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APPLICATIONS AIMING BUHLMANN’S CREDIBILITY
MODEL

Virginia ATANASIU'

Lucrarea prezinta anumite (unele) probleme practice de asigurare, care pot
numerice din aceasta lucrare au fost obtinute utilizand modelul original al lui
Biihimann. Exemplele practice (aplicatiile) au fost prezentate pentru a ilustra

Principalele rezultate ale acestei lucrari sunt: 1) aplicatiile estimatorului optim de
credibilitate Biithlmann, 2) estimarea parametrilor de structura din modelul clasic
Biihlmann, ca aplicatie utild in estimarea primelor de credibilitate pentru acest
model clasic de credibilitate al lui Biithlmann; 3) modelul de credibilitate recursivdi
- motivatia noastrd pentru a introduce acest model a fost aceea ca am dorit ca
noile pretentii (solicitari de despdgubire) sa aiba mai multd valoare (greutate,
pondere, importantd), decdt cele mai vechi; 4) modelul de credibilitate care
incorporeaza volumul riscului — motivatia noastra pentru a introduce acest model,
constd in faptul ca in modelul simplu de credibilitate am presupus ca volumul
riscului era acelagsi pentru toti anii, in timp ce, adesea, in special in reasigurari, se
doreste sa se permita variatia volumul riscului, iar pentru acest scop am introdus
modelul care incorporeazd volumule riscului;5) finalizam aceastd lucrare,

variatia lui EX; ).

The paper presents some practical insurance problems that can be solved by
means of credibility theory. All numerical results in this paper were obtained using
the original Biihlmann model. Practical examples (applications) will be given to
illustrate the possibilities of credibility. This will give more insight and
understanding of the previously discussed theoretical aspects and will point the way
to the practical possibilities of some of the original Biihlmann model.

The main results of the paper are: 1) the applications of the optimal
credibility estimator of Biihlmann; 2) estimation of the structural parameters in
the classical Bithlmann model, as useful application from them when estimating
the credibility premium for this classical Biihlmann model; 3) the recursive
credibility model-our motivation for introducing this model was that we wanted new
claims to have more weight than older claims; 4) the credibility model
incorporating risk volumes-our motivation for introducing this model is that in the
simple model we assumed that the risk volume was the same for all years, often,
especially in reinsurance, one wants to allow the risk volumes to vary and for that
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purpose we will introduce the credibility model incorporating risk volumes; 5) we
end this paper presenting as application of the simple model the credibility
regression model allowing for effects like inflation (in the simple credibility model
of Biihlmann we allowed EVar(X;|0) to vary; in the credibility regression model we
allowed EX; to vary).

Key - words: the risk premium, the credibility calculations, Bithlmann’s original
model, Bithlmann’s classical model.

Mathematics Subject Classifications: 62P05.
1. Introduction

In this article we first present the original Biithlmann model, which
involves only one isolated contract. We derive the best linear credibility
estimators for this model (see the applications of the optimal credibility estimator
of Bithlmann) and we consider as applications of this result: 1) estimation of the
structural parameters in the classical Bithimann model, as useful applications from
them when estimating the credibility premium for this classical Biihlmann model;
2) the recursive credibility model (our motivation for introducing this model was
that we wanted new claims to have more weight than older claims); 3) the
credibility model incorporating risk volumes (our motivation for introducing this
model is the fact that in the simple model we assumed that the risk volume was
the same for all the years; often, especially in reinsurance, one wants to allow for
varying risk volumes, and for that purpose Biithlmann & Straub introduced the
credibility model incorporating risk volumes; 4) we end this paper, giving as
example of application of the simple model, the credibility regression model
allowing the effects like inflation (in the simple model we allowed E Var(X i|¢9) to

vary; in the credibility regression model we are going to allow EX ; to vary).

2. The original credibility model of Bihlmann

In the original credibility model of Bithlmann, we consider one contract
with unknown and fixed risk parameter 6, during a period of t years. The yearly
claim amounts are noted by Xj,...,X;. The risk parameter 0 is supposed to be
taken from some structure distribution U(*). It is assumed that, for given 6= 4, the
claims are conditionally independent and identically distributed with known
common distribution function Fxp(x,6). For this model we want to estimate the

net premium p(f) = E[X,|0=0], r= E as well as X for a contract with risk
parameter 0.
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So in this section we first present Biihlmann’s original model, which
implies only one isolated contract. The original Bithlmann model presents the
optimal linear credibility estimate for the risk premium of this case. It turns out
that this procedure does not provide us a statistic computable from the
observations, since the result involves unknown parameters of the structure
function. To obtain estimations for these structure parameters, for Biihlmann’s
classical model, we embedded the contract in a group of contracts, all providing
independent information about the structure distribution (see 3. The classical
credibility model of Buhlmann).

