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ON CONNES AMENABILITY OF UPPER TRIANGULAR MATRIX
ALGEBRAS

S. F. Shariati', A. Pourabbas?, A. Sahami®

In this paper, we study the notion of Connes amenability for a class of I x I-
upper triangular matriz algebra UP(I,A), where A is a dual Banach algebra with a
non-zero wk*-continuous character and I is a totally ordered set. For this purpose, we
characterize the ¢p-Connes amenability of a dual Banach algebra A through the existence
of a specified net in AQA, where ¢ is a non-zero wk*-continuous character. Using this,
we show that UP(I,A) is Connes amenable if and only if I is singleton and A is Connes
amenable. In addition, some examples of ¢-Connes amenable dual Banach algebras,
which is not Connes amenable are given.
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1. Introduction

The concept of amenability for Banach algebras was first introduced by B. E. Johnson
[1]. Let A be a Banach algebra and let E be a Banach A-bimodule. A bounded linear map
D : A — E is called a derivation if for every a,b € A, D(ab) = a- D(b)+ D(a)-b. A Banach
algebra A is called amenable if every derivation from A into each dual Banach A-bimodule
E* is inner, that is, there exists a © € E* such that D(a) = a-z—z-a (a € A). Let A
be a Banach algebra. An A-bimodule F is called dual if there is a closed submodule FE,
of E* such that £ = (E,)*. The Banach algebra A is called dual if it is dual as a Banach
A-bimodule. A dual Banach A-bimodule E is normal, if for each x € E the module maps
A= E;a—a-xand a— x-a are wk™wk* continuous. The class of dual Banach algebras
was introduced by Runde [5]. The measure algebras M(G) of a locally compact group G,
the algebra of bounded operators B(FE), for a reflexive Banach space E and the second dual
A** of Arens regular Banach algebra A are examples of dual Banach algebras. A suitable
concept of amenability for dual Banach algebras is the Connes amenability. This notion
under different name, for the first time was introduced by Johnson, Kadison, and Ringrose
for von Neumann algebras [1]. The concept of Connes amenability for the larger class of
dual Banach algebras was later extended by Runde [5]. A dual Banach algebra A is called
Connes amenable if for every normal dual Banach A-bimodule E, every wk*-continuous
derivation D : A — FE is inner.

Let A be a Banach algebra and let I be a totally ordered set. Sahami [8] studied the
notions of amenability and its related homological notions for a class of I x I-upper triangular

matrix algebra UP(I,A) = {[ a;; ]i,jel ;a;; € Aand a;; =0 for every i > j}.
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He showed that U P(I,A) is pseudo-contractible (amenable) if and only if I is singleton
and A is pseudo-contractible (amenable), respectively. He also studied the notions of pseudo-
amenability and approximate biprojectivity of UP(I,A).

In this paper, we investigate the notion of Connes amenability for a class of I x I-upper
triangular matrix UP(I, A), where A is a dual Banach algebra and I is a totally ordered
set. For this purpose, first in section 2 we study the duality of UP(I,A) by considering
the isometric-isomorphism UP(I, A) = (- @J A, as Banach spaces, where J is a subset

(1S

of I x I and for every a € J, A, = A. In section 3 by using the fact that every Connes
amenable Banach algebra is ¢-Connes amenable, we obtain a new characterization of ¢-
Connes amenability through the existence of a bounded net with a certain condition, where
¢ is a non-zero wk*-continuous character. By applying latter characterization, we show that
UP(I,A)is Connes amenable if and only if A is Connes amenable and I is singleton. Finally
in section 4 we provide some examples of ¢-Connes amenable dual Banach algebras, which
are not Connes amenable.

