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¢-INJECTIVITY AND CHARACTER INJECTIVITY OF BANACH
MODULES

M. Essmaili!, M. Fozouni?, J. Laali®

In this paper, some homological notions of Banach A-modules such as ¢-
injectivity, 0-injectivity and character injectivity are discussed, where ¢ is a non-zero
multiplicative linear functional on Banach algebra A. We characterize 0-injectivity of
Banach A-modules in terms of ¢-injectivity over the unitization of the Banach algebra
A. With some examples, we show difference between these notions. As a consequence,
we show that for LUC(G), the space of all left uniformly continuous functions on locally
compact group G, as a L'(G)-module these notions are equivalent. This leads to a

generalization of some known results.
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1. introduction

Projectivity and flatness of Banach modules were originally introduced and studied
by A. Ya. Helemskii. It is a well known theorem due to Helemskii that if A is an amenable
(contractible) Banach algebra, then every Banach A-module E is flat (projective) [5, The-
orem VII.2.29]. However, the converse is a long standing open problem yet. Recently,
Nasr-Isfahani and Soltani Renani in [11] introduced and studied the notions of ¢-injectivity
and ¢-flatness for Banach modules which is a somewhat restrictive category of Banach mod-
ules and their morphisms, where ¢ : A — C is a non-zero homomorphism. They obtained
an important connection between the notions ¢-flatness and ¢-amenability introduced by
Kaniuth, Lau and Pym in [6]; see also [7] and [9]. Indeed, it is shown in [11, Proposition 3.1]
that the Banach algebra A is left ¢-amenable if and only if every Banach left A-module E
is ¢-flat. This result gives a positive answer to the above open problem raised by Helemskii
in this homology setting based on character ¢.

Afterwards, the authors in [3] studied some hereditary properties of ¢-injectivity for
Banach A-modules related to the closed ideals of Banach algebra A. It is shown that if J
is a left invariant complemented ideal in A, then ¢-injectivity of J and A/J is equivalent to

the ¢-injectivity of A as Banach left A-module. As a main result, it is shown in [3, Theorem
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3.2] that the semigroup algebra ¢!(N,) as a Banach left ¢*(N,)-module is ¢-injective for
each character ¢, although is not injective. The present paper is as a continuation of this
latter work and organized as follows:

In section 2, after recalling some background definitions and notations we introduce
the notions of O-injectivity and character injectivity of Banach modules. From this follows
the relation between 0-injectivity and ¢-injectivity of Banach modules over the unitization
of Banach algebra A. Using this fact, we can construct many examples of Banach modules
which are not ¢-injective. In section 3, we list some examples on harmonic analysis and show
that the notions 0-injectivity, character injectivity and injectivity are different. Moreover,
we concentrate on character injectivity of some classes of Banach modules over the group
algebra L'(G). Indeed, we prove that the notions of injectivity and character injectivity are
equivalent for some classes of Banach modules. This result generalizes a known result due

to Nasr-Isfahani and Soltani Renani.

2. ¢-injectivity and O-injectivity

Suppose that E and F are Banach spaces. We denote by B(E, F') the set of bounded
linear operators from FE into F. For a Banach algebra A, we also denote by A-mod the
category of Banach left A-modules. For each E, F € A-mod, let 4B(E,F) be the closed
subspace of B(FE, F') consisting of the left A-module morphisms. An operator T' € B(FE, F)
is called admissible if there exists S € B(F,E) such that T o SoT = T. A Banach left
A-module E is called injective if for each F, K € A-mod and admissible monomorphism
T €4B(F, K), the induced map s B(K,E) — 4 B(F, E) is onto. Throughout the paper, we
regard the space B(A, E) as a Banach A-bimodule with the following module actions:

(a-T)(b) =T(ba), (T-a)(b)=T(ab) (T € B(A, E),a,bec A).

