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A NEW STRONG CONVERGENCE ALGORITHM WITH MOMENTUM
FOR SOLVING THE SPLIT COMMON FIXED POINT PROBLEMS

Hoang Van Thang®', Dang Huy Ngan®

In this paper, we introduce a nowvel iterative algorithm for solving the split
common fized point problem with demicontractive operators. Strong convergence theorem
of the proposed algorithm is given. The step-sizes of our algorithm are chosen such that
they do not depend on operator norms. The main results proven in this paper extend
and improve some results in the literature.
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1. Introduction

Let C and @ be nonempty closed convex subsets of real Hilbert spaces H; and Ha,
respectively. The split feasibility problem (SFP) is formulated as finding a point z satisfying
the property

x € C such that Az € Q,

where A : Hy — Hs is a bounded linear operator. The split feasibility problem (SFP) has
been shown to have broad applicability across various fields, including computer tomography,
image restoration, radiation therapy treatment, and numerous other impactful real-world
applications, for instance, see [IL [6] @, 5l 11, 26]. Due to it has applications across various
fields, recently, the SFP has been widely studied by many authors (see [5, [12, 13| 19, 21), 22|
23, 24, 251, 27, 291, (30}, 3T, 32]). Due to application in signal processing, Byrne [5] introduced
the so-called CQ algorithm. For any xg € H; and define {z,} as

ZTny1 = Po(zn, —yA*(I — Pg)Azxy,),

2
where 0 < v < AA) and where Po denotes the projection onto C' and p(A*A) is the
p
spectral radius of the operator A*A. It is known that the CQ algorithm converges weakly
to a solution of the SFP if such a solution exists.

In the case where both C and @) consist of fixed point sets of some nonlinear operators,
the SFP is known as the split common fixed point problem (SCFP). More specifically, the
SCFP is to find

x € Fix(S) such that Ax € Fix(T),
where Fiz(S) and Fiz(T) are the fixed point sets of S : Hy — Hy and T : Hy — Ho,
respectively. We denote the solution set of the SCFP by

O :={x € H:x € Fiz(S) and Az € Fiz(T)}. (1)
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When S and T are directed operators, Censor and Segal [§] proposed and proved the
convergence of the following algorithm in the setting of the finite dimensional spaces:

Tny1 = ST —~yA* (I - T)A)z,.

Note that a class of directed operators include the metric projection. So the results of Censor
and Segal recover Byrne’s CQ algorithm.

In the case that S and T are demicontractive mappings with constants 5 € [0, 1),
w € [0, 1) respectively, Moudafi [14] introduced the following algorithm for solving the SCFP
as follows:
xo € Hy
Up = Xy — VA (I = T) Az, (2)

Tt = (1 — ap)up + anSty,

1—
where o, € (6,1—3—9) for a small enough 6 > 0 and v € (0, 7'”) with p being the spectral
p

radius of A* A and he presented the weak convergence of the sequence generated by algorithm
. It is obvious that to solve the SCFP for demicontractive operators by the sequence
generated by requires the norm of the linear mapping A. This is quite challenging in
practice. To overcome this difficulty recently, some authors considered alternative ways of
constructing variable step sizes.

In [I0], Cui and Wang combined algorithm (2)) with a self-adaptive step size and
introduced the following algorithm for solving the SCFP :

xo € Hy

Up = Ty — TR A*(I = T) Az,
ZTpt1 = (1 = Nty + ASuy,

where A € (0,1 — 5) and

(1=l = T)Az,|
Tn = |A*(I — T)Axz,|2
0, otherwise.

if Az, # T(Az,), 3

They obtained a weak convergence result for demicontractive operators provided that Q # .

The split common fixed point problem (SCFP) for demicontractive operators with
weak convergent results has since garnered significant attention and has been extensively
investigated by numerous researchers (see [20] 21 28]).

A natural question that arises in the case of infinite dimensional Hilbert spaces is how
to design an algorithm which provides strong convergence for solving SCFP (|1]). Based on the
algorithm of Cui and Wang, Boikanyo [3] developed the following Halpern-type algorithm for
demicontractive operators, which generates sequences that consistently converge strongly to
a solution of the SCFPP with step sizes that do not depend on the norm of the operator
A.

