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ABELIAN FINITE GROUP GRADINGS ON THE SKEW
POLYNOMIAL RING k[X][Y,¢]

Cerasela Buruiana!

In acest articol dam o descriere completd a gradudrilor dupd grupuri
abeliene finite ale inelului de polinoame incrucisate kK[ X][Y, @], unde ¢ este
un k-automorfism al lui k[ X].

In this paper we give a precise description of the gradings on the
skew polynomial ring K[ X|[Y, @] over finite abelian groups, where ¢ is a
k-automorphism of k[ X].
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1. Introduction and preliminaries

Let k a field, A a k-algebra and G a group A G- grading of A is a vector

space decomposition, A = @ A, such that AjA, C Ay, for all g,h € G. The
geG
set h(A) = |J A, is the set of homogeneous elements of A. A nonzero element
geG
a € Ay is said to be homogeneous of degree g. An element x of A has a unique

decomposition as x = ) z, with z, € Ay, for all g € G, but the sum being a
geG
finite sum i.e almost all z, zero.

If Ris aring and ¢ : R — R is an injective ring homomorphism,
then the ring R[X, ¢] consisting of all finite sums > r; X*, with r;, € R,
i=0
where addition is component-wise, as in R[X], and multiplication is defined by
X -r=¢(r)X, for all r € R, is called the skew polynomial ring.

Skew polynomial rings form an interesting class of noncommutative rings,
having recent applications to coding theory ([I]).

Many authors have studied the gradings of different algebras over
certain groups. For instance, M. Kochetov has studied the gradings on finite-
dimensional simple Lie algebras; several authors, as Yu Bahturin, C. Boboc,
S. Caenepeel, J. Chun, S. Dascalescu, J. Lee, C. Nastasescu, S. Segal,
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M. V. Zaicev have studied the gradings on matrix algebra, C. Buruiana has
studied in [2] the gradings over finite abelian groups on the polynomial
algebra in one variable, but a systematic study of the gradings over finite
abelian groups on the skew polynomial ring has not been done so far and this
paper aims to begin this.

This paper treats the case of the skew polynomial ring in two variables,
k[X][Y, ¢] where ¢ is a k-automorphism of k[X]|. We start by studying first
the gradings of k[ X|[Y, ¢] over cyclic groups. An issue here is the computation
of all k-automorphisms of k[X][Y, ¢], a problem far from being trivial. Using
an elementary technique, we solve this problem. Further, we study under
which conditions two C,,,- and C,- gradings of k[ X]|[Y, ¢] are compatible and
when they are, we can construct a C,, x C,- grading of k[X][Y,¢]. In case
of compatibility, we give a precise description of homogeneous components of
k[X][Y, ¢]. Moreover, we can extend the results obtained for all finite abelian
groups. In fact, this paper is a generalization of [2].

2. Main results

Let n be a positive integer and C,, =< g > be the cyclic group of order
n. Throughout this section k will be a field containing a primitive n-th root &
of unity, which implies that the characteristic of k does not divide n.

We will start by studying gradings of the skew polynomial ring k[ X][Y, ¢]
over cyclic groups.

Let A = k[X][Y, ¢], where ¢ is a k-automorphism of k[X]. It is well
known that the k-automorphisms of k[X] are of the following form: ¢(f) =
faX +b), a,b €k, a+#0, for any f € k[X]|. The multiplication rule is Y X
= o(X)Y = aXY +bY. One can easily prove by induction that Y"X™ =
(¢"(X))mY™, for any m,n € N.

Because p(X) = aX + b, we obtain ¢"(X) = a"X +a" " 'b+ ... + ab+ b,
for any n € N*. Hence Y"X™ = "™ X™Y" + ... the lower degree terms.

Moreover, if we have two monoms X™Y"™ XPY? then we obtain
XmYrXPYyd = X™(p"(X))PY" e = " X™PY "4 | the lower degree
terms.

Using the above notations, let us give first the following useful lemma.