Let A(A) be the set of all characters of the Banach algebra A, ¢ € A(A) and E € A-mod.
We set,

I(¢,FE) =span{a -z — ¢(a)r:a € A,x € E}.

We recall that ¢-injectivity of Banach modules was first introduced by Nasr-Isfahani and

Soltani Renani in [11].

Definition 2.1. Let A be a Banach algebra, ¢ € A(A) and E € A-mod. We say that E
is ¢-injective if, for each F, K € A-mod and admissible monomorphism T : F — K with
I(¢,K) CIm(T), the induced map T :aB(K,E) — s B(F,E) defined by Tp(R) = RoT
15 onto.

Let E € A-mod and A* = A x C denotes the unitization of A. Then E is a Banach
left A*-module with the following left module action:

(a,N) - z=a-z+4+ M\ (ae A, eC,z € E).
According to [11], 4 B(AF, E) is the set of all T € B(A*, E) satisfy

T(ab— ¢(b)a) =a-T(b— ¢(b)e*)  (a,be A),
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where e = (0,1) denotes the unit of A*. For each a,b,c € A and T €,B(A* E),

(c-T)(ab — ¢(b)a) = T(abc — ¢(b)ac)
T(a(be — p(b)c))-
By definition, since ¢(bc — ¢(b)c) = 0 and T €,B(A*, E) we conclude that,
(c-T)(ab— ¢(b)a) = a-T(bc — ¢(b)c)
—a (e T)(b— d(b)eb).
This follows that 4B(A*, E) is a closed A-submodule of B(AFf, E). Moreover, the canonical
morphism I1 : E — B(A*, E) is regarded as follows:
I(z)(a) =a-x (x € E,ac AY).

It is straightforward to check that Im(IT) C4B(A*, E). According to this fact, the canonical

map II can be denoted by 4II as a map from E into 4 B(A*, E). The following theorem gives
a characterization for ¢-injectivity in terms of a coretraction problem; see [11, Theorem 2.4].

Theorem 2.1. Let A be a Banach algebra and ¢ € A(A). For E € A-mod the following
statements are equivalent.

(i) E is ¢-injective.

(ii) There ezists a left A-module morphism 4p :3B(A*, E) — E such that is a left inverse

for the canonical morphism 411

In this section, we first give the definition of 0-injectivity and character injectivity
of Banach left A-module. Also, we obtain relation between O-injectivity of Banach left
A-modules and ¢-injectivity of Af-modules.

Similar to [11], for each F' € A-mod we can define,

0B(A¥ E) = {T € B(A*E) : T(ab) = a - T(b) for all a,bc A},
which is a closed left Banach A-submodule of B(A* E).

Definition 2.2. Let A be a Banach algebra and E € A-mod. We say that
(i) E is 0-injective if there exists a map op :0B(A*, E) — E such that is a left A-module

morphism and a left inverse for the canonical morphism oll.
(ii) F is character injective if F is ¢-injective for each ¢ € A(A) U {0}.

Proposition 2.1. Let A be a Banach algebra and E € A-mod. Then E is 0-injective if
and only if for each F, K € A-mod and admissible monomorphism T : F — K for which
A-K =span{a-k;a € A,k € K} CIm(T), the induced map Tg :aB(K,E) — aB(F, E) is
onto.

Proof. Tt is clear that oII is an admissible monomorphism from E into ¢B(A*, E). First,
suppose that for each F, K € A-mod and admissible monomorphism 7" : ' — K for which
A-K =span{a-k:a€ A ke K} CIm(T),

the induced map Tx :4B(K,E) —4B(F, E) is onto. Take F = E, K = B(A* E) and
T =¢II. Then A- K CIm(oII) and a - T =¢II(T'(a)), for each a € A and T € K. Hence, for
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the identity map Ig €4B(F, E) =4B(E, E), there exists p €4aB(K, E) =aB(oB(A' E), E)
such that po gl = poT = Ig. It follows that F is 0-injective.

