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SECOND ORDER (σ, τ)-COHOMOLOGY OF TRIANGULAR

BANACH ALGEBRAS

Ali Jabbari1, Hasan Hosseinzadeh2

Let A be a Banach algebra. In this paper, we introduce (σ, τ)-2-cocycle

and (σ, τ)-coboundary maps on A, where σ and τ are homomorphisms on A. By

applying these definitions, we introduce the second (σ, τ)-cohomology of triangular

Banach algebras.
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1. Introduction

Let A be a Banach algebra, and let X be a Banach A-bimodule. A derivation

is a linear map D : A −→ X such that

D(ab) = a.D(b) +D(a).b (a, b ∈ A).

For x ∈ X, set adx : a 7→ a.x−x.a, A −→ X. Then adx is the inner derivation

induced by x.

The linear space of bounded derivations from A into X denoted by Z1(A, X)

and the linear subspace of inner derivations denoted by N1(A, X). We consider the

quotient space H1(A, X) = Z1(A, X)/N1(A, X), called the first Hochschild coho-

mology group of A with coefficients in X.

Let A and B be unital Banach algebras with units eA and eB, respectively.

Suppose that M is a unital Banach A,B-bimodule. We define triangular Banach

algebra

T =

[
A M

B

]
,

with the sum and product being giving by the usual 2 × 2 matrix operations and

internal module actions. The norm on T is

∥
[
a m

b

]
∥ = ∥a∥A + ∥m∥M + ∥b∥B.
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The Banach algebra T as a Banach space is isomorphic to the ℓ1-direct sum of

A,B and M. Forrest and Marcoux introduced and studied derivation of triangular

Banach algebras in [1]. The first Hochschild cohomology group of triangular Banach

algebras was studied in [2, 5].

Let A be a Banach algebra, and let X be a Banach A-bimodule. By Bn(A, X),

we mean that the space of bounded n-linear maps from A into X. A 2-linear map

γ ∈ B2(A, X) is called 2-cocycle if it satisfies the following equation

a.γ(b, c)− γ(ab, c) + γ(a, bc)− γ(a, b).c = 0,

for every a, b, c ∈ A. The space of 2-cocycles is a linear subspace of B2(A, X), which

is denoted by Z2(A, X). Let φ ∈ ∆(A), where ∆(A) is the carrier space of A, then

a 2-linear map γ ∈ B2(A, X) is called point 2-cocycle at φ if it satisfies the following

equation

φ(a).γ(b, c)− γ(ab, c) + γ(a, bc)− γ(a, b).φ(c) = 0,

for every a, b, c ∈ A. For given T ∈ B(A, X), we let

(δ1T )(a, b) = a.T (b)− T (ab) + T (a).b,

for every a, b ∈ A and δ1 : B(A, X) −→ B2(A, X). Then {δ1T : T ∈ B(A, X)} is a

linear subspace of Z2(A, X). These maps are called 2-coboundaries. The collection

of all 2-coboundaries is denoted by N2(A, X). Similar to the first Hochschild coho-

mology group, the second Hochschild cohomology group of A with coefficients in X

is denoted by H2(A, X) = Z2(A, X)/N2(A, X). The second Hochschild cohomology

group of triangular Banach algebras is studied in [3], and higher cohomology of these

algebras are studied by Moslehian in [9].

Let T be a triangular Banach algebras defined as above, and let γ ∈ B2(T,T).

Let γ1 : T −→ A, γ2 : T −→ M and γ4 : T −→ B denote the coordinate functions

associated to γ. That is

γ(T1, T2) =

[
γ1(T1, T2) γ2(T1, T2)

γ3(T1, T2)

]
,

for T1, T2 ∈ T. Let γ : T −→ T be a 2-cocycle. The coordinate function γ1 is

said to correspond to a 2-cocycle (2-coboundary) on A if there exists a 2-cocycle

(2-coboundary) τA on A such that γ1(T1, T2) = τA(a1, a2), where Ti =

[
ai mi

bi

]
.

Similarly, γ4 is said to correspond to a 2-cocycle (2-coboundary) on B if there

exists a 2-cocycle (2-coboundary) τB on B such that γ4(T1, T2) = τB(b1, b2).

Let A be a Banach algebra, and let σ, τ be continuous homomorphisms on A.

Suppose that X is a Banach A-bimodule. A linear mapping D : A −→ X is called

a (σ, τ)-derivation if

D(ab) = τ(a).D(b) +D(a).σ(b) (a, b ∈ A).

It is clear that if σ = τ = idA, where idA is the identity mapping on A, then

a (σ, τ)-derivation is nothing else as an ordinary derivation which was defined as

above. A linear mapping d : A −→ X is called a (σ, τ)-inner derivation if there
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exists x ∈ X such that d(a) = τ(a).x − x.σ(a) for every a ∈ A. These derivations

on Banach algebras are studied by Mirzavaziri and Moslehian in [6, 7, 8].