2. Preliminaries

For a given dual Banach algebra A and a Banach A-bimodule E, cwc(E) denote the
set of all elements z € E such that the module maps A — F; a+— a-x and a — = -a
are wk*-wk-continuous, one can see that, it is a closed submodule of E. If § : £ — F
is a bounded A-bimodule homomorphism, where F' is another Banach A-bimodule, then
O(ocwe(E)) C owe(F). Runde also showed that E = cwe(E) if and only if E* is a normal
dual Banach A-bimodule [6, Proposition 4.4]. Let A be a Banach algebra. The projective
tensor product A®A is a Banach A-bimodule with the usual left and right operations with
respect to A. Then the map 7 : AQA — A defined by 7(a ® b) = ab is an A-bimodule ho-
momorphism. Since cwc(A,) = A, the adjoint of 7 maps A, into cwec(ARA)*. Therefore,
7** drops to an A-bimodule homomorphism 7,y : (cwc(ARA)*)* — A. Any element
M € (cwc(ARA)*)* satisfying a- M =M -a and a-7TpweM =a (a € A), is called a
owe-virtual diagonal for A. Runde showed that a dual Banach algebra A is Connes amenable
if and only if there is a cwe-virtual diagonal for A [6, Theorem 4.8].

3. The duality of UP(I,A)

Let A be a dual Banach algebra and let I be a totally ordered set. Then the set of all
I x I-upper triangular matrices with the usual matrix operations and the norm ||[a; ;]i jer| =
> llaij]l < oo, becomes a Banach algebra. Before we study the duality of UP(I, A), we
ijel
state the following Lemma:
Lemma 3.1. If A is a dual Banach algebra with the predual A, and I is a non-empty set,
then
(co- ® A;)* =201~ & Ay, where for everyi € I, A; = A and A;, = A..

i€l il

Proof. Let g = (goe)ozEI €t 4?] A;. We define (bg - Cop- ‘GEBI‘Ai* » C by ¢g(f) = Z ga(fa)v
i % ael
where f = (fo)acr € co- & A;.. We show that ¢, is bounded,
il

169 (N1 <D 1galfa)l <D falllgall < 1flee D Ngal < 1 flcllgls, (1)
a€cl acl ael
So ||gll < llgll1. Now we define T": £'- & A; — (co- & A;.)* by T(g) = ¢, and we show
i€l il
that 7" is isometric-isomorphism. It is clear that the map 7' is linear. Let ¢ € (co- & A;,)",
i€l

we show that there exists g € ¢!~ & A; such that ¢, = ¢. Fixed ap € I and A\ € A, we
il
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define 6(ap; Ao): I —> A, by §(ap; Ao)(ar) = Ao whenever o = ag and 6(ap; Ao)(a) = 0 for
every a # «p. It is obvious that §(ag; Ag) € co- @ A, and ||6(co; Xo)|leo = || Ao]]. Now we
il

consider ¢ = (ga)acr, Where go(A\) = ¢(0(a; N)) for every a € T and A € A,. It is easy to
see that ||ga|| < [|¢]| for every o € I, so g, is a continuous linear functional on A,.

¢( (@ fa)) whenever ¢(d(«; fo)) #

~ 1o((as fo))l
0 otherwise we define 7, = 1. So for every a € I, |no| = 1. Let F be the family of all finite

subsets of I. Then for every f = (fa)acr € co- 69 Ai, we have || flloo = sup > (||fall)- So
FeJF acF

Consider (fo)acr € co- @ Ai,, we define 7, :

for every f in the unit ball of ¢g- 69 A;,, we have

D galfa)l =D 1660 fa))l = > 10 (5(at; fa))

acF a€eF acF
=3 60ab(a: fu) = 3 600310 o)) = (Y 80 fa)) < 11l < 6]
a€el aEF acF

So for every F' € F we have Y ||gall < ||¢|| which implies that
a€F

> lgall < llg- (2)

acl
Thus ¢ = (ga)acr € £} ® A;. Since cop- © A;, is dense in cp- © A;,, first we show that
iel icl icl
¢g = ¢ on coo- B Ai.. Let f = (fa)acr € coo- ® Ai,, so there exists a finite subset F' of I
iel i€l
such that for any a« € I — F, f, = 0. We have

=3 " galfa) = Y 6(8(0s fa)) = 6D 8(as fa)) = 6(f). (3)

acl acF aEF
Now suppose that f € co- 69 A;, , so there exists a net f, € coo- 69 A;, such that f, —— H oo f.