Lemma 2.1. Let A = k[X][Y, ], where ¢ is a k-automorphism of k[X],
o(f) = f(aX +b), a,b €k, a# 0, ¢ different from the identity map. Then
the k- automorphisms of A are of the following form.:
(i) If chark =2 or b # 0 or a # —1, then the k-automorphism of A are
of the form U : A — A, where ¥(X) = a1 X + by, V(Y) = 1Y,
ai, by, 1 €k, ay,cq # 0 such that bay + by = aby + b;
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(ii) If chark # 2, b = 0 and a = —1, then A has two types of
k-automorphisms: Wy, Wy : A — A, where V(X)) = a1 X,
‘I’l(Y) = Cly and \IIQ(X) = GQY, \IIQ<Y) = CQX, a1,02,C1,Co € k*.

Proof. Let ¥ : A — A a k-automorphism of A. Denote ¥(X) = Zainin
and ¥(Y) = ZbUX Y7: let X™Y™ be the leading monom of \II(X) and

X™Y™ the leadlng monom of ¥(Y). Because ¥ is an automorphism of A,
there exists an unique f € k[X][Y, ¢] such that ¥(f) = X. Let f = Z ci; XYV

and XP1YP? be the leading monom of f. Then the leading monom of U(f)is
Xprmtpamypimetpane - From W(f) = X we will obtain

X Pimitpaniypimetpane — Y

Hence

pimy +png = 1
pimg +pang = 0

where my, mg p1 p2 € N.

Solving the above system we will obtain two types of k- automorphisms:
\111,\1/2 A — A, where \Ijl(X) = X + bl; \If1<Y) = Y + d1 and
Us(X) = agY + by, Us(Y) = X + da, a;,b;,¢,d; € k, for any ¢ = 1,2.

Now, because WV¥;, WV, are k- automorphisms we have
U, (Y"X™) = U (Y™")W,;(X™) for any m,n € N* and i = 1, 2.

Let us study first what happens for ¥;. We have

U (V)0 (X) = (oY +d)(a X +b)
= a1 Y X +adi X +bi1Y + bid
= a1c1(aXY +bY) + a1di X + by Y + bidy
= aa11 XY + (bayc; + b1e1)Y + a1di X + bydy

and
U (YX) = Uy(aXY +0bY)
= aV(XY)+ bV (Y)

= a(alX + bl)(Cly -+ d1> + b(Cly + dl)
= CLCL1C1XY + (ablcl + bCl)Y + CLClelX + abldl + bdl
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By identifying the coefficients in ¥ (Y X) = ¥, (Y)¥;(X), we obtain:
bCZlCl + b101 = ablcl + bCl
a1d1 = aa1d1
b1d1 = ab1d1+bd1.
Because a; # 0, from the second equation we obtain d; = ad; and we
will have d; = 0 or a = 1. If d; # 0, we obtain a = 1 and from the third
equation we have by = b; + b, so b = 0 and in this case ¢ is the identity map,

contradiction. Hence d; = 0. Also, we can remark that from the first equation
we have that ba; + by = aby + b.

Now let us study what happens for U5. We have:
Uy(YX) = Up(aXY +bY) = aly(XY) + bly(Y)
= a(aY + by)(ceX + dg) + b(ce X + ds)
= a®ayc, XY + (aaqdy + abaycy)Y + (abacy + bey) X + abady + bdsy.
and
Uy (V)W (X) = (X + da)(asY + by) = asca XY + by X + agdyY + bads
From the equality WUy(Y X) = Wo(Y)Uy(X) we will obtain:

a@ =1
aagdg + aba202 = a2d2
a6202 + bCQ = CQbQ

ab2d2+bd2 = bgdg

If a = 1, from the third equation we obtain b = 0 and in this case ¢ is the
identity map, contradiction. Hence a = —1. From the second equation we
obtain bcy = —2dy and from the third b = 2by. If chark = 2, we have a = 1,
b = 0 and ¢ is the identity map, contradiction. Therefore, when chark = 2, ¥,
can not be an automorphism of A. Let chark # 2. Using a = —1, we have

Uy(Y2)Uy(X) = (c2X +do)*(a2Y + by)
= (X% +2c2do X + d5)(agY + by)
= a3 XY + bacs X2 + 2a902da XY + 20obada X
+  ayd3Y + byds
and
Uy(Y2X) = Wy(XY?) = (agY + by)(ca X +dy)?
= a2 XY — 2a5¢2dy XY + (2a500dab 4 apd3)Y
by X 4 2¢9bady X + bod?
By identifying the coefficients and using chark # 2 we will obtain ds = 0. But

we have bcy = —2dy and b = 2by,therefore b = by, = 0. When a = —1 and
b =0, obviously b; = 0 and in this case ¥1(X) = a1 X. O
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Now, using the same techniques as in [3], we will show how to obtain the
C,- gradings of k[X][Y, ¢].