To,u € Hy

Up = Ty — TR A*(I = T) Az,
Yn = (L = Nuy, + ASuy,
Tpt1 = apu+ (1 — oy )yn,

and the step size 7, is chosen as in .
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Now, let us mention an inertial type algorithm. We know that the problem of finding
a zero of a maximal monotone operator A on a real Hilbert H is formulated as

find x € H such that 0 € A(x). (4)

One of the fundamental approaches to solving it is the proximal method, which generates
the next iteration x,1 by solving the subproblem

0 € MA(Z) + (& — xp), (5)

where x,, is the current iteration and A, is a regularization parameter, see [4, 7, [16]. In
2001, Attouch and Alvarez [2] applied an inertial technique to the algorithm (5] to contruct
an inertial proximal method for solving . It works as follows: given z,_1, =, € H and
two parameters 6, € [0,1),\, > 0, find z,, 11 € H such that

0¢€ )\nA(xn+1) + Tnl — Tn — en(xn - xnfl);
which can be written equivalently to the following
Tpa1 = ij‘n (T + On(Tn — 2pn-1)),

where J ;\4"’ is the resolvent of A with parameter A\, and the inertia is induced by the term
O (xn, —zp—1) and it can be regarded as procedure of seeding up the convergence properties
(see, e.g., [2,[15]).

Motivated by Boikanyo’s work [3], we use the inertial technique in this examined
direction, we propose a new algorithm for solving SCFP of demicontractive operators that
converge strongly to a solution of the problem . The aim of our work in this study is as
follows:

(1) First, we introduce a new iterative algorithm that combine the algorithm (2)) with the
inertial technique to improve the convergence rate of the algorithm for solving SCFP.

(2) Second, under the suitable conditions, we prove strong convergence result of the iter-
ative sequence generated by our algorithm without prior knowledge of operator norm
A.

This paper is organized as follows: In Sect. 2, we recall some definitions and prelim-
inary results for further use. Sect. 3 deals with analyzing the convergence of the proposed
algorithm. Finally, in Sect. 4 conclusions are given.

2. Preliminaries

Let H be a real Hilbert space and C be a nonempty closed convex subset of H. The
weak convergence of {z,}%; to x is denoted by z, — z as n — oo, while the strong
convergence of {,}22; to z is written as z, — x as n — oc.

For each x,y € H, we have the following:

lz +yll* < llzl|* + 2(y, = + ). (6)

Definition 2.1. Assume that T : H — H is a nonlinear operator with Fix(T) # 0. Then
I —T is said to be demiclosed at zero if for any {x,} in H, the following implication holds:

Tp =2 and (I —T)z, - 0= 2z € Fiz(T).

Definition 2.2. Let T : H — H be an operator with Fiz(T) # 0. Then
e T : H— H is called directed if

(z=Tzx,x —Tx) <0 Vze Fiz(T),z € H,



142 Hoang Van Thang®, Dang Huy Ngan

or equivalently
T2 —2|* < ||z — 2| — || — Tz||* Vz € Fiz(T),z € H, (7)
e T : H— H is called quasi-nonexpansive if
|ITx —z|| < ||z — 2| Vze Fia(T),x € H;
e T: H — H is called B-demicontractive with 0 < 8 < 1 if
|72 — 22 <l — 2|2 + BI(I - T)al® V2 € Fia(T),z € H,
or equivalently

B—1
2

(Ter—z,x—2) < |z — Tz||> Vz€ Fiz(T),z € H,

or equivalently

6—1
2

Lemma 2.1. Let U : H — H is 8- demicontractive with F(U) # 0 and set Uy = (1— M)+
AU, A€ (0,1 — 7). Then:

Uxz — 2> < |lz — 2||> = A0 = B=N||[(I = U)z|* Vz e H,z e Fiz(U).
Proof. We have
[Uxz = 2|* = [|(1 = M)z + AUz — 2|
= ll(@ = 2) + MUz - 2)|?
= ||z — 2| + 2\ — 2, Uz — z) + \?|Uz — z|?
< o =2l + M8 = DUz — z[* + XUz — ||
=z —z[P = A1 = B = NI - U)z|?
1-8-2X
A

(Tx — z,x — 2) < ||z — 2|* + |z —Tz||* Vze€ Fiz(T),z € H.