By (3) we have 6(f) — ¢(lim fu) — lmn o(f) = limd,(fa) = 0y(lim fo) = ¢,(f). Hence
¢g = ¢. Now by (2) and (1) we have [|g|l1 < ||dq4]| = |T(g9)|| < ||gH1 Therefore the map T'
is isometry and by applying the open mapping theorem, we have

El— @ Az &~ (Co— @ ‘Az*)*
el el

O

Remark 3.1. Let A be a dual Banach algebra and let I be a totally ordered set. Consider
the subset J of I x I defined by J = {(i,7) | 4,5 € I,i < j}. So we have an isometric-
isomorphism UP(I,A) = (*- @& A, as Banach spaces, where for every a = (i,j) € J,

acJ
Aq =A.

Theorem 3.1. If A is a dual Banach algebra with the predual A, and I is a totally ordered
set, then UP(I, A) is a dual Banach algebra.

Proof. According to Remark 3.1 and by Lemma 3.1, it is sufficient to show that co- @ A, is
acJ
a closed UP(I, A)-submodule of £>°- & A, where for every o € J, A% = A* and A,, = A..
acJ
First we show that cp- @ A, is a closed subspace of £*°- @ A¥. Let x, = (§2)aecs be
acJ acJ

in cop- 69 A,, and suppose that z, — & = (£4)acs in £°- & A%. Fixed ¢ > 0. For
acJ
sufﬁmently large N,

e
supll€ — € < 5.
aeJ
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Since (¢)) vanishes at infinity, for sufficiently large o, we have [|€Y| < % Then

€all = lI€a — €3 + €X'l < ll6a — €T + 1€

<5+5
42 —¢
2 2

for sufficiently large a. It follows that z = (4)acs € co- ® Aa,. Now we show that
acJ
co- ® Ag, is an UP(I,A)-module. Suppose that X = (aq)acs and A = (fo)acs are
aeJ
arbitrary elements in - @& A, and co- 69 Ao, , respectively. For every Y = (by)acs in

acJ
- @ A, we have X - A(Y) = A(Y X). Then by Lemma 3.1 and (1) we have

acJ
= Z fa(ca), (4)

acJ

where (¢q)acs = [¢ijlijer =YX with respect to matrix multiplication in UP(Z,A). Since
(- @ A is an UP(I, A)-bimodule with dual actions, then we have X - A € (- ¢ A%.

acJ acJ
We claim that X - A belongs to c¢o- @ A,,, that is, vanishes at infinity. By (4) we have
acJ
X'A(Y):Z<Clj7flj Z Zblkakj7flj
i,j€l i,j€l kel (5)
= Z Z(bi,kak,j7fi,j> = Z Z<bi,k;ak,j “fig)s
i,jel kel i,jEl kel

where 4,5 € T and ¢ < j. Since ||[Y]|; < oo, one can see that sup||b”|| < o00. Let M =
i,jel
sup ||b; j]|. Take a finite subset F' of I. We have

i,jel
Do Wbimang - fi ) < D0 D NanlllfisllIbi]

i,jEF kEF i,jEF kEF
<Al M D> flanll
i,jEF kEF
<Aoo M D lai || < [[Alloo M| X |5
i,jEF

So >° > Kbik,ak,; - fij)] < oo. By rearrangement series in (5), we have

i,j€l kel
ZZ 1,51 A,k fl = Z 7]’Za]7k fz (6)

i,j€l kel i,j€l kel

Suppose that X - A = (ga)acs. By (6) for every a = (i,j) € J, we have go = gi; =
> ajk - fikx Fixed e > 0. Since A vanishes at infinity, there is a ag = (ig,jo) € J such
kel

that for every o > ag we have || fo|| < |\)E(||'

ordering, we have

(i,7) > (io, jo) in J with product

ng

< Z Ha’J,k)””fl k” — ||XH Z || ]7

ol < XD < e
6y

note that in UP(I, A), if j > k, then a;; = 0. Therefore X - A vanishes at infinity. a
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4. Connes amenability of UP(I,A)