Let A be a Banach algebra, and let X be a Banach A-bimodule. The set of

all continuous (σ, τ)-derivations from A into X is denoted by Z1
(σ,τ)(A, X) and the

set of all (σ, τ)-inner derivations is denoted by N1
(σ,τ)(A, X). The quotient space

H1
(σ,τ)(A, X) = Z1

(σ,τ)(A, X)/N1
(σ,τ)(A, X), called the first (σ, τ)-cohomology group

of A with coefficients in X.

Let T be a triangular Banach algebra and let X be a unital Banach T-bimodule,

then we use these notations in this paper: XAA = eA.X.eA,XBB = eB.X.eB,XAB =

eA.X.eB, and XBA = eB.X.eA. If X replaced by T, we have XAA = A,XBB =

B,XAB = M, and XBA = 0. Many results concerning the first (σ, τ)-cohomology of

triangular Banach algebras are considered in [4].

Let σ and τ be two homomorphisms on T with the following properties (see

[4]):

σ(eA ⊕ 0) = eA ⊕ 0, τ(eA ⊕ 0) = eA ⊕ 0;

σ(0⊕ eB) = 0⊕ eB τ(0⊕ eB) = 0⊕ eB.

The above relations imply that σ(A) ⊆ A, σ(B) ⊆ B and σ(

[
0 M

0

]
) ⊆ M.

Then σ(

[
a m

b

]
) =

[
σ(a) σ(m)

σ(b)

]
.

2. Main Results

In this section, at first we introduce some new definitions and after those we

will consider the second (σ, τ)-cohomology of triangular Banach algebra. Note that

in the whole of this paper, by T and X we mean that triangular Banach algebra as

defined in Section one and a Banach T-bimodule, respectively.

Definition 2.1. Let A be a Banach algebra, let X be a Banach A-bimodule, and let

σ, τ be continuous homomorphisms from A into X. We say that f ∈ B2(A, X) is a

(σ, τ)-2-cocycle if it is satisfies the following equation:

τ(a).f(b, c)− f(ab, c) + f(a, bc)− f(a, b).σ(c) = 0,

for every a, b, c ∈ A. We denote all of these mappings by Z2
(σ,τ)(A, X). For given

T ∈ B(A, X) let

(δ1T )(a, b) = τ(a).T (b)− T (ab)− T (a).σ(b),

for every a, b ∈ A. The maps {δ1T : T ∈ B(A, X)} is a linear subspace of

Z2
(σ,τ)(A, X). We call these maps (σ, τ)-2-coboundries, and we denote all of these

maps by N2
(σ,τ)(A, X). Finally, we define the second (σ, τ)-cohomology group of A

with coefficient in X to be the linear space

H2
(σ,τ)(A, X) = Z2

(σ,τ)(A, X)/N2
(σ,τ)(A, X).
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By the following Example we show that the space of (σ, τ)-2-cocycle ((σ, τ)-2-

coboundries) maps is wider than 2-cocycle (2-coboundries) maps.

Example 2.1. Let A be a Banach algebra, and let X be a Banach A-bimodule.

(i) Let A = X. Then every 2-cocycle is an (idA, idA)-2-cocycle, where idA is the

identity map on the algebra A.

(ii) Let A = C and φ ∈ ∆(A). A (φ,φ)-2-cocycle is nothing than a point 2-cocycle

at φ.

Definition 2.2. Let γ ∈ B2(T,T), γ1 : T −→ A, γ2 : T −→ M and γ4 : T −→ B

denote the coordinate functions associated to γ. That is

γ(T1, T2) =

[
γ1(T1, T2) γ2(T1, T2)

γ3(T1, T2)

]
,

for T1, T2 ∈ T. Let γ ∈ B2(T,T) be a (σ, τ)-2-cocycle ((σ, τ)-2-coboundries). We say

that γ1 corresponds to a (σ, τ)-2-cocycle ((σ, τ)-2-coboundries) on A if there exists

a (σ, τ)-2-cocycle ((σ, τ)-2-coboundries) τA on A such that γ1(T1, T2) = τA(a1, a2),

where Ti =

[
ai mi

bi

]
.

Similarly, we say that γ4 corresponds to a (σ, τ)-2-cocycle ((σ, τ)-2-coboundries)

on B if there exists a (σ, τ)-2-cocycle ((σ, τ)-2-coboundries) τB on B such that

γ4(T1, T2) = τB(b1, b2).