= |z —2|* - I(Z = Un)]*.

]

More information on quasi-nonexpansive mappings and demicontractive mappings
can be found, for example [7] [18].

Lemma 2.2. ([I7]) Let {a,} be sequence of nonnegative real numbers, {ay} be a sequence of
real numbers in (0,1) with Y2 o, = o0 and {b,} be a sequence of real numbers. Assume
that

ant1 < (1 —ap)an + apb,, VYn>1.
If limsup,_, o bn, < 0 for every subsequence {an, } of {an} satisfying iminfy_,oo(an,+1 —
ap,,) > 0 then lim,_,o a, = 0.

3. Strong convergence result
Our strong convergence theorem is established under the following conditions:
Condition 3.1. The solution set Q # (.

Condition 3.2. S : Hy — Hy and T : Hy, — Hsy are two demicontractive operators with
constants B € [0,1) and p € [0, 1), respectively such that I — S and I —T are demiclosed at
zero.

Condition 3.3. A: Hy — Hs is a bounded linear operator with its adjoint operator A*.

Now, we introduce our algorithm:
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Algorithm 3.1.
Initialization: Let A € (0,1—75), v € (0,1), a > 0, and vo, vy € H be arbitrary. We assume

€n
= 07

B

that {B,}, {en} are two positive sequences such that ¢, = 0(8y,), that is lim, o

where {B,} C (0,1) satisfies the following conditions:

o0
lim , =0, z_jlﬁn = 0.

Iterative Steps: Calculate v,11 as follows:
Step 1. Given the current iterates v,—1 and v, (n >1), compute

gn = (]- - Bn)[vn + an(vn - Unfl)]a
Up = @n — T A*(I — T) Agy,

where )
|( = T)Agqy||

Man = Squl® + [A*(I = T)Agq,|*’

Tn:(l_U)

and .
min{a, —————1}  if v, # vy_1,
oy = [vn — vn—1]| " " (8)
o otherwise.
If u, = 0 then stop and q, is a solution of problem . Otherwise, go to Step 2.

Step 2. Compute

Un41 = U/\un7
where Uy := (1 — X\)I + AS.
Let n:=n+1 and return to Step 1.

Remark 3.1. From , the definition of {a,} we have lim,_, 4 o0 Gn

Bn

Theorem 3.1. Assume that the Conditions hold. Then the sequence {v,,} generated
by Algorithm[3.1] converges strongly to an element z* € Q, where ||z*|| = min{||ul| : u € Q}.

lvn, — vp—1|| = 0.

Proof. Claim 1. The sequence {v,} is bounded. Indeed, from z* € Q and using inequality
(7) we have

l[wn — x*HQ = llgn — T A*(I = T)Agy — x*HQ
= llgn — 2*|* + T2IA* (I = T) Agn||* — 27 (A*(I — T) Ay, gn — =*)
= |lgn — x*HQ‘ + TT2L||A*(I — T)Ath2 —27,((I = T)Aqn, Aqn, — Ax™)
<lgn — 2*|? + 72 AT = T) Agn|® — (1 — p)7ll(I — T) Aga |

I—T)Aan4
— ¥ 12 1— 2 2 ||( A*I_TA 2
I T)Ag,|
e I
= ) e =50, P+ T4 - T/ A
I =) Agu
< lgn — 2|2 + (1 — 1)2A2
lan = "I+ (= 0™ =g T A - T AG]?
17 - T)Ag, |

— (1 = )2
A Y =g, P 1A — TV Ag.

