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CONTINUOUS SOLUTIONS OF PARAMETRIC COMPLETELY
GENERALIZED MIXED IMPLICIT QUASI-VARIATIONAL
INCLUSIONS

Yangging Qiu*', Nan Li%, Liwei Liu?

In this paper, by using the selection technique of set-valued map-
pings, under suitable conditions, we prove that the solution set of the parametric
completely generalized mized implicit quasi-variational inclusion problem (PCG-
MIQVIP) involving set-valued mappings is nonempty closed convex, and the PCG-
MIQVIP has continuous solutions with respect to the parameters. Our results are
supplement and complement for many known results in this field.
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1. Introduction

In recent years, by utilizing novel and innovative techniques, variational in-
equalities have been extended in different directions. Many scholars have done a
lot of researches on various classes of parametric variational inclusions involving
set-valued mappings, for example [1, 2, 3, 4, 5, 6]. Their research results focus
on the existence of solutions, the closeness of the solution set, the continuity and
Lipschitz continuity of the solution set with respect to the parameter. Very recent-
ly, the sensitivity analysis of the solution mappings of variational inequalities was
performed in [7, 8]. Several quantitative semicontinuity properties of the solution
mapping to parameterized set-valued inclusions are studied in [9]. And continuous
solutions of perturbed evolution inclusions [10], iterative algorithms of variational
inclusions [11, 12, 13] are established. However, their research results do not mention
the convexity of the solution set and the existence of (Lipschitz) continuous solu-
tions. Under what circumstances do the parametric set-valued variational inclusion
problems have (Lipschitz) continuous solutions? It is still an open question.

Throughout the paper, unless otherwise stated, let H be a real Hilbert space,
Q be a nonempty open subset of H in which the parameter \ takes values, C(H) be
the family of all nonempty compact subsets of H. Let N : H x H x H x Q) — H,
W :HxHxQ — H,mi,j: HxQ — H and h : H — H be single-valued
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mappings. Let A, B,C,D,E,F and G : H x Q — C(H) be set-valued mappings.
Let M : Hx H x Q — 2% be a set-valued mapping such that for each given
(f,A) € HxQ, M(-,f,\) : H — 2 is a h-maximal monotone mapping with
(G(H,\) — m(H,\)) Nndom M(-, f,\) # (. The following parametric completely
generalized mixed implicit quasi-variational inclusion problem (PCGMIQVIP) is
introduced by Ding [1]:

for each (A\,w) € @ x H, find z = z(\) € H, a = a(z,\) € A(i(z,\),\), b =
b(xz,\) € B(z,\), c=c(z,\) € C(xz,\),d=d(z,\) € D(z,)\), e =e(x,\) € E(z, ),
f=flx,\) € F(z,\), g =g(z,\) € G(x, A) such that

we W(jle,\),a,\) — N(b,c,d,\) + M(g — m(z,\), f, \). (1)

For a suitable choice of the mappings, Ding [1] points out that the PCG-
MIQVIP (1) includes a number of (parametric) generalized quasi-variational in-
clusions studied by many authors as special cases [14]. In Ding [1], by applying
resolvent operator technique of A-maximal monotone mapping and the property of
fixed points of set-valued contractive mappings, the solution set of the PCGMIQVIP
(1) is proved to be nonempty and closed, the continuity and Lipschitz continuity of
the solution set with respect to the parameter are established. And the following
proposition holds.

Theorem 1.1. (1], Theorem 3.1 and Theorem 3.3) The following statements are
equivalent:

(i) For each (\,w) € Q x H, (z,a,b,c,d,e, f,g) (x € H) is a solution of the
PCGMIQVIP (1);

(ii) (z,a,b,c,d,e, f,g) (x € H) satisfies

g=m(z,\)+ Rﬁ/l(,7f’>\)’p[h(g —m(x,\) — pW(j(e,\),a,\) + pN (b, c,d, \) + pw],

where p > 0 is a constant, R%(_f/\)p = (h+pM)~t : H — H is the resolvent

operator of the h-mazximal monotone mapping M ;
(iii) The set-valued mapping Q : H x Q — 2H defined by

Qz,A) = U [z = (g —m(z,}))
acA(i(z,\),\),be B(x,\),ceC(x,\),deD(x,\),ec E(x,\), fEF (x,X),9€G(x,\)
+ R}](/[(-,f,)\),p(h(g - m(x, A)) - pW(](e7 )‘)7 a, )‘) + pN<b7 ¢, da A) + pw)]
(2)

has a fized point x = z(\).

