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VARIOUS SHADOWING PROPERTIES FOR PARAMETERIZED
ITERATED FUNCTION SYSTEMS

Mehdi Fatehi Nia', Seyyed Alireza Ahmadi®

In this paper we generalize the notions of limit shadowing property and ex-
ponential limit shadowing property to parameterized iterated function systems IFS and
prove some related theorems on these notions. It is proved that every uniformly contract-
ing and every uniformly expanding IFS has the erponential limit shadowing property.
Then, as an example, we give an IFS which has the limit shadowing property, but fails
to have the exponential limit shadowing property and compare this result with similar
ones in original discrete dynamical systems.
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1. Introduction

Iterated function systems (IFS) are introduced as a unified way of generating a broad class
of fractals and have found numerous applications, in particular to image compression and
image processing [5]. Important notions in dynamics like attractors, minimality, transitivity,
and shadowing have been extended to IFS (see [3, 4, 7, 8, 9, 11]). The shadowing property
plays a key role in the study of the stability of the dynamics. This property says that, near
approximate trajectories, we can find exact trajectories of the system under consideration
[2, 14, 16]. This property is found in hyperbolic dynamics, and it was used successfully to
prove their stability, see for example [13, 17]. In [10], the authors propose a generalization
of the Shadowing Property for set-valued dynamical systems, generated by parameterized
IFS, and prove that if a parameterized IFS is uniformly contracting or uniformly expanding,
then it has the shadowing property.

In this paper, we consider various shadowing properties for parameterized iterated function
systems. First, we recall some definitions and theorems in Section 2. In this section limit
shadowing and exponential limit shadowing properties for IFS are considered. Then, in
Section 3, some preliminary results are proven, showing that the uniformly expanding and
uniformly contacting IF'S have the limit shadowing and exponential limit shadowing prop-
erties. Theorem 3.7 shows that when functions in the IFS F are hyperbolic with the same
stable and unstable subspaces, F has the shadowing, limit shadowing and exponential limit
shadowing properties. In Section 4, we give several examples to illustrate these shadowing
properties. In Example ?7, this is proved that when the functions in the IFS F have a
common attractor fixed point, F has these shadowing properties locally. In Example 3 and
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4 we introduce different uniformly contracting IFS. Example 4.2 obtains an IF'S on the torus
T3 which has the shadowing, limit shadowing and exponential limit shadowing properties.
Example 4.3 is one of the main results of this paper. In this example we construct a nontriv-
ial IF'S which has the limit shadowing property but has neither the shadowing property nor
the exponential limit shadowing property. Example ?? presents an IFS which is neither uni-
formly expanding nor uniformly contracting, but has the limit shadowing and exponential
limit shadowing properties.

2. Definitions

In this Section, we present some terminology and results which are used throughout the
paper.

Let (X,d) be a complete metric space. A parameterized iterated function system (IFS) F
is the space X together with a family of continuous functions fy : X — X, A € A, where A
is an arbitrary nonempty set and is denoted by

F={X; fa]) € A}
A typical element of AZ+ can be denoted as o = {)g, A1, ...} and we use the notation

:_Trgn = f>\00f>\10...0f>\n.

A sequence {z;};>0 in X is called a d—pseudo orbit of the IFS &, if there exists a sequence
o = {Xo,A1,...} € AZ+ such that d(fy,(z;),zis1) < 6, for all i > 0. A sequence {z;}i>o
in X is called an orbit of JF if there exists a sequence o = {\g, A1,...} € AZ+ such that
Fai(xi) = xiqq, for all 4 > 0.

One says that the IFS F has the Shadowing Property (on Z.) if, given € > 0, there exists
0 > 0 such that for any 6—pseudo orbit {z;};>0 can be found an orbit {y;};>¢ for which the
inequality d(x;,y;) < € holds for all ¢ > 0 [10].

Definition 2.1. A sequence {xy}n>0 in X is called an asymptotic pseudo-orbit of F if there
ezists o = { Ao, A1, ...} € AZ+ such that

limp—ood(fa, (Tn), Tny1) — 0.

One says that the IFS F has the limit shadowing property if for any asymptotic pseudo orbit
{Zn}n>0 there exists an orbit {yn}n>0 so that

limp—ood(Tp, yn) — 0.