Theorem 2.2. Let A = k[X][Y, ¢] be a skew polynomial ring, where k is a
field containing a primitive n-th root & of unity and o(f) = f(aX +b), a,b € k,
a # 0, ¢ different from identity map. Then:
(i) If b # 0 or a # —1, a Cy- grading of A is of the following form:
Ay = {%[f(Xa V)+& fla X +bi, 1Y)+ 2 f(aiX +aihy +b1,C%Y2) +
A TV (@TIX 4 a b+ arhy by, GTYY] | F e K[XT)
where ay,by,c1 € k , such that ba; + by = ab; + b, a} =} = 1.
(ii) Ifb=0 and a = —1, then:
(a) Ifn is even, a C,- grading of A is of the one of the following types:
D) Ay = {E[f(XY) + & f(aX, 1Y) + E2f(aiX, qY) + ...
+ g_(n_l)if(a’?ilXa 011171)/)] | f € k[X]}7 where ap,c; € k ’
at =cf = 1.

(II) Agi = %[f(X, Y) + giif(CLQY, CQX) + 572if((1202X, CLQCQY) + ...

+1 n— n—1 n+1

+ (0, 6 Yiay? o X)| | f € KX]}, where
ag,co €k, (agey)? = 1.
(b) If n is odd, A has only C,- gradings of the first type.
Proof. Let A = @,., Ay be a C,- grading of A and let us define the map

V:A— Aby U(f)=>ic, §'f,i for any f € A. Then W is a linear map
and for any f,h € A we have

v(eh) = (i &fe) (3 sen €hy)

= Z 5i+jfgi hgj

1,J€ELn

= > ) Efuhy
SE€EZm 1+j=s

= > &(fh)g = W(fh)
SELm

Hence W is an algebra morphism. Also, for any j, we can easily prove that
WI(f) = Y iez,&fy, for any f € A, where ¥ = ToWo..ol. In
—_—————

k times
particular, ¥" = J[Id and ¥ is an algebra automorphism of A. If we

multiply the following equations

f = ZiEangi
‘Ij(f) = Zieznfifgi

S
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by 1, 7%, 672, .. €1 respectively, and add them, we get:
nfg = f+EU(f) + .. 4 & mDEnTL(f) (2.1)

From Lemma [2.1| we know the k-automorphisms of A. In our case we
need only those that have the property U" = Id. For the automorphisms of
the form W(f) = f(a1 X + by, 1Y), where aq, by, ¢1 € k, bay + by = aby + b, we
have

\I/k(f) = f(aﬂfle + a“f’zbl —+ ...+ albl + "—bl, Cufil}/)

for any k € N and f € A. From V"(X) = X, V" (Y) = Y we obtain
al =1=c};if a; = 1, we must have b; = 0.

Let now b = 0 and a = —1. We remark that for an automorphism of the
form ¥(f) = f(a1Y,c1X), a1, ¢; € k, we have U"(X) = a?c; X and U"(Y) =
r—1 r4+1

r T r+1 r—1
a?c?Y when r is even, and ¥"(X) = al%clTY and ¥"(Y) = ay? ¢;? X when
7 is odd; from the condition U™ = Id, we obtain (ascy)? = 1, when n is even.
Obviously, we can not have an automorphism of second type, when n is odd.
If n is even, from hypothesis chark # 2. Using Lemma [2.1 and the above
descriptions of W*(f), for any k, where ¥ is an k-automorphism of A, the
proof ends. O

We will denote by Al(ay,bi,c;) a C, - grading of A from and by
Al(ay, cy) a C, - grading of A of second type. Obviously, for a C, - grading
of A of the first type from , we have Al(a1,0,c;).

Remark 2.3. From the proof of the above theorem we can see that f € A
if and only if U(f) = £'f.

Definition 2.4. If G is a group, a G- grading of k[X][Y, ¢] is a good grading
if the variables XY are homogeneous elements.