By Theorem 1.1, the solution set S()\) of the PCGMIQVIP (1) can be denoted

as
S\) ={u=u(N) € Hlu € Q(u,\)}.

The main aim of this paper is continued to study the behavior and sensitivity
analysis of the solution set S(\) of the PCGMIQVIP (1). We concern the following
aspects:

(1) We further discuss the convexity of the solution set S(A).

(2)We further examine the existence of (Lipschitz) continuous solutions of the
PCGMIQVIP (1), including the minimal selection, the Chebyshev selection and the
barycentric selection.
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2. Preliminaries

In this section, we recall some concepts. And for brief, we will no longer
describe the definitions and lemmas involved in [1].

Let K be a subset of a metric space X, the closed ball and the open ball of
the radius » > 0 around K in X are denoted by

B(K,r)={z € X|d(z,K) <r}
and
C(K,r)={z e X|d(z,K) <},

respectively.

Definition 2.1. [15, 16] Let X and Y be metric spaces, F : X — 2¥ be a set-valued
mapping. Then F is called to be

(1) (a) upper semi-continuous at xo € dom(F), if for any neighbourhood V' of
F(xq), there exists a neighbourhood U of xq, such that for any x € U, F(x) C V.

(b) lower semi-continuous at xo € dom(F), if for any y € F(xo) and for any
{zn} C dom(F), x, — g, there exists y, € F(xy), yn — y as n — oo.

(¢c) continuous at xg € dom(F), if it is both upper semi-continuous and lower
semai-continuous at xg.

(d) continuous on dom(F), if it is continuous at every point x € dom(F’).

(2) Hausdorff lower semi-continuous at xog € dom(F), if for any € > 0, there
exists p > 0, such that

F(z9) C B(F(x),¢), Vx € B(xo,p).
(3) L-Lipschitz continuous, if there exists a constant L > 0 such that for any
z,y € dom(F),
F(z) € B(F(y), Lllz —yl)
or
F(x) c C(F(y), Lllz — yl])-
(4) L-H-Lipschitz continuous, if there exists a constant L > 0 such that
H(Fz,Fy) < Lz —yl|, Vx,y€ dom(F).
(5) convex, if for any x,y € dom(F), ¥t € [0, 1], there exists
tF(z)+ (1 —t)F(y) C F(tz + (1 —t)y).

Remark 2.1. (i) Similarly, according to Definition 2.1 (5), F : X1 x Xo — 23 is
convez, if for any x;,y; € X;,i =1,2, Vt € [0,1], there exists

tF(z1,22) + (1 —t)F(y1,y2) C F(trr + (1 — t)y1, tra + (1 — t)y2).

(ii) If F' is Hausdorff lower semi-continuous, then F is lower semi-continuous.

(see [17], Pi7)

Definition 2.2. Let X and Y be two Banach spaces, F : X — 2Y be a set-valued
mapping with nonempty images.

(1) ([15], Pss5, Definition 9.1.1) A single-valued mapping f : X — Y is called
a selection of F, if for every x € X, f(x) € F(x). If f is also continuous, then f is
called a continuous selection of F.
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(2)([15],Ps360) If Y is a Hilbert space, or more generally, a reflexive strictly
convex space, and F has closed convex images, then the single-valued mapping m :
X — Y defined by

m(z) = m(F(z)) = {u € F(z)|||u| = minyepe)llyll}
1s called the minimal selection of F'.

