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A HIGH-PRECISION MODELING FOR WORKPIECES 

BASED ON ALIGNED LINES AND THE FORECASTING OF 

CUTTING MARKS IN NC SIMULATION 

Zhongxu TIAN1, Ye YUAN2 

In numerically controlled (NC) machining simulation, the surfaces of 

workpieces are usually expressed with aligned-lines perpendicular to an xy- plane 

to avoid time-consuming Boolean operation. Since the swept surfaces are usually 

represented analytically, the derivatives with respect to x and y can be calculated 

easily. Based on aligned-line scheme, a new scheme is presented, which uses the 

derivatives to improve the description precision of the workpieces surfaces. The 

cutting marks can also be found out in the new scheme. Two instances show that the 

time cost for computation increases a little more but the simulation precision can be 

improved significantly. 

Keywords: NC Machining; Aligned-lines; High Precision; Derivative; Cutting 

Mark. 

1. Introduction 

Computational simulations are widely used in analyzing tool paths in NC 

machining [1-6]. It can not only simulate the cutting processes but also evaluate 

the cutting performance. Both efficiency and accuracy are required in NC 

simulation. 

The models for workpieces generally include discrete models and 

solid-based models. Many discrete models, e.g., Z-map [7], Z-buffer [8], G-buffer 

[9], ray casting [10] etc., are implemented in machining applications. In most of 

the methods, aligned lines are used to represent the workpieces to avoid 

time-consuming Boolean operation existing in solid models. But the simulation 

accuracy depends on the density of the aligned lines. When high accuracy is 

desired, the computational cost becomes a concern. 

In the aligned-line scheme, the workpiece is approximated by a set of 

aligned lines passing through the grid points on a xy-plane [7]. The machining 

process is simulated through updating the lengths of the lines or the heights with 
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respect to xy-plane after calculating the intersection points between the tool’s 

swept surface and aligned lines. 

The calculating complexity of the tool’s swept surface depends on the 

tool’s shape and movements. Numerous researches focused on deriving the swept 

surfaces of various tools with various movements [11-15]. Accuracy is the main 

measurement of the algorithms’ performance. The algorithms such as positioning 

movement error compensation, linear interpolation movement, and circular 

interpolation movement error compensation are used for error compensation 

purpose [16], and NC program is reconstructed according to the predicted errors 

during virtual machining. The results show that error compensation methods via 

reconstructing NC programs can notably improve the tools’ movement accuracy. 

A mechanistic model for cutting force prediction is proposed by Femandez-Abia 

[17]. This model was developed for machining with nose radius tools considering 

the effect of the edge force due to the rounded cutting edge. The analysis of the 

results shows that the material undergoes a significant change in its behavior 

when machining at cutting speeds over 0.0075m/s, which favors the machining 

operation. The main component of cutting forces reaches a minimum value at this 

cutting speed. A model for the prediction of the cutting forces when turning 

austenitic stainless steels following the approach of mechanistic models is 

presented by Ana Isabel Femandez-Abia [18]. This model provides an estimation 

of the cutting forces with a reasonable precision. It can be used in the 

machine-tools and fixtures design or the optimization of cutting tool geometry. 

The swept surfaces are usually analytically expressed by explicit or implicit 

formulas, and the derivatives of the height functions with respect to x and y can 

also be calculated easily. They both may be used to improve the precision of 

modeling for workpieces. In this paper, a new scheme using the derivatives is 

presented to express the workpieces with higher precision without much 

increment in calculation cost and the cutting marks of the workpieces can also be 

found out with this scheme. 

This paper is organized as follows: Section 2 gives the modeling of the 

workpiece surfaces by borrowing the derivatives of height functions. Section 3 

presents the computational method of the cutting marks. In section 4, the swept 

surfaces of ball-end tools and the derivatives of them are derived as well. Section 

5 illustrates valuation method for the precision of the schemes. Finally in section 

6, two instances are given to investigate the precision of the new scheme with 

respect to Z-map scheme. 