Proposition 2.5. Let A = k[X][Y, @], with k a field containing a primitive
n-th root & of unity. Then:
(i) If b # 0 or a # —1, a C,- grading of A of type Al(ay, by, c1) =
n—1
&P Aéi(al, bi,c1) is a good grading if and only if by = 0.
i=0
(ii) If b =0 and a = —1, then only the C,- gradings of A of the first type
are good gradings.

Proof. (i) Let us compute the homogeneous components of X and Y.

Let b # 0 or a # —1. Using ([2.1]) we have:
1 - -
Xg = X+ (@X +b) + P (aX +abi +b) + .
_i_éf—(n—l)i(a?_lX + —}-a?_2b1 + ... +aby + bl)]

forany i =0,1,...,n —1, a} =1.
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If a; = 1, from Theorem we obtain b; = 0. In this case we have
Xe=Xand X, =1X(1+&+... + =) =0, for any i = 1,...,n — 1.

Now let a; # 1. Then ap =&, for some t € {1,...,n — 1} and we have
1
Xe = [ X4+ (EX+b)+... + (VX 4 0Dy 44 €by + by)]

n
1 1
= XA T bl (D) (T

+ &+ 1)

2 _ 1 (=1t _ | b
s +...+§—)=——1
¢-1 ¢-1 ¢-1

It is straightforward to compute the other homogeneous components of X and

we will obtain: X, = X + étbil and X, =0, for any s € {1,....,.n — 1}, s # t.

Now, using again ([2.1) we have

1 . 4 .
Yp=_(Y +aY + ETHAY 4 .. iy

1
= b1+
n

for any : = 0,1,....,n —1,c! =1. If ¢, =1, we have Y, =Y and Y = 0, for
any 1 =1,....,n— 1.

If ¢, = &, for some [ € {1,...,n — 1}, it is easy to prove that Y =Y and
Yys =0, forany s =0,1,...,n—1, s # L.

From the above we can see that Y is a homogeneous element. Also, we
remark that X is homogeneous if and only if b, = 0.

(ii) Let b = 0 and a = —1. Obviously, the C,- gradings of A of first type
are good gradings. We will prove that the C,- gradings of A of second type
are not good gradings. For this, let us compute the homogeneous components

n—1
of X and Y. Let n be an even number and let Al (ay, ;) = @ Aé{(ag, c2) be

=0
a C,- grading of A of second type. Using Theorem [2.2] we have that

n+l n-—1

1 ) ) . . ntl
Xp = —(X+aY + E 8y, X 4 E%a2cY + ..+ Vi, 6,7 Y)

n—1

= %(X + agf_iY)[l + 5_2’@202 + (5_2’@202)2 + ...+ (f_QiCLQCQ) 2 ]

n
2

for any i = 0,1,...,n — 1, with (agce)z = 1. If asey = 1, we obtain

X, :X—l—aY

2
X _X—aY
g2 2
Xz :O

foranyi=1,..n—1,7i# 2.
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If agey # 1, then agey = €% for some t € {1, ..., 5 — 1} (we have used
that if £ is a primitive n-th root of unity, then &2 is a primitive 5-th root of
unity). In this case we obtain

X +alY

Xy =

X —altY

Xg(ngl)z - Tg
X, i =0

9
for any i = 0,1,...,n — 1,7 # t,(5 + 1)t.

In both cases we observe that X is not homogeneous. In the same way
we can prove that Y is not homogeneous.

Hence a C),- grading of A of second type is not a good grading. O

Example 2.6. Using Th. and Prop. the good Co— gradings of
k[X][Y, ] are:
(i) The trivial grading;
(i) Ao =< {XYV*|i,s € N} > and A, =< {X'V** | i s € N} >;
(iil) Ae =< {X?*Y7/t,j € N} > and A, =< {X*T1YI/t,j € N} >;
(iv) A =< {XY7 |i,j €N, i+j iseven} > and
A, =<A{X'Y7/i,j €N, i+jis odd} >.

In the following, we continue the study of the gradings of k[ X][Y, ¢] over
abelian groups, using the same techniques as in [2]. First, we will introduce
some remarks and definitions.