(3) ([16], Py4, Definition 1) Let Y be a Hilbert space. Assume that for any
x € dom(F), F(x) has bounded values, r. and c¢(F(x)) are the Chebyshev radius and
Chebyshev center of F(x), respectively. Then the single-valued mapping ¢ : X —'Y
defined by

c(x) = c(F(x)) = () {k|F(x) C B(k,p),k € Y},
pP>Te
1s called the Chebyshev selection of F.

(4) (116], P77) Let Y = R™, F(z) be a compact convex body, i.e., a compact
convex set with nonempty interior, my(B1(F(x))) be the n-dimensional Lebesque
measure of B1(F(x)). The single-valued mapping b : X — R™ defined by

aent)

—_—— xdmy,, Yz € dom(F),
mn(B1(F(2))) JB,(F(x))

18 called the barycenter selection of F.

Remark 2.2. If the solution set S(\) of the PCGMIQVIP (1) is nonempty, u(\)
is a selection of S(X), then obviously, u(X) is a solution of the PCGMIQVIP (1).

Lemma 2.1. ([16], Pry, Theorem 1) Let X be a metric space and Y be a Hilbert
space, F : X — 2Y be a continuous mapping with closed convex values. Then the
mapping x — m(F(x)) is continuous, where m(F(x)) is the minimal selection of F

b(x) = b(B1(F(x))) =

Lemma 2.2. ([17], Py;, Theorem 2.3.7) Let X be a normed space and Y be a
Hilbert space, F : X — 2Y be a mapping with bounded closed convex values. If F is
upper semi-continuous and Hausdorff lower semi-continuous, then the single-valued
mapping f(x) = c(F(x)) is continuous, where c¢(F(x)) is the Chebyshev selection of

Lemma 2.3. ([16], Pr7, Theorem 1) Let X be a metric space, Y =R", F : X — 2V
be a Lipschitz continuous mapping with compact convexr values. Assume moreover
that for some R > 0, F(x) C B(0, R), for every x in X. Then the single-valued map-
ping b(x) = b(B1(F(x))) is Lipschitz continuous, where b(B1(F(x))) is the barycen-
ter selection of F(x).

Lemma 2.4. Let F : X — 2Y be a L-H-Lipschitz continuous set-valued mapping.
Then F' is upper semi-continuous and Hausdorff lower semi-continuous.

Proof. Since F : X — 2¥ is L-H-Lipschitz continuous, V1, zs € dom(F), we have

H(F(x1), F(z2)) = max{ sup d(u,F(x2)), sup d(F(z1),v)} < Lllx1 — 22l
u€F (1) vEF (22)

where d(u, K) = inf,ck ||u — v||. Then
F(z2) C B(F(x1), L||z1 — x2]]).
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On the one hand, for Ve > 0, let V = C(F(x1),¢), a neighbourhood of F(x;),
we take 6 = £ and U = {z|||z — z1]| < J,2 € dom(F")}, then for any x € U, we have
€

H(F(21), F(z)) < Ll|lzy -2l < L-

€. (3)

This implies that
F(z) C C(F(z1),¢).

That is, F'(x) C V. By Definition 2.1 (1), we conclude F'(z) is upper semi-continuous
at x1. Because of the arbitrariness of x; € dom(F), x — F(x) is upper semi-
continuous on dom(F).

On the other hand, by (3), we can obtain

F(z1) C C(F(x),¢).
That is,
F(z1) ¢ ({C(F(z),e)}.

xcU
By Definition 2.1 (2), F'(z) is Hausdorff lower semi-continuous at z = x;. By the
arbitrariness of z; € dom(F'), z — F(z) is Hausdorff lower semi-continuous on
dom(F). O

3. Main results

In this section, we study the convexity of the solution set S(\) and the exis-
tences of continuous solutions for the PCGMIQVIP (1).

We list the following hypotheses for convenience.

(H)N:HxHxHxQ—H W:HxHxQ—H,mij:HxQ—H
and h : H — H are linear single-valued mappings.