We introduce another kind of shadowing for which one-step errors tend to zero with
exponential rate.

Definition 2.2. We say that a sequence {t,},>0 of real numbers converges to zero with

rate 6 € (0,1), and we write t, 40, if there exists a constant L > 0 such that |t,| < LO"
forn > 0.

Definition 2.3. Given 6 € (0,1), the sequence § = {xp}n>0 in X is called a O-exponentially
asymptotic pseudo-orbit of F if there exists
o =1{Xo, M1, ...} € AZ+ such that

1imin o0d(fr, (n), Tni1) 2 0.

One says that the IFS F has the exponential limit shadowing property with exponent & if
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there exists 0y € (0,1) so that for any 0-exponentially asymptotic pseudo orbit {x, }ner with
0 € (6o,1), there is an orbit {yn }n>0 such that

. 0%
limy—00d(Tp, yn) = 0.
In the case £ =1 we say that F has the exponential limit shadowing.
Recall that the parameterized IFS F = {X; f\|\ € A} is uniformly contracting if

Qv := sup sup W
AEA z#y €z, y)

called the contracting ratio, exists and is less than one. We say that F is uniformly expanding
if
5 ing inp AHEHO)
AEA zH#y d(z,y)

called the expanding ratio, exists and is greater than one [10].

In this paper, we extend Theorems 2.1 and 2.2 of [10] which are related to shadowing
property, to the context of limit shadowing and exponential limit shadowing properties.
Here we recall the theorems.

Theorem 2.4. [10] If a parameterized IFS F = {X; fa|]\ € A} is uniformly contracting,
then it has the shadowing property on Z. .

Theorem 2.5. [10] If a parameterized IFS F = {X; fx|\ € A} is uniformly expanding, and
if each function fx(\ € A) is surjective, then the IFS has the Shadowing Property on Z. .

Finally, we present a definition which will be used in classification of parametrized
IFS.

Definition 2.6. Suppose (X,d) and (Y, d/) are compact metric spaces and A is a finite
set. Let F = {X; fal]x € A} and G = {Y;gx|\ € A} be two IFS for which the functions
X = X and gy : Y = Y are continuous for all A € A. We say that F is topologically
conjugate to G if there is a homeomorphism h : X — Y such that gy = hofxoh™!, for all
AeA.

3. Results

We begin this section with a proposition in which we prove that the shadowing and
limit shadowing properties are invariant under conjugacy.

Proposition 3.1. Suppose (X,dx) and (Y,dy) are compact metric spaces and A is a finite
set. Let F={X; fal\ € A} and G = {Y; gr|\ € A} be two conjugated IFS, then:

(a)F has the shadowing property if and only if so does G.

(b)F has the limit shadowing property if and only if so does G.

Proof. We prove only part (b). The proof of Part (a) is similar and will be omitted.
Suppose that h: X — Y is a homeomorphism such that gy = ho fyoh~! for all A € A. Let
F have the limit shadowing property and {z,}n>0 be an asymptotic pseudo orbit of G, i.e.
there exists o = {A\o, A1, ...} € A%+ such that lim, o0 d(Tpi1,9x, (7,)) = 0. Since ™! is
uniformly continuous we have lim,, o, d(h~*(zp41), A" 0 gx, (z,)) = 0. So

lim d(h™ " (2,41), fr, o h H(zn)) = 0.

n—oo
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This means that y, = h~!(x,) is an asymptotic pseudo orbit of F. Therefore there exists
an orbit {2, }n>0 of F so that d(y,,z,) — 0 as n — oo. Hence the orbit {w, = h(z,)}n>0
of G satisfies lim,,_, oo d(2p, wy) = 0. O

In the following theorems we investigate limit shadowing and exponential limit shad-
owing properties in uniformly contracting and uniformly expanding IF'S.

Theorem 3.2. If a parameterized IFS F = {X : fu|\ € A} is uniformly contracting, then:
(a) F has the limit shadowing Property on Z. .
(b) F has the exponential limit shadowing property on Z

Proof. Assume that the IFS & is uniformly contracting with the contracting ratio a.

