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GENERAL FORMULA FOR DEGREE-BASED TOPOLOGICAL
INDICES OF TITANIA NANOTUBES

Tom4s VETRIK!

Molecular descriptors known as topological indices are graphical
invariants which are used in chemistry, pharmaceutical sciences, materials
science and engineering, because we can correlate these indices with a big
number of chemical and physical properties of molecules. For titania nan-
otubes, we present the values of the most famous indices including Randié
indices which are named after the chemist Milan Randi¢. Those indices are
used to correlate the chemical structures and characteristics including boil-
ing points and molar heats of formation. We focus on titania nanotubes,
because they belong to the most studied compounds in materials science.
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1. Introduction

Because of the exceptional properties of titania nanotubes, these nan-
otubes are used for instance in photocatalysis, biomedical devices and dye-
sensitized solar cells. Bulk 7705 is a corrosion-resistant and non-toxic material
friendly to the environment.

The chemical structure of a molecule is represented by molecular de-
scriptors. Currently, there is enormously large research in the area of the
computation of these topological indices for various chemical frameworks. We
use graph theory to investigate the chemical structures.

Let G be a simple connected graph G with vertex set V(G) and edge set
E(G). The number of vertices adjacent to a vertex x € V(G) is the degree
d, of z. The atoms and bonds of chemical structures are represented by the
vertices and edges of graphs.

Malik and Imran [10] presented the Zagreb indices of titania nanotubes
Ti03lm, n], Gao et al. [5] obtained the redefined Zagreb indices for TiOy[m, n|
nanotubes, Gao, Farahani and Imran [4] presented the sum-connectivity in-
dex, the Randi¢ index and the modified Randi¢ index for these nanotubes.
The Randi¢ index and the redefined second Zagreb index were corrected in
[13]. Javaid et al. [8] obtained the generalized Zagreb index of TiOs[m,n]
nanotubes.

Different titania networks containing also edges with both end-vertices of
degree 2 were investigated in [3] and [11]. Titania networks containing vertices
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of degree 1 were considered in [14]. Indices for nanotubes and other chemical
graphs were studied also in [1], [2], [7] and [12].

We obtain a general formula that can be applied to obtain any degree-
based index (defined by the sum for the edges) for titania nanotubes. Then
we present the values of the most famous indices based on degrees for titania
nanotubes. We investigate an invariant

I(G): Z f(dmdy)a

zyeE(G)
where f(d,,d,) is a real function of d, and d, and f(d,,d,) = f(d,,d,).

o If f(d,,d,) = (d.d,)* for real numbers av # 0, we obtain the general
Randi¢ index R,(G) of G. This index has the following special cases.

If @« = —3, we get the Randi¢ index R_%(G). If « = 1, we have the
second Zagreb index Ry (G). If a = —1, we obtain the second modified
Zagreb index R_1(G).

o If f(d;,dy) = (dy + dy)®, then I(G) is the general sum-connectivity
index X,(G) of G. Three special cases of this index are the sum-
connectivity index X_1 (G) for a = —1, the first Zagreb index X;(G)

for @« = 1 and the hyper-Zagreb index X3(G) for a = 2.
o If f(dy,dy) = d3d)+d2dS, where o, f € R, then I(G) is the generalized

y Yo
Zagreb index GZ(G) of G.
o If f(d.,d,) = -2, I(G) is the harmonic index H(G).

dotdy

o If f(d,,d,) = égj:—d;;), we get the geometric-arithmetic index GA(G).

o 1f f(d,.d,) = 55

o If f(d,,d,) = ,/%, I(G) is the atom-bond connectivity index
ABC(G).

o If f(d,,d,) = (dz?(z,yzfa we get the augmented Zagreb index AZI(G).

o If f(d,,d,) = I(G) is the variation of the Randi¢ index

we get the symmetric division deg index SDD(G).

1
max{dg,dy}’

R'(G).

o If f(d,,d,) = d;;;yly, we get the first redefined Zagreb index ReZG1(G)
of G.

o If f(d,,dy)) = difsy’ we obtain the second redefined Zagreb index

ReZ G5y (G) of G.
o If f(d,,d,) = d.dy,(d, + d,), we get the third redefined Zagreb index
ReZG4(G) of G.

2. Results

The lattice of the TiOs[m,n| nanotube for m = 5 and n = 4 is given
in Fig. 1. The number of octagons in each column and row is m and n,
respectively. Note that n is always even.
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Fig. 1. TiOym, n] nanotube for m =5 and n = 4.

The main result of this paper is the formula

for titania nanotubes TiOs[m,n|. This formula can be applied to obtain any
degree-based index.