Conversely, let E be O-injective. Suppose that F; K € A-mod and T : F — K is
an admissible monomorphism such that, A- K C Im(7T). Let W €4B(F, E) and define the
map R: K — (B(A* E) by

R(k)(a)=WoT'(a-k) (ke K,ac AY),
where 1" € B(K, F) satisfies T oT' o T = T. We show that R is well defined, i.e., R(k) €
0B(A* E) for each k € K. So, we will show that R(k)(ab) = a - R(k)(b) for each a,b € A.

By assumption A - K C Im(7T) and so there exist f, f* € F such that b-k = T(f) and
ab -k =T(f"). Therefore,

a-REYD)=a - WoT (b-k)=a -WoT (T(f))
=a-W(f)=W(a-f)
and,
R(k)(ab) =W oT'(ab-k) =W o T'(T(f")) = W(f).
On the other hand,
Ta-f)=a-T(f)y=a-(b-k)=ab-k=T(f").
Hence,
a-f=ToT(a-f)=T oT(f) = f.
Therefore, a- f = f’ and this implies that a - R(k)(b) = R(k)(ab). Moreover, for each b € A
we have
R(a-k)(b)=WoT'(b-(a-k)) =W oT (ba k)
= R(k)(ba) = (a - R(K))(b)-
It follows that R(a-k) = a-R(k). Now, take S = gpoR € 4B(K,FE). Since RoT = oIlloW,
we conclude that S oT' = W and the proof is complete. O

Recall that for a Banach algebra A, ¢ : A¥ — C denotes the character on A* defined
by ¢oo(a,A) = A. In the following theorem, we obtain the relation between 0-injectivity of
Banach A-modules and ¢.-injectivity of Banach modules over the unitization of Banach
algebra A.

Theorem 2.2. Let A be a Banach algebra and E € A-mod. Then the following are equiv-
alent:

(i) E € A-mod is O-injective.

(i) E as a left At-module is ¢oo-injective.

Proof. (i)=-(ii) Suppose that E € A-mod is O-injective. Thus, there exists a left A-module
morphism p :gB(A*, E) — E such that po oIl = I5. Note that for each T€ ,_B((A%)* E),
we have 7| € 0B(A* E). Now, we define the map p :4_ B((A*)f, E) — E by

pT)=p(T),,) (Te€ 4 B(A,E)).
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Hence, for each T € 4_B((A*)% E) and (a,\) € A%,
p(a,A)-T) = p((a,A) - T} ,,) = pla-T),,) + Ao(T],,)
a-p(T),,)+(T},,) = (a, A) - p(Tj )
= (a,A) - p(T).
On the other hand, for each x € E we have
(o g AD)(@) = p( 9. T(2)),,) = p(oIl(z)) = 2.

This follows that E as a left A*-module is ¢o.-injective.

(ii)=(i) Suppose that E as a left Af-module is ¢-injective. So, there exists a left
A*-module morphism p : 4_B((A*)* E) — E such that po 4 _II = Ip. Now, define the
map j: oB(A E) — E by

pT) = p(T) (T B4 E)),
where the map T : (A%)* —s E is defined by
T(((a,\), 1)) = T(a, A\ +p)  (a€ A peC).
First, note that for each (a,\), (b, u) € A* we have

(@, A) - T((by 1) = boo (b p)e(anys) = (a, A) - T(((b, 1), —p1))
= (a,\) - T(b,0)
= (a,0) - T((b,0)) + AT((b, 0)).

Since T €oB(A!, E), we have

(a,2) - (b, 1) = oo (b m)earyz) = T((a,0)(b, 0)) + AT((b,0))
(ab+ Nb,0))
((ab+ Ab),0),0))
(ab+ Ab+ pa, Ap) — (ua, pA))
(a, A)(b, 1) = boo (b, p1)(a; A)).-
This follows that T € 6. B((AH)? E) and so p is well defined.