(Hy) A,B,C,D,E,F,G : Hx Q — C(H) and M : H x H x Q — 21 are
convex set-valued mappings.

(Hs) A, B,C, D, E, F and G are Lipschitz continuous in the first argument with
constants L4, Lp, Lo, Lp, Ly, Ly and Lg, respectively. Moreover G is §-strongly
monotone in the first argument.

(H4) m,i and j are Lipschitz continuous in the first argument with constants
L,,, L; and Lj, respectively.

(Hs) h is r-strongly monotone and Lj-Lipschitz continuous.

(Hg) N is y-relaxed Lipschitz continuous in the first argument with respect to
B and o-pseudo-contractive in the second argument with respect to C. N is Lipschitz
continuous in the first, second and third arguments with constants Ly1, Lys and
L3, respectively.

(H7) W is Lipschitz continuous in the first and second arguments with con-
stants Ly and Lyys, respectively.

(Hg) M is a mapping such that for each given (f,\) € H x Q, M(-, f, ) :
H — 2 is a h-maximal monotone mapping satisfying (G(H,\) — m(H,\)) N
dom M(-, f,\) # 0.

(Hg) There exists a constant y > 0 such that

1B (o) p(2) = Birg gy o < pllz —yll, V(z,9,2,0) € Hx Hx Hx Q.
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(Hyo) There exists a constant p > 0 such that
y—o—rql=k)| _VIr—o—rq(l =K} - (p* - )01 - r?(1 - k)?)

p_

72— 2= ,
or
t(p) :%[\/1 —2p(y—0)+ p*(LniLp + Ly2Lc)? + p(LnsLp + LwiL;LE
+ LwaL;L4)],
61 =k +t(p) < 1,
where

1 Lo+L
k= <1+) <\/1—25+L2G+Lm> G RO M oy 12 4 pLp <1,
T T

p=Ln1Lp+ LnoLc > LysLp + Lw1L;jLg + LwoL;La = q,
v >0 +rg(l—k)+/(p? — ) (1 - r2(1 - k)?).

(Hy1) For any © € H, A — A(z,A\), A — B(z,A), A — C(z,A), A —
D(z,\), A = E(z,\), A = F(z,\), A\ = G(z,\), X\ = h(z,\), A — m(x,\),
A = i(z,\) and A — j(x,\), are Lipschitz continuous (or continuous) with con-
stants la, I, lc,Ip, g, lF,lq,lh, lm, l; and [, respectively. For any a,b,c,d, f,z € H,
A= N(bye,d,\), A = W(a,c,\) and X\ — R%(_ f}\)p(z) are Lipschitz continuous
(or continuous) with constants [y, Iy and [g, respectively. And suppose

L
0y = <1 + :) (lG + lm) + g[LWI(leE + lj) + LWQ(LALZ‘li + Lal; + ZA)

+lw + Lnilg + Lyole + Lyslp + lN] + wlp + lg.
(Hi2) For any u € dom Q(-,\), there exists a constant R > 0 such that
Q(u,\) C B(0, R).

Theorem 3.1. Assume that A, B,C,D,E, F,G,M, N, m,t,j,h and W are the same
as which in the PCGMIQVIP (1).

If S(\) # 0, hypotheses (Hy) and (Hz) hold, then for each \ € 2, the solution
set S(\) of the PCGMIQVIP (1) is a convex set.

Proof. First, we assume that (Hy) holds and fori = 1,2, z;,u; € H, f(x;) € F(x;, A),
g(x;) € G(x;, \) satisty
x; = x; — g(z;) + m(x;, \) + R;L/[(,,f(wi)?/\)’p(ui).

That is,

g(wi) = m(i, A) = Ry pan ) p(t)-
Now for any t € [0, 1], we prove that

t(g(z1) —m(z1, A)) + (1 = t)(g(z2) — m(z2, ) n

= R apet (1ot + (1= Huz).