Let A be a dual Banach algebra and let I be a totally ordered set. In this section we
characterize the notion of Connes amenability of UP(I, A). Throughout this section the set
of all homomorphism from A into C is denoted by A(A) and the set of all wk*-continuous
homomorphism from A into C is denoted by A= (A). For every ¢ € A(A), the notion of
p-amenability for a Banach algebra was introduced by Kaniuth, Lau and Pym [2]. Indeed
A is g-amenable if there exists a bounded linear functional m on A* satisfying m(¢) = 1
and m(f - a) = p(a)m(f) for every a € A and f € A*. They characterized p-amenability in
different ways:

e Through vanishing of the cohomology groups 3! (A, X*) for certain Banach A-bimodule
X [2, Theorem 1.1].

e Through the existence of a bounded net (u,) in A such that|aus, — ¢(a)us|| — 0 for
all a € A and ¢(uy) =1 for all « [2, Theorem 1.4].

By [2, Theorem 1.1], we conclude that every amenable Banach algebra is p-amenable for
any ¢ € A(A).

In the sense of Connes amenability for a dual Banach algebra A, the notion of -
Connes amenability for ¢ € Ay« (A), was introduced by Mahmoodi and some characteri-
zations were given [4]. We say that A is ¢-Connes amenable if there exists a bounded linear
functional m on cwc(A*) satisfying m(p) = 1 and m(f - a) = ¢(a)m(f) for any a € A
and f € cwc(A*). The concept of p-Connes amenability was characterized through van-
ishing of the cohomology groups H},.(A, E) for certain normal dual Banach A-bimodule
E. By [4, Theorem 2.2], we conclude that every Connes amenable Banach algebra is
¢-Connes amenable for any ¢ € Ayp-(A). If ¢ € Ayg-(A), then one may show that,
0 ® @ € owc(ARA)*, where ¢ ® p(a ®@b) = ¢(a)p(b) for any a,b € A.

Now by inspiration of methods that used in [3, Proposition 3.2], we characterize the
notion of ¢-Connes amenability through the existence of a bounded net in A®.A with certain
properties.

Proposition 4.1. Let A be a dual Banach algebra and ¢ € Ayy+(A). Then A is o-Connes
amenable if and only if there exists a bounded net {uy} in AQA such that

(i) a-uq — cp(a)uaw*kzo in  (cwe(ARA)*)*.
(i) (U, ® @) — 1.

Proof. Let A be a ¢-Connes amenable. Then by [4, Theorem 3.2], there exists an element
M in (cwc(A®A)*)*such that for any a € A, a- M = p(a)M and (¢ @ p, M) = 1. Since
cwc(A®A)* is a closed subspace of (A®A)*, we have a quotient map ¢ : (ARA)*™* —
(cwc(A®A)*)*. Composing the canonical inclusion map A®A — (ARA)** with ¢, we
obtain a continuous A-bimodule map 7 : A®A — (cwc(ARA)*)* which has a wk*-dense
range. So there exists a net (uq)aer in (A®A) such that

M = wk*-lim 7(uq) = wk™-1m(a)| ypeasa)-- (7)
By Goldstein’s theorem, the net (uq)acr can be chosen to be a bounded net. We know that
for any T € cwc(ARA)* and for any a € A,

T-a—p(a)T € cwc(ARA)*.
So
(T-a—p(a)T,ta) — (T -a—p(a)T,M).
Thus we have
(T,a-ta) — (T, p(a)ia) — (T,a- M) — (T, p(a) M).
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This equation is equivalent with

(T,a-tq —p(a)ig) — (T,a- M — p(a)M) =0. (8)
Therefore, a - uq — ¢(a)ug LNy in  (cwc(ARA)*)*.