Let G and H two finite groups and let A= @  An be a G x H-

(g,h)EGXxH
grading of k[X|[Y,p]. Let Sg = @ Ayn and 1), = @ A(gn), for each g € G
heH geq
and h € H. Then S = @ S, and T' = €@ T}, are G- grading and H- grading

geG heH
of k[X][Y, ¢], respectively. We call them gradings associated with A.
We have A p = Sy N Ty, for any g € G and h € H. Hence every
G x H- grading of k[X][Y] ¢] induces a natural G- grading and H- grading of
k[X][Y, ¢].

Now we would like to know if the converse is true. In order to answer
this question we will give the following definition.

Definition 2.7. Let G and H be two finite groups. A G- grading S = @ S,
geG
and an H- grading T'= @ T), of k[ X|[Y, y] are compatible if S, = €@ (S,NT})
heH heH
forall ge Gand T), = (S, NT}) for all h € H.

geG
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The following proposition is proved in [2] for the matrix algebra, so we
will give it without proof, because the main idea of the proof is the same.

Proposition 2.8. Let G and H be two finite groups and let S = @ S, and
geG
T = @ Ty be a G- grading and an H- grading of kK[X][Y, ], respectively.
heH
Then S and T are compatible if and only if there exists a G X H- grading of

k[X][Y, ¢], whose associated G and H- gradings are S and T, respectively.

Proposition 2.9. Let k be a field containing a primitive m-th root & and a
primitive n-th root n of unity and A = Kk[X][Y,¢]. Then:
(i) If b # 0 or a # —1, any two C,, and C,- gradings of K[X|[Y, | are
compatible.
(ii) If b= 0 and a = —1, then
(a) Any two C,, and C,- gradings of the first type of k[X][Y, | are
compatible

(b) If S = @ Syi = @ A”(al ¢1) and T = @Tm @Am(ag,cz)

7=0
are C,, and Ch- gmdzngs of second type,respectively, then S andT
are compatible if and only if a1co = asc.

(c) A Cy- grading S = GB Sy @ A :(a1,0,¢1) of the first type
s compatible with a C gmdmg of the second type if and only if

ap = Cy.
m—1 m—1 n—1
Proof. (i) Let S = @ Sy = @ Ali(ab,c) and T = DTy
=0 =0 j=0
= @ Ah] (az, ba, c2) be two Cn, and

C,- gradings of ﬁrst type, respectively and Uy, ¥y : k[ X][Y, ] — k[X][Y, ¢],
Ui(f) = flaX + by,c1Y) and Us(f) = f(aaX + by, YY) be two
automorphisms of k[X][Y, ¢] such that " = U} = Id and ba; + b; = ab; + b,
for each i = 1,2. First, we will prove that U, (Wy(f)) = Wa(¥y(f)), for all
f € k[X]. We have

Uy (Ua(f) = Ui(f(aeX + by, 2Y)) = flar1a2X + agby + by, 1Y)
Uy (Ui(f)) = Va(f(mX +b1,c1Y)) = flaraa X + ar1by + by, c1¢2Y)

If ay =1 or ag = 1, then from V(X)) = U3(X) = X we obtain b; =0

or by = 0 and in this case we have asb; + by = a1bs + by. So, let ay,a5 # 1. In
by _by

this case from ba; + b; = ab; + b, for each ¢ = 1, 2, we obtain Ll = = 25

a1—1
and obviously: asby + by = ajbs + by. Hence Uy (Wo(f)) = Wa(Wy(f)), for all
f € k[X]. Now we can easily prove that U7 (U5(f)) = W5 (Wi(f)), for all
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n—1

fe k[X]and r,p e N*. Let f € S;i and f = Z()f,’ﬁ, where f}; € Ty, for any
]:

=0, .m—1.

n—1
From 1} we have f; = = > MUE(f), with U)(f) = f and we
k=0

obtain

3
H

NS (U1(f)))
0
From f € Agi(a1,b1) wehave &' f(X) = f(a1 X +b1,1Y). Hence & fj,i (X) =
fhj (CLIX + b1,01Y>.

3IH

fri(ar X +by, 1Y) =V, (f},) = Zn_’“\If (W5 (f

=
Il

n—1
From above we obtain that f,; € S,i, therefore Sy C @ (Syi N Thi).
=0

n—1 n—1
Obviously S, D @ (S, NTj) and it implies that S, = @ (Sy N Th).
=0 =0
m—1
Similarly we can prove T),; = @ (S, N T).
i=0

(ii) From (i), we obtain that any two C,, and C,- gradings of the first
type of k[X][Y, ¢] are compatible.