1 T)Ag, |
g = &"IF" = (O = =N g F A - D) agn 2 ®)
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This implies that
un — 2% < [lgn — =]
We have vy, 11 = Usu,, we get
lonst = @2 = (1 = Ayun + ASu, — 2
= ||ty — 2 + N(Supn — up)|)?
= |lun — 2*||* + 22 Sty — U, Uy, — %) + N2 Sy, — up||?
< Jun — x*”Q + A8 = 1[|Su, — unH2 + /\QHSUH - unH2
= [lun = 2*[1? = A1 = B = N)[[Sup — un|*.
Hence, we get
[ntr — 27| < [Jun — 27|
Combining and we get
Jons1 = @ < Jlun — 2*]| < llgn — "1
On the other hand, from the definition of v,, we get
lgn — [l = [|[(1 = Bn)(vn + an(vn — vp-1)) — 2"
= |(1 = Bn)(vn — ") + (1 = Bn)an(vn — vn-1) — Buz™||
< (L= B)llvn — ™[ + (L = Bu)awllvn — vp—1 || + Ballz™|l
* a’ﬂ
= (1= Bp)llvn — 2| + Ba[(1 = Bn) 7~

[on = vn—a [l + [lz"1].

Bn
From the definition of a,, we get lim,, %an — vy—1]| = 0. Therefore, we deduce
lim [(1 = B2) 32 lon = vnoa |+ "] = 2"
n—00 Bn
Thus there exists M > 0 such that
Qlp

[on = vpal] + [l2*[| < M.

(1=Fu)g

Combining and , we obtain
lgn — 2" < (1= Bu)llvn — 2™ + Bu M.
Using and we get
[ont1 — &% <(1 = Bn)llon — 2" + Bu M
= max{||v, — z*||, M} < ... < max{||v; — z*||, M}.

Therefore, the sequence {v,} is indeed bounded, as claimed.
Claim 2.

1—T)Ag,|*
R I
O = S I T AT - T Agu P

+ >‘(1 -B- A)H‘S’un - Un||2

(10)

(15)

(16)

< lvn = 2|7 = llont1 — ™[> + Bu M,

for some M; > 0. Indeed, by we get
lgn — 21> < [(1 = B)llvn — ™[ + B M)
< [llon — 2| + B M]?
= llon = 2*|1* + 2B, lvn — 2| M + Bz M>
= [lv, — $*||2 + Bn[2||on — 2¥[|M + ﬁnMQ]
< flon —2™|* + Bu M.
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where M; = max{2|v, — x*||M + 8, M?}. Now, substituting into (9) we get

I —T)Ag,|*
e =17 < lfom =274 M = (1= 0= =g o A (T - T) Aga P
(18)
Substituting into we obtain
|(I —T)Agn|*

[on41 = 2|12 < Jon — 2|1 + B My — (1 = p)*4(1 =)

lgn = Sanll* + |A*(I — T) Agy|?
(L= B = N)||Stun — unll?.

Hence

I = T)Aga|*

1—p)*y(1 -
(=) Y =) g A (1 - T) Ag |2

+ A1 = B = N)||Stp — up|?
< jvn — x*Hz = [vng1 — x*HQ + BnM;.
Claim 3.

* * * Qp
[ont1 = 2*[|> <(1 = B)llvn — 2*|* + B [2(1 = Br)llvn — 2" | = llvn — vl

n
A

Br
Indeed, using the inequalities and (@, we get

+ anl|vn — vn—1ll = llvn — vp—a |l + 2] 2[[[lgn — v || + 2(=2", Vg1 — z*ﬂ

lvnt1 = 27|* <llgn — 2"
=[[(1 = Bn)[vn + an(vn = va-1)] = 2|
=[1(1 = Bu)(vn = 2") + (1 = Bn)an (v — vn-1) = Baz”|?
<A = Bn)(n = 2) + (1 = B)an (v — va-1)|* + 2Bn(~2", gn — 2%)
<(1 = Bu)?llvn — 2" [1* +2(1 = Ba)am[lvn — 2*[[on — va-1ll + ogllvn — va-1]