On the other hand, for each @ € A and T € (B(A!, E),

=T
= T(
= T
= 1(

pla-T)=pla-T)=pla-T)=a-p(T) =a-pT),

and
(po oll)(z) = p(oll(2)) = p( ¢ (z)) =2 (z € E).
Now, we conclude that £ € A-mod is O-injective and the proof is complete. |

The following is an analogous result of [12, Proposition 3.1] which holds for ¢-
injectivity of Banach modules.



48 M. Essmaili, M. Fozouni, J. Laali

Proposition 2.2. Let A be a Banach algebra, ¢ € A(A), S C A* and E € A-mod. Suppose
that T € 4B(A%, E) satisfies the following relation

T(ab) =a-T(b) (ac A*beS).
If E is ¢-injective, then there exists xg € E such that T(b) =b-xq for each b € S.

Proof. Since E is ¢-injective there exists p €4 B(,B(A*, E), E) such that poyIl = I. Now,
the result follows by taking xo =p(T). O

Proposition 2.3. Let A be a Banach algebra, ¢ € A(A) and B be a subalgebra of A. Then,

(i) if A as a left B¥-module is doo-injective, then there exists ag € A such that b = bag
for all b € B.
(i) if A as a left A*-module is ¢oo-injective, then A has a right identity.
(iii) if A is a Banach algebra with a left approzimate identity and A as a left A¥-module is

doo-injective, then A is unital.
Proof. (i) Let T : (B*)* — A defined by
T((b,A\),u)=b (be B\, pueC).
For each a,b € B and A\, u € C, we have

T(((aa /\)v O)((b7 ,U), O) - ¢m((b, ,LL), 0)(((1, A)ﬂ 0)) =ab+ Ha + Ab— Ha
=ab+ A,

and
((a’7 )‘)?O> : T(((b’ :U’)vo) - ¢oo((b7 M),O)((0,0), 1)) = ((a7 )‘)’ 0) b =ab+ A\b.
Therefore, T € %QB((Bﬁ)ﬁ),A). On the other hand, for all a,b € B and A, u € C we have
T(((a; A), p)((5,0),0)) = ab+ Ab+ ub = ((a,\), 1) - T(((b, 0),0)).

By Proposition 2.2 with £ = A and S = B, we conclude that there exists ag € A such that
b = bag for all b € B.

(ii) This easily follows from the part (i) with B = A.

(iii) Let (en) be a left approximate identity for A. According the clause (ii), suppose
that ag is a right identity for A. Hence e, = e,a9p — ag and for each a € A, we have

€al — @,  €e,a — apd.
It follows that ag is an identity of A. O
Theorem 2.3. Let A be a unital Banach algebra. Then A € A-mod is 0-injective.
Proof. Let e be the identity of A. Define the map p :0B(Af, A) — A by
p(T) =T(e) (T €oB(A*, A)).
It is obvious that p is a left inverse for ¢II, because for each a € A we have,

(p ooll)(a) = (oI1(a))(€) = ca = a.
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Moreover, for each a € A and T €9B(A*, A),
pla-T) = (a-T)(e) = T(ea) = T(a)
=T(ae) =a-T(e)=a-p(T).
It follows that p is a left A-module morphism. Therefore, A € A-mod is 0-injective. |

As a consequence, we characterize O-injectivity of A € A-mod, in the case where A

has a left approximate identity.

Corollary 2.1. Let A be a Banach algebra with a left approxzimate identity. Then the
following are equivalent:

(i) A€ A-mod is 0-injective.

(ii) A has an identity.

Proof. (i)=(ii) Apply Theorem 2.2 and Proposition 2.3(iii).
(ii)=-(i) This follows from Theorem 2.3. O

Example 2.1. Consider the Banach algebra A = A4(X) [11, Example 2.5] where X is a
Banach space with dim(X) > 2 and ¢ € X'\ {0} and the multiplication is defined by

ab = ¢(a)b (a,be A).