2. Modeling for Workpieces Surfaces  

In Fig.1, the surfaces of a workpiece are composed of many small smooth 

surfaces, which can be expressed in height-function forms with respect to 
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xy-plane. The plane is meshed and described by many nodes and the height 

function near an arbitrary node, i, can be expressed in the following forms: 
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where ( )
i
 are the derivatives values at node i. 

In a four-node element (shaded domain in Fig.1), determined by nodes i, j, 

k and m, the final surface of the workpiece can be expressed in the following form, 

when it is viewed from above: 

( ) ( ) ( ) ( )( )yxwyxwyxwyxwyxw mki ,,,,,,,min),( j=               (2) 

Comparing with other aligned-line based methods, the new method does 

the calculations of 22222 ,,,,, ywyxwxwywxww   at every 

node. Since the swept surfaces of the cutter are usually expressed analytically, the 

abovementioned nodal parameters can be computed conveniently, and the 

formulae for ball-end cutters are given to investigate the new scheme in section 4. 

 
Fig. 1. Aligned-line based method 
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3. Computation of Cutting Mark 

As the surfaces of workpieces can be expressed in more detailed forms in 

the new scheme, cutting marks can be presented with the following method. 

Suppose xy- plane is meshed densely enough, and there is at most one 

cutting mark between any two neighboring nodes. All the possible cutting-mark 

elements are shown in Fig.2 and Fig.3. 

In order to reduce the computation, the cutting-mark elements should be 

selected out in the first place. 

For any two neighboring nodes, i and j, the following formula could be 

satisfied if there is a cutting mark between them:  

 
ryxwyxwyxwyxw

jjjjjiiijiii
−+− ),(),(),(),(

               (3) 

where function wi(x,y) and wj(x,y) are defined as shown in (2). 

Formula (3) indicates that the height results of node i and j, which are 

calculated with wi(x,y)and wj(x,y), are far enough and node i and j lie in different 

patches. That is, wi(x,y) and wj(x,y) are different patch functions and there must 

be a cutting mark between them. 

There are two terms on the left side of the formula (3), which are to 

consider the cutting marks near node i and j, respectively. 

After the cutting marks elements are identified, the points lying on cutting 

marks can be found out by using the following characters.  

Any point, Q(xQ,yQ), on cutting marks should have the following 

characteristics: 

Characteristic 1: There should be at least two nodal functions, wi(x,y) and 

wj(x,y), whose values on the cutting marks are very close, and can be expressed as 

     1
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 where 1t  is a small constant. 

Characteristic 2: The derivatives determined by wi(x,y) and wj(x,y) are 

different enough, which can be presented by 
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where 
2t  is a relatively large constant. 

Using the given characteristic 1 and 2, the points on cutting marks can be 

identified in every element. 
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Fig. 2. Cutting mark in element without intersections (Only one mark in an element) 

 

Fig. 3. Cutting marks in element with intersections (More marks in an element) 

4. Computation of Nodal Parameters for Ball-end Tools 

Since the swept surface model of the ball-end tools is simple, we take it as 

an example to investigate the new scheme for workpieces. 

The movement of ball-end tools composes of many small movements 

along straight paths. As the roads become shorter, the swept surfaces can be 

expressed with higher precision. The swept surfaces of ball-end tools can be 

divided into several sub-domains, which can be expressed analytically, piecewise. 
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In Fig.4, the center of the ball-end cutter moves from position 

A ),,( AAA zyx  to position B ),,( BBB zyx , along a straight road. In this instance, 

the sub-domains are the start-domain, the mid-domain, and the end-domain. They 

match the start-surface, the mid-surface and the end-surface of the swept surface. 

The following section shows the height functions of the swept surfaces in these 

three sub-domains. 

The start-surface and the end-surface are all spherical surfaces with radius 

r, and can be expressed as: 
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And the height functions can be given in the following forms: 
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The directional derivatives of the start-surface are: 
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and those of the end-surface are: 
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The mid-surface is a cylindrical surface, whose axis can be described with 

the following unit vector: 
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For any point P ),,( zyx  attached to the mid-surface, the distance to the 

axis is 
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So, the mid-surface can be expressed in the following equation: 
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For the mid-surface, the directional derivatives can be derived from 

equation (12), shown below: 
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Fig. 4. Swept surface and reflection domain 

5. Valuation of the Precision 

The surface in the shaded domain in Fig.1 is described with nodal 

parameters of node i, j, k and m, which can be computed with formula (1). When 

we focus on the simulation process, fewer additional nodes in element ijkm are 

needed to describe the surface in the shaded domain. But when we focus on the 

error investigations of the machining, more additional nodes are needed instead. 

