bl

IN

AN

As J — J, (7) implies that

1
1D =THwrl < Ml Do Tiwrl + Xl Y Yiyill +u <Z Iny||q>

i€J icJ icJ icJ

For any z* € X™, using these inequalities, we obtain the following:

l2* = TrUpa™|| = Jla* =Y Tidw”|

ieJ
< ot = SO r A 4+ | S0 - 1A
ieJ ieJ
< = ToUalllla* [+ Ml D Tidsa™ [ + Xl D Vi Aia™ ]| + pll{Aia Yies |
i€J ieJ
14+ XM
< W= TeU "+ AuBrBalla”| + Al =52 Br + 725 Balla” | + B Ja”|

(A1 4+ A\2)Br +/JB
1— )Xo

(I = TrUAll + Al < =]
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ie. ||[I —TxUrl < 1. As X,Y are reflexive, then ||I — TpUy|| < 1. Hence, (T, A) is a pair

of approximate dual operator frames. O
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