Lemma 2.2. Let δ ∈ B2(T,T) be a (σ, τ)-2-cocycle ((σ, τ)-2-coboundary). Then

there are corresponding (σ, τ)-2-cocycles ((σ, τ)-2-coboundries) on A and B.

Proof. Define δA : A×A −→ A and δB : B×B −→ B as follows

δA(a1, a2) = eAδ

([
a1 0

0

]
,

[
a2 0

0

])
eA,

and

δB(b1, b2) = eBδ

([
0 0

b1

]
,

[
0 0

b2

])
eB.

It is easy to check that δA and δB are (σ, τ)-2-cocycle ((σ, τ)-2-coboundary).

�

Lemma 2.3. Let X be T-bimodule, δA : A × A −→ XAA, δB : B × B −→ XBB be

(σ, τ)-2-cocycles, and XAB = 0. Then there exists a (σ, τ)-2-cocycle mapping from T

into X.

Proof. For every

[
a1 m1

b1

]
,

[
a2 m2

b2

]
∈ T, define D : T × T −→ X by

D

([
a1 m1

b1

]
,

[
a2 m2

b2

])
= δA(a1, a2) + δB(b1, b2).
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We claim thatD is a (σ, τ)-2-cocycle. Because for every T1 =

[
a1 m1

b1

]
, T2 =[

a2 m2

b2

]
, T3 =

[
a3 m3

b3

]
∈ T, we have

τ(T1).D(T2, T3)−D(T1T2, T3) +D(T1, T2T3)−D(T1, T2).σ(T3)

= τ(T1).(δA(a2, a3) + δB(b2, b3))− δA(a1a2, a3)− δB(b1b2, b3)

+δA(a1, a2a3) + δB(b1, b2b3)− (δA(a1, a2) + δB(b1, b2))σ(T3)

= τ(T1)τ(eA)δA(a2, a3)− δA(a1a2, a3) + δA(a1, a2a3)− δA(a1, a2)τ(eA)σ(T3)

+τ(T1)τ(eB)δB(b2, b3)− δB(b1b2, b3) + δB(b1, b2b3)− δB(b1, b2)σ(eB)σ(T3)

= τ(a1)δA(a2, a3)− δA(a1a2, a3) + δA(a1, a2a3)− δA(a1, a2)σ(a3)

+τ(b1)δB(b2, b3)− δB(b1b2, b3) + δB(b1, b2b3)− δB(b1, b2)σ(b3)

= 0.

This proves our claim. �

Lemma 2.4. Let δA and δB be (σ, τ)-2-coboundaries on A and B, respectively.

Then there exists a (σ, τ)-2-coboundaries δ on T such that δ1 corresponds to δA and

δ2 corresponds to δB, where δ1 and δ2 are coordinate functions associated to δ.

Proof. According to our assumption δA and δB are (σ, τ)-2-coboundaries, therefore

there are bounded linear maps R : A −→ A and S : B −→ B such that δA = δ1R

and δA = δ1S. Consider the map δ : T × T −→ T defined by

δ

([
a1 m1

b1

]
,

[
a2 m2

b2

])
=

[
δA(a1, a2) τ(m1)S(b2) +R(a1)σ(m2)

δB(b1, b2)

]
.

We will show it is the required map. Let F : T −→ T such that

F

([
a m

b

])
=

[
R(a) 0

S(b)

]
.



64 Ali Jabbari, Hasan Hosseinzadeh

Then F is a both linear and bounded map. Also, for every T1, T2 ∈ T we have

(δ1F )(T1, T2) = (δ1F )

([
a1 m1

b1

]
,

[
a2 m2

b2

])
= τ(T1)F (T2)− F

([
a1a2 a1m2 +m2b2

b1b2

])
+ F (T1)σ(T2)

=

[
τ(a1) τ(m1)

τ(b1)

] [
R(a2) 0

S(b2)

]
−

[
R(a1a2) 0

S(b1b2)

]
+

[
R(a1) 0

S(b1)

] [
σ(a2) σ(m2)

σ(b2)

]
=

[
τ(a1)R(a2)−R(a1a2) +R(a1)σ(a2) τ(m1)S(b2) +R(a1)σ(m2)

τ(b1)S(b2)− S(b1b2) +R(b1)σ(b2)

]
=

[
(δ1R)(a1, a2) τ(m1)S(b2) +R(a1)σ(m2)

(δ1S)(b1, b2)

]
= δ

([
a1 m1

b1

]
,

[
a2 m2

b2

])
= δ(T1, T2).

Thus, there exists a linear map F such that δ1F = δ. This means that δ is a

(σ, τ)-2-coboundary. �

Now, we are ready to prove our main Theorem.