(a) Suppose {z,}n>0 is an asymptotic pseudo orbit for F. So there there exist o =

{X0, A1, Az, ...} € AZ+ such that limy, oo d(fr, (Tn), ZTng1) = 0. Put 7, = d(fr, (Tn), Tnt1),

for all n > 0. Consider an orbit {y,},>0 such that 2o = yo and yn11 = fi, (yn), for all

n > 0.

Now we show that lim, o d(Zn, yn) = 0.

Suppose € is an arbitrary positive number and M = sup{7r,}n>0. We can find k € N such
(1—a)

that M% < § and 7; < €5 for all ¢ > k. Obviously,

d(xhyl) < d(xh f)\o (‘TO)) + d(fko (1’0), f)\o (yo)) < To.

Similarly
d(za,y2) < d(za, fa, (x1)) +d(fr, (z1), fr, (Y1)
< 1+ ad(z, )
< 71+ amn.
And
d($3>y3) < d(.%‘3,f)\2($2)) +d(f)\2 ($2)7f)\2(y2))
S T2 + Oéd($27y2)
< 7+ a(n + ad(z, )
< 7+ aln + an)

T + ar + a27'0.

By induction, one can prove that for each n > 2

d(xn’yn) S Tn—1 + QATp_2 + ..+ Ognilrro.

This implies that

k—1
Tp—1+ QTp—2 + ... + & Tn—k

+1)

d(Yn, Tn)

<
k k n—1
+ AT Th(kt1) +« Tn—(k+2) ..+ T0

1— .
< 6(2704)(1—1—&—}—..+ak_1)+Mozk(1+a+..+o¢"_k_1)
< €+€_
= 2727°¢

for all n > k. Therefore lim, o d(yn,,) < €. Since € > 0is arbitrary then lim, oo d(Yn, Zn) =
0. This shows that F has the limit shadowing property.
(b) We choose 6y € (a,1) and show that F has the exponential limit shadowing property
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with respect to this 6. Let {x,},>0 be an f—exponentially asymptotic pseudo orbit of F
with 6 € (6o, 1), i.e. there exists 0 = {Ao, A1, ...} € A% such that

d(fx, (Tn), Tni1) 4 0, n — oo.
So there exists L > 0 such that d(fx, (zn), Zng1) < LO™ for n > 0. Consider the following
orbit:

Yo = Zo, Yn+1 = fr,(Yn);, n>0
Hence we have

d@n,yn) < d(@n, fr, 1 (@n-1)) + d(fx,_ (@n-1), a1 (Yn-1))
< Lo+ ad(@n1,Yn-1)
<
< LA+adt+a2072+.. . an7tontl)gnt
< (gER)om
Thus J has the exponential limit shadowing property. O

Corollary 3.3. Suppose A is a finite set and for every A € A, fr: R — R is a differentiable
function. Assume that p € R is an attractor fived point (fr(p) = p and | fy(p) |< 1, for
all X\ € A). There exist W C R containing p such that fx(W) C W, for all A € A and
F ={W; fa|X € A} has the (exponential) limit shadowing property.

Proof. By Proposition 4.4 of [6], for each A € A there is an open interval W) around p such
that if « € Wy, then f{'(z) € Wy, for all n > 0 and lim, o f{(2) = p. Hence we can find
an interval W C NxeaW, and € > 0 such that if € W, then | f;\(m) |[<1—e¢, forall A € A.
This implies that for all z,y € W, we have W <l—ce. SoF={W;falAe€A}isa
uniformly contracting IFS and has the (exponential) limit shadowing property. (|
Theorem 3.4. If a parameterized IFS F = {X : fx|\ € A} is uniformly expanding and each
f is surjective, then

(a) F has the exponential limit shadowing property on Z .

(b) F has the limit shadowing property on 7.

Proof. Assume that the IFS & is uniformly expanding with the expanding ratio 5.
(a) Let 8 € (0,1) and let {z, }n>0 be an exponentially asymptotic pseudo orbit of F with
exponent 6, i.e. there exists o = {\g, A1, ...} € A%+ such that

6
d(fx,(Tn), Tns1) = 0, n— oo, (1)
We define the sequence {y,}n>0 in X as follows:
Yo=z0, Ya=Fy of5 0o fil (@), n>1

Claim: The sequence {y, }n>0 is a Cauchy sequence.