As a matter of fact, let

g(x) —m(x,\) = R}](/[(,7f(x)7)\)7p(u), V(z,u € H,g(x) € G(z,\), f(x) € F(z,\)).
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Then by the definition of the resolvent operator, we have
u € h(g(x) —m(z,A)) + pM(g(x) — m(z, A), f(x), A).
Therefore, by virtue of (Hy) and (Hz), we obtain
tuy + (1 = t)ug € h(t(g(z1) — m(z1, X)) + (1 = t)(g(z2) — m(w2, A)))
+tpM(g(x1) — m(z1, A), f(21),A)
+(1 = t)pM(g(w2) — m(x2, A), f(x2),A)
C h(tg(z1) + (1 —t)g(w2) — m(tz1 + (1 — )22, A))
+pM(tg(x1) + (1 — t)g(z2) — m(tzr + (1 — t)z2, ),
tf(zy) + (1= 1) f(22), )
= h(:) +pM(tf (1) + (1 =) f(22), M) (tg(z1) + (1 — t)g(x2)
—m(tzy + (1 — t)xa, A)).
Again, by the definition of the resolvent operator, we have
tg(z1)+(1—t)g(x2) —m(tx1+(1—t)zo, \) = R}](/[(.if(zl)+(1_t)f(m2)’)\)7p(tu1+(1—t)u2).
That is, (4) holds.
Secondly, let x1,z9 € S(A), t € [0, 1], we shall establish ¢tz 4 (1 —t)xa € S(N).
For : = 1,2, x; € Q(xi, ), by (2), there exist a; € A(i(zi,A),\), by € B(z, A),
¢i € C(zi,N), di € D(x4, ), e; € E(xi, \), fi € F(z,A) and g; € G(x;, \) such that
i =i — (9 — m(xi, A)) + Ry oo n) plh(9i — m(zi, A))
— pW (j(ei, A), ai, A) + pN (bi, ci, diy A) + pw].
By (H;) and (Hz), for any ¢ € [0, 1], find A € Q such that
ta; + (1 —t)ag € A(i(txy + (1 — t)z2, N), A), (
thy + (1 — t)be € B(txy + (1 — t)za, N), (
tep + (1 —t)eg € Oty + (1 —t)za, N), (7
tdy + (1 — t)dy € Dtz + (1 — t)za, \), (
te1 + (1 —t)es € E(tay + (1 — t)xa, M), (
tfi+ (1 —t)fo € F(try + (1 — t)wa, \), 1
and
tgr + (1 —t)gs € G(tzy + (1 — t)xa, ). (11)
By (Hy), (4)-(11), and the definition of Q(z, \), we have
tr1 + (1 —t)xg =tz + (1 —t)za — [tgr + (1 — t)g2 — m(tzy + (1 — t)x2, )]
+ Ry oy plh(tgr + (1= t)ga — m(tw1 + (1 — t)az, N))
— pW(j(ter + (1 —t)ea, A),tar + (1 — t)ag, A)
+ pN(thy + (1 — t)ba, ter + (1 — t)ea, tdy + (1 — t)da, \) + pw]
€ Qtx1 + (1 —t)xa, N).
Therefore, tx; + (1 — t)z2 € S(A), and hence S()) is a convex set. O

Using the selection technique of set-valued mappings, we discuss the existence
of continuous solutions for the PCGMIQVIP (1).
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Theorem 3.2. Assume that A,B,C,D,E, F,G,M,N,m,,j,h and W are the same
as which in the PCGMIQVIP (1) such that hypotheses (H1)-(Hi1) hold. Then

(1) For each fizred A € Q, S(X\) is a nonempty closed convex set.

(2) The PCGMIQVIP (1) has a continuous solution x(\) = m(S(\)), where
m(S(N)) is the minimal selection of S(X).

(3) If the hypothese (Hi2) holds, then the PCGMIQVIP (1) has a continuous
solution () = c(S(N)), where c(S(X)) is the Chebyshev selection of S(\).