Theorem 2.5. Let M = 0. Then

H2
(σ,τ)(T,T) = H2

(σ,τ)(A,A)⊕H2
(σ,τ)(B,B). (2.1)

Proof. Consider the map α : Z2
(σ,τ)(T,T) −→ H2

(σ,τ)(A,A)⊕H2
(σ,τ)(B,B) defined by

δ 7→
(
δA +N2

(σ,τ)(A,A), δB +N2
(σ,τ)(B,B)

)
, (2.2)

where δA and δB are (σ, τ)-2-cocycles that obtained from Lemma 2.2.

For given δA ∈ Z2
(σ,τ)(A,A) and δB ∈ Z2

(σ,τ)(B,B), by Lemma 2.3,D : T×T −→
T defined as follows is (σ, τ)-2-cocycle:

D

([
a1 0

b1

]
,

[
a2 0

b2

])
= δA(a1, a2) + δB(b1, b2).

Then

α(D) =
(
DA +N2

(σ,τ)(A,A), DB +N2
(σ,τ)(B,B)

)
=

(
δ1 +N2

(σ,τ)(A,A), δ1 +N2
(σ,τ)(B,B)

)
, (2.3)

where

DA(a1, a2) = eA(δ1(a1, a2) + δ2(0, 0))eA = δ1(a1, a2),

and

DB(b1, b2) = eB(δ1(0, 0) + δ2b1, b2))eB = δ2(b1, b2).
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Hence, α is onto. Now, we will show that kerα is N2
(σ,τ)(T,T). Let δ ∈ kerα,

then by (2.2), δA ∈ N2
(σ,τ)(A,A) and δB ∈ N2

(σ,τ)(B,B). Then by Lemma 2.4, there

exists D : T −→ T defined as follows

D

([
a1 0

b1

]
,

[
a2 0

b2

])
= δA(a1, a2) + δB(b1, b2),

is (σ, τ)-2-coboundary, and thereupon D ∈ N2
(σ,τ)(T,T). We claim that D = δ.

For proving this assertion we use the following statements that obtaining of these

relations are depend on δ, which it is (σ, τ)-2-cocycle:

(1) δ

([
eA 0

0

]
,

[
0 0

0

])
= δ

([
0 0

0

]
,

[
0 0

eB

])
=

[
0 0

0

]
;

(2) eBδ

([
a1 0

0

]
,

[
a2 0

0

])
eB =

[
0 0

0

]
;

(3) eAδ

([
0 0

b1

]
,

[
0 0

b2

])
eA =

[
0 0

0

]
;

(4) eAδ

([
a1 0

0

]
,

[
0 0

b2

])
eA =

[
0 0

0

]
;

(5) eBδ

([
a1 0

0

]
,

[
0 0

b2

])
eB =

[
0 0

0

]
;

(6) eAδ

([
0 0

b1

]
,

[
a2 0

0

])
eA =

[
0 0

0

]
;

(7) eBδ

([
0 0

b1

]
,

[
a2 0

0

])
eB =

[
0 0

0

]
.

In addition for given T1 =

[
a1 0

b1

]
, T2 =

[
a2 0

b2

]
∈ T, we can write

δ(T1, T2) = eAδ(T1, T2)eA + eBδ(T1, T2)eB. (2.4)

Since δ is a (σ, τ)-2-cocycle and bilinear, so relations (1)-(7) and (2.4), imply

(δ −D)(T1, T2) = δ

([
a1 0

0

]
,

[
a2 0

b2

])
+ δ

([
0 0

b1

]
,

[
a2 0

b2

])
−eAδ

([
a1 0

0

]
,

[
a2 0

0

])
eA − eBδ

([
0 0

b1

]
,

[
0 0

b2

])
eB

= δ

([
a1 0

0

]
,

[
a2 0

0

])
+ δ

([
0 0

b1

]
,

[
0 0

b2

])
+δ

([
a1 0

0

]
,

[
0 0

b2

])
+ δ

([
0 0

b1

]
,

[
a2 0

0

])
−eAδ

([
a1 0

0

]
,

[
a2 0

0

])
eA − eBδ

([
0 0

b1

]
,

[
0 0

b2

])
eB

=

[
0 0

0

]
.
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Therefore δ = D, and this means that δ is (σ, τ)-2-coboundary. Conversely, let

δ ∈ N2
(σ,τ)(T,T). Then by Lemma 2.2 there are (σ, τ)-2-coboundaries δA and δB on

A and B, respectively. Therefore δ ∈ kerα. This means that kerα = N2
(σ,τ)(T,T).

Then

H2
(σ,τ)(T,T) =

Z2
(σ,τ)(T,T)

N2
(σ,τ)(T,T)

=
Z2
(σ,τ)(T,T)

kerα

= H2
(σ,τ)(A,A)⊕H2

(σ,τ)(B,B).

�
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