This Banach algebra has a left identity but does not have any right identity. Using Corollary
2.1, it follows that A is not O-injective in A-mod. Moreover, A € A-mod is ¢-injective
[11, Example 2.5].

We finish this section with a result on left invariantly complemented ideals. Let X be
a Banach left A-module and Y be a Banach A-submodule of X. Following [4, Definition 6.3],
we say that Y is left (right) invariantly complemented in X if there exists a P € 4B(X,Y)
(P € Ba(X,Y)) such that P2 = P and P(X) =Y.

Proposition 2.4. Let A be a Banach algebra and I be a closed ideal of A. Then,
(i) if A/T as a left A¥-module is doo-injective, then I has a right modular identity.

(ii) 4f I is left invariantly complemented and I as a left A*-module is ¢oo-injective, then
there exists bg € I such that a = aby for all a € I.
(iii) if I is left invariantly complemented and I" as a left A*-module is ¢oo-injective, then

I has a bounded right approximate identity.
Proof. (i) Consider the operator T : (A*)* — A/I defined by
T(((a,A),p)) =a+1 (a€ A\ pueC).

Now, apply Proposition 2.2.

(ii) Since I is left invariantly complemented there exists a projection P € 4B(A, A)
such that P(A) = I. Define T : (A")® — I by T(((a,\),n)) = P(a). Foreach b€ I, a € A
and scalars A, u we have

T(((a,\), 1)((b,0),0)) = P(ab+ Ab + ub) = ab+ Ab+ pb = ((a, \), p) - T(((5,0),0)).
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Moreover,

T(((a; A), 0)((b, 1), 0) = doo (b, 1), 0)((a; A), 0)) = P(ab + pa + A\b) — P(pa)
= P(ab+ Ab),

and

((a,A),0) - T(((b, 1), 0) = Pos (b, 1), 0)((0,0),1)) = ((a, A),0) - P(b)
=a- P(b) + P(\b)
= P(ab+ \b).
Now, using Proposition 2.2 the proof is complete.
(iii) Suppose that T : (A#)® — I is defined by T'(((a,\), 1)) = P(a). Hence similar
to the proof of part (ii), there exists ® € I’ such that for all a € I,

—

a-®=Pa) =a.

Now, the result follows from the Goldstine and Mazur Theorems; see [1, A.3.29, (i), (ii)]. O

3. Some examples on harmonic analysis

In this section, with some examples we show difference between 0-injectivity, character

injectivity and injectivity of Banach modules.

Example 3.1. Let ¢*(N,) be the semigroup algebra on semigroup S = (N,A\) with the
following product:

NxN-—N, (m,n) — mAn=min{m,n}.

It has been proved in [3, Theorem 3.2] that (*(N,) as a Banach left £*(N)-module is ¢-
injective, for each ¢ € A(L*(N,)). Since £1(N,) is a non-unital Banach algebra with a
bounded approzimate identity, by Corollary 2.1, we conclude that £*(N,) as a Banach left

1 (Np)-module is not 0-injective.

Example 3.2. Let (*(Ny) be the semigroup algebra on semigroup S = (N,V) with the
following product:

NxN-—N, (m,n) — mVn=max{m,n}.

It is proved in [3, Theorem 3.3] that (*(Ny/) as a Banach left (*(N))-module is ¢-injective for
each ¢ € A(L1(Ny)). Moreover, since £*(Ny) is unital we conclude that (*(Ny) as a Banach
left £*(Ny)-module is character injective. Recall that by a modification of [12, Theorem 4.8]
for right modules, we conclude that co(Ny) as a Banach right (*(Ny)-module is not flat.
Thus (*(Ny) as a Banach left (*(Ny)-module is not injective.

In the sequel, we concentrate on character injectivity of some classes of Banach mod-

ules over the group algebra L!(G) and the measure algebra M(G).