Therefore the sequence {y,}n>0 is convergent to some point z € X. Now we consider
the following orbit:

20 = %, Zn4+1 = f/\n(zn); n > 1.
For eachn > 1 and 0 < k <n — 1, we define

Y B = Fr, 0 ey 00 Fag (Yn)-
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So, for each k > 0 we have lim,,_, yy(Lk)

d(l‘n, Zn)

IANIA

d(f)\n,—l © f)\n—Z ©

ﬁnd(yna ZO)

1 n
Ao

= Zk+1, hence we obtain

o Of)\o(yn)7f>\n,f1 Ofknfz O Of)\O(Z()))

Thus the IFS F has the exponential limit shadowing property.
Proof of Claim: Given A € A, we consider the function

we have

d({E, y) =

px(x,y) = {

d(fa(z), fA(y))
p)\(xay)

PINCREND)
My TFY

B T =y,

z,y€e X, A€EA.

Givenn > 1 and 0 < k <n — 1, we denote

yM = f

Ak

For every n > 1 and p > 1, we have

d(yna yn-l-p)

O fae_1 © -0 fag (Un)

d(f%o (yn)’f/\o (Yn+p))

Pxg (Un yUn+p)

dy® ) )
Pxg (Yn Yn+p)

Ay, yiflp)

(0) )

Pro WnsYntp)prg (WL Ynip

(n=1)y

d(zn 7y.,L+p

(i—1)  (i— 1))

Pxg (yn,yner)H? 1 PX; ('U Yntp

We show that the following inequality holds uniformly with respect to n > 1:

(n— 1)

d(zna Ynip

p
)<60"y BF, p>1
k=1

We prove this inequality by induction on p > 1.
For p = 1, the inequality follows from (1) and the definition of y,1.

Assume that the inequality (2) holds for some p = ¢ > 1. We prove (2) for p = ¢+ 1.

d(

d(xna yq(ﬁkll))

(n—1)
:Ena yn+q+1

)

IN

IN

A(fr, (@) S, W05))

)
pkn(xnayn+1 )
d(fan ($n)7$n+1)
n—1)
pxn(rmyn+1 )
o
< Z.
- B

A(fr, (@) Fr, W00)
(n—1)
P (Tt 1)
d(f)\”, (xn) y§H~)Q+1)
(n—1)
Prn (mnvyn+q+1)
A(Frp (@), @n i) +d(@n11,95 4 1)

1
Pxn (zﬂ yflfl»q«{}l)

L Z‘H‘l
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This proves (2).
Now for n > 1 and p > 1, (2) gives us the following:

—k
0" >k B

Pro U syntp) TTEST o2, (v
gn

d(ynayn+p) S (i—1) y(i—l))

’7n+p

. i—1 i—1
(B=1)pxg (U yn+p) [T721 o, (&Y ,nyrp )

The last inequality proves the claim.
(b) Let {z,,}n>0 be an asymptotic pseudo orbit of F. We define the sequence {y, }n>0 in X
as follows:

IN

IN

Yo = Zo, yn:f)\iolof)\illo"'of);l_l(xn% n > 1.
Since limy, o0 d(fi, (€n), Tpt1) = 0, similar to Theorem 2.2 of [10] we can prove that
{yn}n>0 is a convergent sequence. Let z denote its limit and consider the following se-
quence:
20 = %, Znt1 = fa, (zn); n>1.

Suppose € is an arbitrary positive number. Again by use of the proof of Theorem 2.2 in
[10] and the fact that there is ny > 0 with d(fx, (zn), Tnt1) < (8 — )¢, for all n > ny, we
can find N(e) > 0 such that d(z,,z,) < ¢, for all n > N(e). Then lim, o d(zn,z,) = 0,
because € is an arbitrary positive number. O

Given complete metric spaces (X,dx) and (Y, dy), consider the product set X x Y
endowed with the metric

D((z1,91), (z2,y2)) = max{dx (z1,72),dy (y1,92) }-

Let F = {X; fil]A € A} and § = {Y; 9,7 € T'} be two parameterized IFS. The IFS H =
{X xY;®5 |\ € A,y €T}, defined by @5 ~(z,y) := (fa(x),gy(y)) is called the product of
the two IFS F and G. The proof of the following theorem is straightforward and omitted.