(4) If H = R™ and the hypothese (H2) is satisfied, then the PCGMIQVIP (1)
has a Lipschitz continuous solution x(X) = b(B1(S(X))), where b(B1(S(\))) is the
barycenter selection of S(\).

Proof. (1) Since the hypotheses (H3)-(Hio) are the same as those in Theorem 3.3
of Ding [1], S()) is a nonempty closed set. Again by Theorem 3.1, S()\) is a convex
set. Therefore, S(\) is a nonempty closed convex set.

(2) Through hypotheses (H3)-(H1) and the proof of Theorem 3.4 in Ding [1],
the mapping A — S()\) is 12291—H -Lipschitz continuous set-valued mapping from (2

to H, i.e.,

~ 0
H(S0).5(7) < =25

where 6 and 6 are given by (Hi0) and (Hi1), respectively.
By virtue of (12), VA, A € Q, we have

IAN=X[l, VYA\XeQ, (12)

S(\) C B <S()\), : f291 I —)\||> :

Therefore, from Theorem 3.1, A — S(A) is Lipschitz continuous set-valued mapping
with closed convex values. By Lemma 2.1, the minimal selection m(S(\)) of S(A)
is continuous, and hence the PCGMIQVIP (1) has a continuous solution z(\) =
m(S(N)).

(3) By (12) and Lemma 2.4, the mapping A — S()) is upper semi-continuous
and Hausdorff lower semi-continuous. By (Hj2) and the conclusion of (1), A — S(\)
is a set-valued mapping with bounded closed convex values. By Lemma 2.2, the
Chebyshev selection ¢(S(\)) of S()) is continuous, and hence the PCGMIQVIP (1)
has a continuous solution z(A) = ¢(S(X)).

(4) By (12), (Hi2) and the conclusion of (1), the mapping A — S(\) is a
Lipschitz continuous set-valued mapping with bounded closed convex values. By
Lemma 2.3, the barycenter selection b(B1(S(A))) of S(A) is Lipschitz continuous, and
hence the PCGMIQVIP (1) has a Lipschitz continuous solution () = b(B1(S(X))).

O

Remark 3.1. Ezamples given by Aubin and Cellina [16] show that even if the map-
ping is set-valued Lipschitz continuous, its minimal selection and Chebyshev selection
are not necessarily Lipschitz continuous.

Example 3.1. Let H = R™ be a Fuclidean space, ) be a nonempty open subset of
R™ in which the parameter X takes values, G : R xQ — 28" be a set-valued mapping
with bounded closed convex values and G(0) = 6. Given I =[0,1],1 < p < +00, and

D =B,() c LP(I,R") (p > 0), for Vg(x,\) € LP(I,R",Q), the set-valued mapping
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M, ) : R* — 28" s defined by
A
M(g(z(N),A), A) :/0 G(z(t),t)dt

A
_ {u L)) = /0 g(@(8), )dt, g(2(1), £) € G(at), 1), glx, ) € LP(1, R”,Q)} |

Letw=0,W=0,N=B=1,C=D=F=0, m=0 in the PCGMIQVIP
(1), then the PCGMIQVIP (1) reduces to the following integral inclusion: for each
A €Q, find x=x(\) € R" such that

0 /A Gla(t), )t — (V). (13)
0

If G is Lg-Lipschitz continuous in the first argument, and Lo < p%, obviously, (13)
satisfies the conditions of Theorem 3.2, then the solution set of (13) is nonempty
closed convex, and it has a continuous minimal selection, a continuous Chebyshev
selection and a Lipschitz continuous barycenter selection in D, respectively.

4. Conclusions

We continued to study the convexity of the solution set of the parametric
completely generalized mixed implicit quasi-variational inclusion problem (PCG-
MIQVIP) proposed by Ding (J. Comput. Appl. Math. 182 (2005)252-269). Further,
using the selection technique of set-valued mappings, we obtained the existence of
(Lipschitz) continuous solutions, i.e., the minimal selection, the Chebyshev selection
and the barycenter selection of the solution set are (Lipschtiz) continuous.
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