The values of the most famous indices based on degrees for titania nan-
otubes are presented below. We do not include the names of indices, only the
notations, since the names are included in the previous section. For the titania
nanotube 7'iOz[m, n| denoted by G, we have

Ro(G) = [(3m—1)15% + (2m + 1)10° + 12* + 3 - 8°]2n,
2(v15+V10)mn (V10 V3  3v2 2V15
@) = R I R DL
Ri(G) = (65m+31)2n, R_1(G) = (%4—%)71
X, (G) = [(3m —1)8" + (2m + 2)7" + 3 - 6°)2n,

33 4T W7 V2
G) = (S5 )mnt (S VBT )
Xi(G) = (19m+ 12)4n, X5(G) = (145m + 71)4n,

GZ(G) = [(Bm — 1)(573° +3°5%) + (2m + 1)(5°2° 4 2°5°) +
4°3F 4 348  3(22HP 4 20209,
HG) = 37(77111— 1)n’
1 —1)  4/102m+1) 412
GA(G) = VIS@Em =) | VI0em+1) V12, e

2 7 7
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DD = (756m346 613)n
ABC(G) = 3m = L Bem+1)+ @ + 3\/§]n,

Y

B <503m 30199)
2

(m+ 1)n,

(@)
(@)

ReZGy(G) = 6(m+ L, ReZGy(G) — 2omE59)5n
(@)

28
= (250m + 89)4n.

3. Proof and computations

We prove Theorem 3.1 which contains the general formula for titania
nanotubes.

Theorem 3.1. Let G be the titania nanotube TiOylm,n]. Then

Proof. This nanotube contains (m + 1)6n vertices and (5m + 4)2n edges. The
vertices of G can be divided into the sets V; = {z € V(G) | d, = i} for
i = 2,3,4,5. So V; contains the vertices of degree i. Note that V(G) =
Vou V3 UV, UVs. From Fig. 2 we get

|Vs| = 2mn, V4| = 2n, |V3| = 2mn, |V3| = (m + 2)2n.

Let B;; = {zy € E(G) | d, =1, d, = j}. So, E;; contains the edges incident
with the vertices having degrees i and j, respectively. Then

|E472| == 6717 |E473| == 27’L, |E572| == (2m + 1)277,, |E573| == (3m — 1)27’L
and E(G) = E472 U E4,3 U E572 U E573. Then

(G) = Y fldndy)

2yeE(G)

= D63+ D fG.2)+ D> A3+ D> f(4,2)
NS D Ty€Fs 2 ry€Fy 3 2y€E42

= Bm—1)2n-£(5,3)+2m+1)2n- f(5,2)+2n- f(4,3) +
6n - f(4,2)

= [Bm—=1)-f(5,3)+2m+1)- f(5,2)+ f(4,3) + 3 f(4,2)]2n.
U

We compute the values of the most famous indices for the titania nan-
otube TiOs[m, n] which is denoted by G,

For the R, index, we get f(d,,d,) = (d.d,)*. So f(5,3) = 15%, f(5,2) =
10%, f(4,3) = 12% and f(4,2) = 8*. Thus by Theorem 3.1,
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Fig. 2. Ti0,[5, 4] nanotube describing degrees of the vertices.

R.(G)=[(Bm —1)-15%+ (2m + 1) - 10% + 12“ + 3 - 8%]2n.

Ifa=-1

5, we get

3Im—1 2m+1 1 3
R .(G) = + + + —)2n
+C) ( VI V0 V12 \/§>
2(v15 +/10)ymn /10 V3 3v2  2V/15
= + ( o — —)n
5 5 3 2 15
If « =1, then

Ri(G)=[Bm—1)-15+ (2m+1)-10+ 12+ 3-8]2n = (65m + 31)2n.
If « = —1, then

R_4(G) =

15 0 1278 5 T 60

For the X, index of G, we get f(d,,d,) = (d, + d,)*, so f(5,3) = 82,
f(5,2) =7 f(4,3) =7 and f(4,2) = 6% So by Theorem 3.1,
Xo(G) = [Bm—=1)-8"4+(2m+1)-7*+7"+3-6%2n
= [(3m —1)8% + (2m + 2)7° + 3 - 6%]2n.

Ifoz:—%,we obtain
@) = <3m\/§1+2m\/—%—2+%>2n
e (i e

3m—1 2m+1 1 3 4dm 59
(et o= (224 2.