Lemma 3.5. Let (X;,d;),i = 1,2, be metric spaces and gy : X1 — X1 and hy : Xo —
Xo, A € A, be homeomorphisms. Let d be a metric on the product space X = X3 X Xo
compatible with the uniform product structure. Let fy; X — X be defined by fx(a,b) =
(gx(a),hx(b)),\ € A. Then both G = {X1;gx|A € A} and H = {Xs : hy|\ € A} have the
shadowing property if f F={X : fa]\ € A} does.

The same result holds for the limit and exponential shadowing properties.

We recall a well-known result [12].

Lemma 3.6. Let f: X — X be a linear homeomorphism on a Banach space. Then f is
hyperbolic if and only if the following holds. There exists Banach subspaces Xs, X,y C X,
called stable and unstable subspaces, respectively, and a norm on X compatible with the
original Banach structure such that

X = Xs @Xuv f(Xs) = st f(Xu) = Xu7 ”f < ]-7 ”fil'Xu” <1

Xs
Now we extend the classical shadowing lemma in linear case for parameterized I'F'S.

Theorem 3.7. Suppose that X is a Banach space, A is finite and

{fn: X = X}xea are hyperbolic linear maps with the same stable and unstable subspaces.

Then the IFS F = {X : fu|\ € A} has the shadowing, limit shadowing and exponential limit
shadowing properties.
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Proof. Take § = {X;: foa|A € A} and H = {X,, : fo]A € A}. Tt is clear that G is uniformly
contracting and H is uniformly expanding. So, Theorems 3.2 and 3.4 imply that § and
H have the shadowing, limit shadowing and exponential limit shadowing properties. Then
by Lemma 3.5, F has the shadowing, limit shadowing and exponential limit shadowing
properties. O

4. Examples

In this section we show that the limit shadowing and exponential limit shadowing
properties are different from other kinds of shadowing property for parameterized IF'S. Let
us recall some notions related to symbolic dynamics. Let

Yo = {(s0s152...)|si =0 or 1}.
We will refer to the elements of Y5 as points in Yg. Let s = sps183... and t = tgt1ts... be
points in X5. We denote the distance between s and ¢ by d(s,t), and define it by
0 s=t
d(s,t) = ’ .
(5,%) { 2,%1, k = min{i;s; # t;}
Example 4.1. Let fo, f1: 2o — 3o be defined by fo(s0s152...) = 0808182... and f1(s0s182...) =
1s9s183... for each s = s9s183... € 2.
It is clear that F = {Xa; fo, f1} is uniformly contracting and, by Theorem 3.2 has the expo-
nential limit shadowing property.

Note that the IFS F* also have the exponential limit shadowing property, for all k > 1.
For example, if k = 2 then 32 = {32; g0, 91, 92, 93}, where

go(808182-..) = foofo(s08182...) = 005081 82....,
91(808152...) = firofo(s0s182...) = 10505153....,
g2(808182...) = foof1(s08182...) = 01sps182....,
93(508182...) = frof1(s0s182...) = 11508183...,

for each s = s95153... € Bg. Clearly F?2 is uniformly contracting and has the exponential
limit shadowing property.

Consider the 3-dimensional torus
T® = R*/Z°

equipped with the Euclidean metric, d. In the following example we give an IFS on T? which
has the shadowing, limit shadowing and exponential limit shadowing properties.

Example 4.2. Let f, and fo be the isomorphisms of R3 which are represented, with respect
to the standard basis, by the matrices:

-2 -1 0 310
Ai=| 1 =2 0|, A=|-13 0
0o 0 1 00 F

It is clear that f1 and fa both have the xy—plane and z—axis as the same stable and unstable
subspaces, respectively. So, by Theorem 3.7 the IFS

F = {R3; f1, f2} has the shadowing, limit shadowing and exponential limit shadowing proper-
ties. Let fl, ]?2 : T2 — T? be Anosov diffeomorphisms of the torus T3 induced by fi and f.
Let € be an arbitrary positive number. There exists § > 0 such that for every points a,b € T3
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with d(a,b) < &, we can find corresponding points x,y € R® such that ||z — y|| < e. Simi-
larly, for every € >0 there exist & > 0 such that for every points z,y € R3, if ||z —y|| < 5
then d(z,y) < €, where ¥ = x/Z3 and § = y/Z>. Then the IFS G = {Tg;ﬁ,f;} has the
shadowing, limit shadowing and exponential limit shadowing properties.