On the other hand, since p® ¢ € cwc(ARA)*, by (7) (¢ @p, 1) — (PR @, M) =1,
that is,
(Uay p @ ) — 1.
Conversely, regard (u,) as a bounded net in (cwc(A®A)*)*. By Banach-Alaoglu theorem
the bounded net ()| ye(ag.a)+ has a wk*-limit point. Let

M = U)k*‘hgl((aa”owc(fl@ﬂ)*)'

So M € (cwc(A®A)*)*. By the similar argument that we apply in (8), we have a - M —
p(la)M = 0 and (p ® ¢, M) = 1 as required. Hence by [4, Theorem 3.2] A is ¢-Connes
amenable. O

Now we deduce the main result of this paper.

Theorem 4.1. Let I be a totally ordered set and let A be a unital dual Banach algebra with
Ay (A) # @. Then UP(I,A) is Connes amenable if and only if I is singleton and A is
Connes amenable.

Proof. Let UP(I, A) be Connes amenable. Then by [5, proposition 4.1], UP(I,A) has an
identity element. But every matrix algebra with unit must be finite dimensional. So in this
case I is a finite set.

Assume that I = {i1,...,in} and ¢ € Ay (A). We define a map ¢ : UP(I,A) — C
by [aijl; jer — #(ai, i) for every [ai;l; ..; € UP(I,A).

Since ¢ is wk*-continuous, ¥ € Ay (UP(I,A)). Now apply [4, Theorem 2.2], one
can see that UP(I,.A) is ¢-Connes amenable. Using Proposition 4.1, there exists a bounded
net (uy) C UP(I,A)®UP(I,A) such that

N N wk*
@ Ualoweupameupaay — V(@)lalwewpameupaay-—0 (@€ UP(IA)) (9)

and

(Ua, P @ P) —> 1, (10)
where ¥ ® ¢ € cwc(UP(I,A)QUP(I,A))* and ¢ @ ¥(a ® b) = 1(a)(b) for every a,b €
UP(I,A).

It is well known that the map myy. : (cwe(UP(I, A)QUP(I,A))*)* — UP(I,A) is
wk*-continuous. So by (9) we have

~ ~ wk™
a- 7Tcrwc(“a|awc(UP(I,A)é@UP(I,A))*) - '(/](a)ﬂ-twa(uQ|awc(UP(I,A)®UP(I,A))*)—>07

for every a € UP(I,A). Let Towe(lal e p(ra)6up(1,4))+) = Ma- Then (mq) is a net in
UP(I,A) that satisfies amq, —(a)mg LNy (a € UP(I,A)). On the other hand for every
feUP(I,A), we have

(f, Towe(lia |owc(UP(I,A)®UP(I,A))* ) = (" |UP(I,A)* (f), ta |o—wc(UP(I,A)®UP(I,A))*>

“(f)s ta |awc(UP(I,A)®UP(I,A))*>
f

Y(f)s ) = (ua, ™ (f)) = (7 (ua), f),

(m
(m

Mo = Towe(lalgwewpr,m)60P(1,4))*) = T(Ua). (11)
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Fixed a. Since u, € UP(I,A)QUP(I,A), there are by and c in UP(I,A) such that
Ug = > bY ® c¢. So by (10), we have
k=1

D((ua)) = Y(r(Y_ b @) = (Y bre) = D v () = ¥ @ lua) — 1,
k=1 k=1 k=1

therefore by (11), ¢(mq) —> 1. Let L = {[a; ;] € UP(I,A) | a;; = 0,Vj # in}. Since I is
a finite set, it is easy to see that L is a wk*-closed ideal in UP(I,A). By definition of the
map 1, we have ¥|;, # 0. So there exists A € L such that ¢¥)(\) # 0, by replacing ﬁ if
necessary, we may assume that ¢(\) = 1. Let n, = maA. Then n, is a net in L. Since
Ilme — w(l)maﬂo for any [ € L and since the multiplication in UP(I,A) is separately
wk*-continuous [7, Exercise 4.4.1], we have

e — p(D)na = (Ima — ¥(1)me) A0, (12)
for every | € L and also ¥(ny) = ¥(ma)y(A) = ¥(mg) — 1. Now suppose that |I| > 1.
0 - af 0 - I
Set ny, = o , where z¢, ..., 2% € A. Consider | = e , where
0 - a 0 - 1,
li,...;lp € Aand ¢(lh) = ... = ¢(ln—1) = 1 but ¥(I) = ¢(l,) = 0. So we have In, =
0 - lz°