130 Tom4s VETRIK

If a =1, we get
Xi(G) =[Bm —1)84 (2m +2)7 + 3 - 6]2n = (19m + 12)4n.
If « =2, then
Xo(G) = [(3m — 1)8 + (2m + 2)7% + 3 - 6%]2n = (145m + 71)4n.
For the GZ index of G, we get f(d,,d,) = dadﬁ—kdo‘dﬁ therefore f(5,3) =

5938 + 395°%, f(5,2) = 5°2° + 2958 f(4,3) = 4a3ﬁy+m?;a4ﬁ and f(4,2) =
4098 4 2048 = 92048 4 90+28  Thys by Theorem 3.1,
GZ(G) = [(3m —1)(5*3° +3°5°) 4+ (2m + 1)(5°2° + 2°5°) +
4°3F 4 348 4 3(22H8 4 20728 o,
For the H index, we get f(d,, d,) = ﬁ, thus f(5,3) = 2 = 1, f(5,2) =

2, f(4,3) =2 and f(4,2) = 2 = 3. Therefore

H(G) = [(Bm— 1).i+(2m+1) .%4_;4_3,%]2”_ 37(mli l)n'
For the GA index of G, we obtain f(d,,d,) = ;@)7 thus f(5,3) = @,
£(5,2) = 20 £(4,3) = 2412 and f(4,2) = ¥3. Then by Theorem 3.1,
GAG) = [Bm=1)- Y24 ) 20 W5 VB,

[\/ﬁ@;’n— 1) . 4@(27777,4— ) N 4\é_ \/—]
thus f(5,3) = 32, f(5,2) =

For the SDD index, we get fldy,dy) =

dd ’
(4,3) =22 and f(4,2) = 2 =12, Then
34 29 25 10 (756m + 613)n
_ )2 omr1) —]2 _ .
SDD(G) [(3m )t @me ) To T8 20 = o

For the ABC index, we get f(d,,d,) = ,/dﬁdy 2 therefore f(5, 3) =

&= 5 56.2) =[5 = Lofa3) = 5 ad fa.2) = /i = L.
Thus

ABC(G) = [(3m—1)-\[ +(2m+1) f [

= [2\/_(?;” >+\/§(2 +1)+§+3\/_}
For the AZI index, we get f(d,,d,) = (L C_l:;y )%, thus f(5,3) = ()% =
lgﬁ? f(572)_(5> =3, f(473)_(5)3:1728 andf( >_( )3:8 Then

125
( 503m 30199)
n.

125 1728
AZI(G) [(3m 1) 3 +(2m+1)-8+ 195 +3- 8} Y 0
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For the R’ index, we obtain f(d,,d,) = m, therefore f(5,3) = 1,
f(5,2) =1, f(4,3) = 1 and f(4,2) = ;. Thus
, 1 11 1
R(G) = [(Bm—1)-c+@m+1)- -+ +3-7]2n=20m+1n

— &ty therefore f(5,3) = &

5
For the ReZG, index, we get f(d,,d,) dedy 157
%. Thus

f(5,2) = 1—70, f(4,3) = 1—72 and f(4,2) =
7

8 7 3
ReZGH(G) = [(Bm—l)-1—5+(2m+1)-1—0+E—|—3-Z]2n:6(m+1)n.

For the ReZG, index, we obtain f(d,,d,) = dady g0 f(5,3) = 2

|
I

dotdy’
f(5,2) =2, f(4,3) =2 and f(4,2) = & = 3. Thus
15 10 12 _ 4 95m + 59)5
ReZGs(G) = [(3m—1)-§+(2m+1)-7+7+3-§}2n:%.

For the ReZG35 index, we get f(d,,d,) = (d, +d,)d,d,, so f(5,3) = 120,
£(5,2) = 70, f(4,3) = 84 and f(4,2) = 48. Thus

ReZG3(G) = [(3m —1)- 120 + (2m + 1) - 70 + 84 + 3 - 48]2n = (250m + 89)4n.

4. Conclusion

Titania nanotubes belong to the most studied compounds in materials
science. We used indices of graphs to represent connections between structures
and chemical properties of titania nanotubes. Vertices and edges of graphs can
model titania nanotubes; see [9].

We obtained a general formula that can be applied to obtain any degree-
based index (defined by the sum for the edges) for titania nanotubes. We also
presented the values of the most famous indices based on degrees for titania
nanotubes. For example, if m = 5 and n = 4, then from Theorem 3.1 we
obtain the invariant

I(TiOy[5,4]) = 112 - f(5,3) + 88 - f(5,2) + 8 - f(4,3) + 24 - f(4,2).

Then, using f(ds, d,) = (d.dy)*, f(ds,dy) = (dz+d,)* and f(d,, d,) = djdf—i—
d®d®, we get the general Randi¢ index

y Qs
R, (TiO4[5,4]) = 112 - 15% + 88 - 10% 4+ 8 - 12% 4 24 - 8%,
the general sum-connectivity index
Xo(TiOs[5,4]) = 112 - 8% + 96 - 7* + 24 - 6¢
and the generalized Zagreb index
GZ(TiOy[5,4]) = 112(5*3° + 3°5°) + 88(522° + 25°)
+ 8(473° + 3%4%) + 24(220F 4 20%%F),
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where a and [ are real numbers. These indices can be used for instance in the
development of quantitative structure-activity relationships. The importance
of these indices is described in detail also in [6].
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