The following example shows that the limit shadowing property does not imply the
exponential limit shadowing property.

Example 4.3. Consider the unit circle S* with the coordinate x € [0,1). Let ¢ be a
dynamical system on S' generated by the mapping f : [0,1) — [0,1) defined by f(z) =
r—a?(x— %)(x— 1)2. Ahmadi and Molaei prove that ¢ has the limit shadowing property, but
does not have the exponential limit shadowing property [1]. Also, suppose fi : [%, 1] — [%, 1]
is @ map such that fi(3) =1, fi(1) =1 and z < fi(z) < fE(z) < f(z) for all z € (3,1).
Let 11, 1o be dynamical systems on S* generated by the maps g1, g2 : [0,1) — [0,1) defined
by

R ISR ACES (AT

1(z) if <2< filz) if 3<2<1

Now, we prove that the IFS F = {SY;41,12} does not have the exponential limit shadowing
property but has the limit shadowing property.
Suppose that F has the exponential limit shadowing property with constants L > 0 and
p € (0,1). Consider the sequence {xy}i>n, in the previous example. Then there exist a
point p € S, a sequence o = {A\o, A1, ...} € {1,2}2+ and a natural number ny such that

|For(p) — xx| < L,ug for k>mn.

Case 1. p € [0,1]. It follows that For(p) = ¢"(p) for all n > 0. So d(¢1(p), k) 50,
contradiction.
Case 2. p € (3,1). Since x < fi(z) < fE(z) < f(z) for allz € (3,1) and {x)}k>n, C (0,3),
we have d(¢™(p), xn) < d(Fon(p), Tn).
Then d($(p), z) 2 0, a contradiction. So F does not have the exponential limit shadowing
property.
Now, we show that F has the limit shadowing property.
Let {xk}r>0 be an asymptotic pseudo orbit for F. So, there exists
o =1{Xo, A\, A2, ...} € {1,2}2+ such that limy_, o d(¥y, (7k), Try1) = O.
Take J = {i|\; = 2} and

z~—{ zi, 1(z;) if $<z;<0andieJ

v T; otherwise

Consider the sequence z = zg,z1,22,.... For example, if 0 ¢ J and 1 € J, then z =
xo, 1, Y1(x1), T2, .... Since d(v1(x;),¥1(x;)) =0 and
d(V3(z;), wiv1) = d(fo(x:), ig1), for alli € J, then z is an asymptotic pseudo orbit for origi-
nal discrete dynamical system (S*,4)1). Theorem 3.1.2 of [15] implies that the (S*, 1) has the
limit shadowing property. Therefore we can find p € S* such that lim, o d(¥7(p), yn) = 0.
Take v = {y0,71, 72, ---} € {1,2}2+ such that
(1 ifi-lelJ

= { 2 otherwise
Let po = p and pir1 = ¥y, (pi), for alli > 1. So {p;}i>o is an orbit of F and {d(pn, xn)}n>0
is a subsequence of {d(YT (D), Yn) }n>0, So lim,_ o d(pn,xn) = 0.
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5. CONCLUSION

In this paper, we generalized the notions of limit shadowing and exponential limit
shadowing for parameterized iterated function systems which has been originally introduced
for discrete dynamical systems. Then, we proved some results which will be needed for
future studies in this connection. These results are generalizations of the previous work
done by several authors [1, 15, 10]. We bring this paper to end by posing the following
questions.

1— Does the IFS F in Example 4.1 have the limit shadowing property?

2— Does a hyperbolic IFS (see [5], Definition 7.1) on a compact metric space have the limit
shadowing property?

3— Does a hyperbolic IF'S on a compact metric space have the exponential limit shadowing
property?
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