Let S = @ Syi @ AH(al cp) and T = @Th] = @Ahj(ag,@)
a Cp, and C),- gradlngs of second type, respectlvely Suppose that S and
T are compatible. Let f € S;. Then f 2 fi;, where fi, € S; N

T, for any j = 0,...n — 1. From Remark we know that f € S
if and only Wi(f) = &f and f € Ty, if and only if Uo(f) = n'f, where
Uy, Uy - k[X]Y, o] — k[X][Y, @], ¥:i(f) = f(a;Y,¢;X) for each i = 1,2. We
have that

—_

n—

Ui(Ta(f) = W’ f) =17 () Vi(fi)) 2577 fis

J

LT

n—

(0(f) = Wl€f) = € a(f) Zs@n fis

Hence U, (Uy(f)) = Wa(W1(f)), for all f € Sy. Therefore W, (Vy(f)) =
Uy (Wy(f)), for all f € k[X][Y, ] and we obtain a;cy = ascq. Conversely, when
ajce = agey we can prove that S and 7' are compatible, in a similar way to (i).

We can prove (c) in the same way as above. O
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Remark 2.10. The previous proposition works for any m and n, in particular
for m = n. Therefore we obtain a characterization of (C,,)? gradings on skew
polynomial rings.

The following two results are a generalization of the results obtained by
the author in [2], for the polynomial algebra k[X]. By using the same idea,
the proof is straightforward.

Theorem 2.11. Let A =Kk[X][Y, ¢|, where k is a field containing a primitive

m-th root & and a primitive n-th root n of unity and A= @  Aini be a
0<i<m—1
0<j<n—1

Cr XCh- grading of K[X][Y, ¢|, where C,, =< g > and C,, =< h >. Then:

m—1 m—1
i) Ifb # 0ora # -1 and S = P S; = P A;i(aLbl,cl) and
i=0 i=0
n—1
T = @ Thi = @ Al (as, by, o) are two gradings associated with A,
=0
such that ai1by + by = asby + by, then
Aoy = {— Y &M f(afahX +di(af b + .. + arby + by)
™ ockem-1
0<t<n—1

+ ag 1y + . +a2b2+52,0102 ) | f € k[X][Y, ¢]}

foranyi=0,1,...m—1and j=0,1,....n —

n—1.
(ii) If b =0 and a = —1, then

(a) If S = ED AI (@1,0,¢1) and T = @ Al (as,0,¢2) are two gradings
=0
of the ﬁrst type associated with A we have that

Agirniy = {_ E M7 fdfab X, fhY) ) f e KXY, @]}
™ o<kam—1
0<t<n—1

foranyi=0,1,...m—1 cmdj—O,l,.. n—1.
(b) If m andn are even and S = @ An(al c1) andT = @ All(as, ¢2)

=0
are two gradings of the second type associated wzth A such that
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ai1cy = ascy, we obtain

[ NIE
%)
=l
S
B |
o
B ol
N—

1 .k kot ot
o _ E —ki, —tj 2.2 ,,2,.2
A(g%hﬂ) - { [ 5 n f(al Ci Gy CQXJCL
mn
0<k<m-—1
0<t<n—1
k,t even
i EoE ol i kK
1, —1] 2.2, 2 2.2, 2 2
+ E §n 7 flafcfay® ¢® Yiafciay® ¢® X)
0<k<m-—1
0<t<n—1
k even,t odd

t ot
ki, —tj 2.2 2 L2 2.2
+ E §n f( 2 asesYia? ¢ ajcs X)
0<k<m-—1
0<t<n—1
k odd,t even

+ > R0 o 0t 6F X, ¢F 4 o Y)])
0<k<m-—1

0<t<n—1
k,t odd

m—1 n—1
(c) If S = iGjO Aéi(al,(),al) and T = j@jﬂAﬁ(ag,cQ) are two gradings
associated with A, of the first and of the second type, respectively,
then we have that

t ot t
ki, —tj E 5 k 2
AgvhJ {_ E § f( ajcy X, aja;
0<k<m-—1
0<t<n-—1
t even

N o e+

c3Y)

t+1 t— t—1 t41
+ Z MY fafay” ¢ Y dia,® ¢ X))}
0<k<m—1

0<t<n—-1
t odd

Proposition 2.12. Let G and H two finite groups and let R= @  Rgp
(g,h)EGXxH

be a G x H— grading of kK| X][Y, ¢]. Then R is a good grading if and only if
the two gradings S and T associated with R are good gradings.