+ 2/Bn<*1'*7 qn — Un+1> + 2/Bn<*1'*7 Un+1 — $*>

<= Bo)llon = "2+ B [201 = fu)lfon = 215" lon = v
+ aullon = 0at |5 10n = vt + 2 o = ] + 2" vnsa = 7).
Claim 4. {||v,, — 2*||*} converges to zero. Indeed, by Lemma it suffices to show that
h/?isogp@*’vnﬁl —2%) <0 and klingo g, — vngs1ll =0

for every subsequence {||v,, — z*||} of {||v, — *||} satisfying

liminf([on, 41 — 2| = o, — 2°) > 0.
k—o0

For this, suppose that {|lv,, — z*||} is a subsequence of {|lv, — z*||} such that
lHminfy oo (||Un,+1 — 2*|| = [|[on, — 2*]]) = 0. Then

lim inf (vn, 41— @2 = o, —2*|2)
k—o0

=l inf[([on, 11— *]) = Jony = ") (omy 1 = 271 + llom, — 27 1)) > 0.
—00
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By Claim 2 we obtain

. I —T)Ag,|*

] 1—p)%y(1 — It i A1 =B = N)||Sun, — un,||?
e (= =y P A1 =T Ay, p A P ISt =)
< limsup(||vn, — 2*||* = [|vng+1 — 2% + B, Mi]

k— o0

< lim up[om, — 1% — oy 1 — *[12) + lim sup B, Mo
k—o0 k—o0

= —liminf[|lon, 11 = 2% = Jon, — 2"
bde el
<0.
This implies that
. (T = T) Ag, |
k=00 ||qn;, = San, I + [|A*(1 = T) Agn, |12

Moreover, since {v,} is bounded, using the inequality we also obtain {g,} is bounded.
By Lemma[2.1] we get {g,,, —Sqy, } is bounded and {A*(I —T)Ag,, } is bounded. Therefore
it follows from that

lim ||(I —T)Aqn, || =0and lim |u,, — Sun,,| =0. (20)
n— 00 k— o0

=0and lim |[({ —S)un,| =0. (19)
k—o00

On the other hand, using the definition of {u,, }, see that
||unl« — dny, || = Tny, ||A*(I - T)Aan ||
3 )T = T) Aga, |1
= llgn = Sani > + [[A*(1 = T) Agn, ||

1A = T)Agn, | =0 as n — oo
(21)
Using and the definition of {v, }, we get
lvne+1 — Un, || = Al|Stn,, — Un, || = 0 as n — oo. (22)
Now, we show that
[vng+1 — Unill = 0 as n — oco. (23)
Indeed, using the definition of {v, } we have
||an — Uny ” = ”(1 - Bnk)ank (vnk - vnk—l) — Bry Uny ”

< (1 - 5nk)ank ank - Unrl” + Bnk ||vnk H

Qp,
= Bnk [(1 - Bnk)ik”/unk - v"k—l‘l + ||U7’Lk H] — 0 asn — +oo. (24)

nk
Combining and we have
||Unk = Un, ” — 0. (25)
Combining and , we deduce that
i o, 1= v | =0 (26)
Combining and , we deduce that
kEToo ”vnk,Jrl — Ony H =0.

Since the sequence {v,,} is bounded, it follows that there exists a subsequence {vnkj} of
{vn,, }, which converges weakly to some z € H, such that

limsup(z*, v, — ™) = lim (z*,v,, —a*) = (z",z—2"). (27)
k—o0 J—00 J
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From and we get

Gn, — %, and uy,, — 2,
this together with and the demiclosedness of I —.S and I — T, we have z € ) and, from
and the definition of z* = Pu(0), we have
lim sup(z*, vy, —z*) = (2™, 2z — 2™) <0. (28)

k—o0

Combining and , we have

limsup(z™, vy, 41 — ") < limsup(z™, v,, — ™)
k—o0 k—o0
(z*,2 —x*)

0. (29)

IN

Hence, by 1| lim,, 00 %an—v”_lﬂ =0, Claim 3 and Lemma we have limy, o ||y —

x*|| = 0. This is the desired result.
O

4. Conclusions

In this work, we proposed a new iteration algorithm to obtain the strong convergence
results for split common fixed point problems. Our main results are an extension of the
related results announced in this direction. This paper’s research highlights include a novel
algorithm and its analysis techniques, which use inertia to improve algorithm convergence
rate.
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