 

Here, we use the internal height in every element to investigate the 

precision of the new scheme compared with Z- map scheme. The error can be 

computed with the following formula: 

        ewwerror −= .                        (15) 

Where, w is the height from simulation, while we is the exact height. For 

the new scheme given in this paper, height w can be calculated by formula (1). 

For Z-map scheme, the height w is calculated through bi-linear interpolation, 

which is well known in finite element method and can be expressed as: 
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In Fig.5, we add 21 nodes in each element to investigate the precision of 

the schemes. In the next section, two instances are given to test the precision of 

the schemes. 

 

Fig. 5. Additional nodes in each element 

6. Instances for Machining Simulation 

6.1. Instance 1 

Fig.6 shows a five-intersecting-ball surface machining simulation. The 

simulation results are shown in Fig.7 and Table 1. Comparing with Z-map scheme, 

this new scheme costs a little more time however has a much higher precision. 

Fig.8 shows the computational cutting marks using this new scheme. 
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Fig. 6. Simulation instance of five-ball shape cutting 

 
(a)                               (b) 

Fig. 7 Errors of Z-map scheme (a) and of the new scheme (b) for 100x100 meshes 
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Fig. 8. Computation of cutting marks with 100×100 meshes 
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Table.1  

Computational results of five intersecting ball surface machining simulation 

 Z- map scheme New scheme 

Mesh 100×100 1000×1000 100×100 1000×1000 

Nodes 10201 1002001 10201 1002001 

Parameters 10201 1002001 61206 6012006 

Error 3.9 0.29 0.075 0.00012 

Time cost for Computation (Sec) 0.0055 0.54 0.0059 0.58 

6.2. Instance 2 

Fig.9 shows a five-intersecting cylindrical surface machining simulation. 

The simulation results are shown in Fig.10 and Table 2. Comparing with Z-map 

scheme, again it shows that the new scheme costs a little more time but achieved 

much higher accuracy. Fig.11 shows the cutting marks determined by the new 

scheme. 

 

Fig. 9. Simulation instance of five-cylinder shape cutting 

 
(a)                          (b) 

Fig. 10 Errors of Z-map scheme (a) and of the new scheme (b) for 100x100 meshes 
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Fig. 11. Computation of cutting marks with 100×100 meshes 

Table.2 

Computational results of five-intersecting-cylinder surface machining simulation 

 Z- map scheme New scheme 

Mesh 100×100 1000×1000 100×100 1000×1000 

Nodes 10201 1002001 10201 1002001 

Parameters 10201 1002001 61206 6012006 

Error 1.7 0.17 0.019 0.000020 

Time cost for Computation (Sec) 0.039 3.8 0.040 3.9 

7. Conclusions 

The surfaces of the workpieces are composed of small smooth surfaces 

and cutting marks, which characterized of workpieces pattern in cutting 

simulations. This paper proposed a new method that uses many patch functions to 

describe these smooth surfaces. Besides these, more nodal parameters such as the 

derivatives of height functions are also used in this method. Comparison 

investigation shows that, comparing with other normal aligned-lines schemes, 

such as Z-map method, this method increases minor computational cost, but 

increases the simulation precision significantly. Moreover, this new method gives 

more detailed description for the workpiece surfaces, which is useful for the 

determination of cutting marks on workpieces. In the new scheme, the xy-plane is 

meshed into many elements, which will benefit the display of the workpieces with 

VRML forms while in simulation. The new modeling of workpieces might be 

referenced in other aligned-line based methods.  

The new scheme needs derivatives of height functions determined by 

sweep surfaces of tools, which might bring more difficulties while facing com 

sophisticated tools, such as ring tools. 
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