Example 2.13. Let k be a field of characteristic different from two and
A = K[X][Y, ¢]. Using Prop Th and Prop we obtain that the
good Cy x Cs- gradings of A are:

(i) The trivial grading;

(ii) A(eﬁ) =< {Xiy2j/i,j € N} >, A(g7g) =< {XiY2j+l/i,j € N} >,

Aleg) = Age) = 0

(0o =< {XY¥/i,j € N} > Aey =< {XY¥/ij € N} >,
(9:0) = Age) = 0
(ee) =< {X’Y2J/2j € N}, Ay =< {XY¥H/ij € N} >,
(9.0) = Ate.g) = 0;
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(V) Ay =< {X¥Y7/i,j € N} >, Apg =< {X*YVI/ij € N} >,
Algg) = Alge) = 0;
(vi) A( =< }{X’le/z’,j Ei\l,i + 7 is even} >, A =< {X'Y7/i,j € N,
1+ 25 odd} >, Agg) = A(ge) = 0;
(Vil) Ao =< {XZY%/i,j € N} >, Apy =< {X¥*)i € N} >,
A(g e) =< {Y2j+1/j € N} >, A (g,9) =< {X2Z+1Y2J+1/Z J € N} >
(viil) Aee) =< {X*Y¥/i,j € N} >, Age) =< {X¥HYFH /i j € N} >,
Aeg) =< {X** /i € N} >, Afgg) =< {Yy¥+l/je N} >
(ix) Ay =< {X*Y7/i,j € N} >, Ao =< {X**Y7/i,j € N} >,
Algg) = Afeg) = 0;
(X) Aee) =< }{XY/;/Z 7 GS, i+ j is even} >, Ay =< {X'Y7/i,j €N,
i+7 18 oddy >, Agg) (e,g) = 05
(xi) A(e,e) =< {X2ZY2J/ZJ € N} >, A(e,g)' :<'{Y2j+1/j € N} >,
Age) =< {Xzzfl/z: €N} >, Ayq =< {X2’+1Y2{+1/i,j € N} >;
(xii) Ageey =< {X*Y2/ij € N} >, Aoy =< {X*IVH7/i ] € N} >,
Afge) =< {X*Hi e N} >, Agq) =<{Y#"!/j €N} >;
(xiil) Ay =< {X*Y7/i,j € N} >, Agg =< {XQZ“YJ/Z j € N} >,
Afge) = Afeg) = 0;
(xiv) Aeey =< {XQEYQJ/Z j € N} >, Ay, =< {X*/i € N} >,
Aeg) =< {Y#/j €N} >, Ay =< {XZTYZH /i j e N} >;
(xv) Ay =< {X?Y¥/i,j € N} >, Ayqy =< {X¥/)i ¢ N} >,
Aeg) =< AXZHY2H )i j e N} >, Ay =< {Y¥1/j € N} >;

(xvi) Ageey =< {XY7/i,j €N, i+j is even} >, Agg =< {X'Y7/i,j €N,
147 18 Odd} >, A(g,e) = A(Qg) =0.

Let us now introduce the following definition.

Definition 2.14. Let A= P A( i gy bea Cny X.. X Cpy, - grading
0<i;<mp—1
ngngmn—l

of k[X][Y, ¢], where my,...,m, € N* and C,,,, =< gx >. For each 1 <t < n,
—1 mt—l

denote S(t) = S(t), = A i

we denote ( ) g ( )gz 7@) (i1,..it71%+1 77777 Zn) (91 yee Qt 1 gt Qtrrll ..... gnn)

Then S(t) is a Cy,,- grading of k[X]|[Y, ¢], which is called the C,,,-grading
associated with A.

Now, remember that any finite abelian group is a direct product of finite
cyclic groups. Using this and Prop Th and Prop 2.12] we can provide
a complete description (although lengthy) of all G- gradings of k[X][Y, ¢], for
any G finite abelian group.
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