Example 3.3. For a locally compact group G, by Corollary 2.1, we conclude that L'(G) €
LY(G)-mod is O-injective if and only if G is discrete. Moreover, it follows that M(G) €
M(G)-mod is 0-injective. Recall that M (G) € M(G)-mod is injective if and only if G is
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amenable [13, Table 3.1, Page 50]. Similar to [13, Theorem 3.1.2], M(G) € L*(G)-mod is

O-injective.

For a locally compact group G, the space of all bounded left uniformly continuous
functions LUC(G), is a closed submodule of L>°(G) as a Banach M (G)-bimodule. Thus, we
can regard LUC(G)’ as a Banach M (G)-bimodule with the dual module actions; for more
details see [1] and [10]. It is shown in [10, Theorem 2.6] that LUC(G)’ as the Banach left
(right) M (G)-module is injective if and only if G is amenable . In the following, we prove
that LUC(G)' as the Banach left M (G)-module and L!(G)-module is always O-injective.

Theorem 3.1. Let G be a locally compact group. Then we have
(i) LUC(G)" € LY(G)-mod is 0-injective.
(ii) LUC(G) € M(G)-mod is 0-injective.

Proof. (i) By Theorem 2.2, it suffices to show that LUC(G)’ as a Banach left L!(G)*-module
is poo-injective. Since ker ¢, = L'(G) has a bounded approximate identity, it follows from
[6, Proposition 2.1] that L'(G)* is ¢oo-amenable. Now, by [11, Proposition 3.1] we conclude
that LUC(G)" € L*(G)*-mod is ¢o-injective and the proof is complete.

The clause (ii) follows by a similar argument. O

In the following, we show that for some classes of Banach modules the notions 0-
injectivity, character injectivity and injectivity are equivalent. This leads to a generalization
of [10, Theorem 2.4].

Theorem 3.2. Let G be a locally compact group. Then the following statements are equiv-
alent:
(i) LUC(G) € LY(G)-mod is injective.
(i) LUC(G) € L*(G)-mod is character injective.
(ili) LUC(G) € L*(G)-mod is O-injective.
)

(iv) G is discrete.

Proof. The implications (i)=-(ii) and (ii)=-(iii) are obvious. By [10, Theorem 2.5] , the
statement (i) and (iv) are equivalent.

(iii)=(iv) Let LUC(G) as a Banach left L'(G)-module be 0-injective. Thus, there
exists a left inverse p€ 11 B(oB(L*(G)*, LUC(G)), LUC(G)) for the canonical morphism
oll. Define the map Q : L=(G) — oB(LY(G)*, LUC(G)) b

Q(g)((fv)‘)):fg ()‘GC7fGL1<G)’g€LDO(G))'

It is easy to check that @ is well defined. On the other hand, we have

Q(h)((f,0) = oll(R)((f,0))  (he LUC(G), f € L'(G)).

Now, we show that po @ : L®(G) — LUC(G) is a projection. Let (e,) be a left bounded
approximate identity for LUC(G) in L*(G). Thus for all h € LUC(G) we have,

P(Q(R) — h) = lim e - p(Q(h) —HI(h)) = lim p(eaQ(h) — e0 oT1(h)) = 0.

Now, since LUC(G) is a closed subspace of Cy(G) which contains Cy(G), the result follows
from [8, Theorem 4]. O
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We finish the paper with the following open problem.
Let G be a locally compact group. It is shown in [2, Theorem 4.9] that L'(G) €

L'(G)-mod is injective if and only if G is amenable and discrete. Now, suppose that
L'(G) € LY(G)-mod is character injective. By Corollary 2.1, it follows that L!(G) has an

identity and so G is discrete, but we do not know whether G is amenable.

Open problem: Are the following statements equivalent?

(i) L'(G) € L}(G)-mod is character injective.

i) G is amenable and discrete.

(ii
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