. By (12), we have a0, Since T is a finite set, it is easy to see that

0 - lpa®

llm%w—k;O. Since ¢ is wk*-continuous, ¢(l128) — 0. So ¢(l1)p(z&) — 0. Since ¢(l1) =1,
¢(z&) — 0, which is a contradiction with ¢(z%) = ¢(n,) — 1. Thus |I] = 1.
Converse is clear. O

5. Examples

Here we give two examples of ¢-Connes amenable dual Banach algebras, which are
not Connes amenable.

Example 5.1. Let H be a Hilbert space with dimJ > 1. Suppose that ¢ is a non-zero
linear functional on H with ||¢|| < 1. Define a xb = ¢(a)b for every a,b € H. One can
easily show that (3, *) is a Banach algebra and A(H) = {¢}. We claim that (F,*) is a
dual Banach algebra. By [7, Exercise 4.4.1], it is sufficient to show that the multiplication *

is separately wk*-continuous. Let (aq)aer be a net in H such that a, w—k*> a and let b € H.
So bxay = ¢d(b)ag LN o(b)a =bxa. Since H** = H, an(p) — a(d). So ¢(an) — ¢(a).

Hence aq %b = ¢(aq)b — d(a)b=axb. So ay *b kT axb. Thus (3, *) is a dual Banach
algebra. Already we have shown that ¢ is a wk*-continuous character on H*. Pick ag in
H such that ¢p(ag) = 1. So a xag = ¢(a)ag and ¢(ag) = 1 for every a € H. Thus H is
¢-amenable. Since H** = H is a normal dual Banach H-bimodule, by [6, Proposition 4.4],
owc(H*) = H* =H. So ag € (cwe(H*))* such that ag(p) =1 and

ao(f -a) = [-alag) = flaxao) = f(d(a)ao) = ¢(a)ao(f),

for every a € H and f € cwe(H*). So H is ¢-Connes amenable. We assume conversely
that 3 is Connes amenable. Then H has an identity, say E. So for every a € H, ¢(a)E =
ax FE = Fxa=a. It follows that a = ¢(a)E for every a € H. So dimIH = 1, which is a
contradiction.
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C C
0 0
a Banach algebra. Since (C is a dual Banach algebra, A is a dual Banach algebra. We define a

map ¢ : A — C by ¢

Example 5.2. Set A = < . With the usual matriz multiplication and £ -norm, A is

0 0 = x. It is clear that ¢ is linear and multiplicative. Suppose

that X, = ( xoa yoo‘ > and X = ( :8 g ) are elements in A such that X, LN X, it
is easy to see that x, — x, thus ¢ is wk*-continuous and ¢ € Ayr+(A). Now we show
that A is not Connes amenable. If A is Connes amenable, then by applying [5, Proposition

Zo Yo
0 0

functional, $(E) =1. So xy = 1. For every a,b € C, we have

GH-GHGR-(w)

which implies that ayy = b for every a,b € C, which is a contradiction. Hence A is not

4.1], A has an identity say E = ( , where xg,y0 € C. Since ¢ is a multiplicative

Connes amenable. Next we show that A is ¢-Connes amenable. Let u = ( (1) (1) > ®

( L1 ) € ARA. Since ARA embeds in (cwc(ARA)*)*, we may assume that u is in

0 0
a a 1 1
)- (oo)®<oo>
a 1
0 0

(cwc(ARA)*)*. Now for every a,b € C, we have
a b [ a b 11 11
00) " Loo/){oo 0 0
Jo (o0 ) (6

and also

<u,¢®¢>:¢<é (1))¢>((1) é):lxlzl.

Now by Proposition 3.1, A is ¢-Connes amenable.
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