2.1 Buhlmann’s optimal credibility estimator

Suppose Xj,...,X; are random variables with finite variation, which are, for
given 0= 6, conditionally independent and identically distributed with already
known common distribution function Fxpg(x, €). The structure distribution
function is U(@) = P[6< @ ]. Let D represent the set of non-homogeneous linear

combinations g() of the observable random variables X, X», ..., X:
g(X')=coteXiteXst ... +eX (2.1)
Then the solution of the problem:
MinE{[u(0) - g(Xr... X0 (2.2)
is:
gXi,...X)=zX +(1-2)m (2.3)

where X'z(Xl,...,Xt) 1s the vector of observations, z = at / (s2+at), is the

resulting credibility factor, X = 12)( . 1s the individual estimator, and a, s* and
m are the structural parameters as dl;ﬁned in (2.4):
m = E[X, | =E[u©)], r=1¢,
a = Var{E[X/0]} = Var[u(®)], =11,
()= Var[X0=0],r=1,:, (2.4)
s> = E{Var[X0]} =E[c (0)], r=1,¢.

If p(0) is replaced by Xy in (2.2), exactly the same solution (2.3) is
obtained, since the co-variations with X are the same. To demonstrate the
relationship (2.3), see [1], from references, pages 7-20.
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2.2 Applications of the optimal credibility estimator of Bihlmann

Application 1: Recursive credibility estimation

We will analyze a little at the credibility estimator (2.3). This estimator has
been criticized because it gives the claim amounts from all previous years the
same weight; intuitively one should believe that new claims should have more
weight than the old claims. However, as the claim amounts of different years were
assumed to be exchangeable, it was only reasonable that the claim amounts should
have equal weights. The following model (which is called “Recursive credibility
estimation”) is an attempt to amend this intuitive weakness, and then an
application of the original credibility model of Bihlmann. We assume that
X1,X2,.....are conditionally independent given an unknown random sequence 0

={H,. }z , and that for all i X; depends on 0 only through 0;. This means that for

each year i there is a separate risk parameter 6; containing the risk characteristics
of the policy in that year. The original credibility model of Bithlmann appears as a
special case by assuming that 6; = 0; for all i. We assume that: E(Xj|0;) = w(6;)
with the function p independent of i. Assumption (2.5):

Cov[u(By), u(8)] = p"Ia (2.5),
with 0<p<1 and 2>0 (A bigger than zero), means that the correlation between
claim amounts from different years decreases when the time distance between the
years increases, which is intuitively appealing. Furthermore we suppose that : p =
E[w(9)], o = E[Var(Xj|6:)], A = Var[u(6;)] for all i. Our motivation for introducing
the present model was that we wanted new claims to have more weight than older
claims. The following result (see (2.6)) shows that this desire has been satisfied.

A !
Suppose the coefficients o,041,...,04 are defined by u(ﬁm): a,, + Zath ; and
Jj=1
assume that p<1. Then we obtain:
O<eag,<a,<..<a,<l1 (2.6).

A

t
To demonstrate above relationship, 1.e. #(em): a,, + ZaﬁX ;> see [1],
Jj=1
from references, pages 63-94.

Application 2: The credibility model incorporating risk volumes

In the simple model of Biihlmann, we assumed that the risk volume was
the same for all years. Often, especially in reinsurance, one wants to allow for
varying risk volumes, and for that purpose we will introduce the credibility
model incorporating risk volumes, which is an application of the simple
credibility model of Buhlmann. We consider a ceded insurance portfolio.



Applications aiming Biihlmann’s credibility model 55

Suppose S; represents the total claim amount of year j and P; some measure of the
risk volume in year j. By the loss ratio of year j we mean X; = S; / P;. We assume
that X; X»,... are conditionally independent given an unknown random risk
parameter 0, that E(X|0) = n(0) is independent of j, and we obtain:

2 —_—
Var(X[0) =i9), i=1,¢ Q.7).
P,
We introduce the structural parameters: p = E[u(0)], ¢ = E[s*(0)], A =
Var[p(0)]. The assumption (2.7) is perhaps most reasonable if P; is the number of
risks in the portfolio in year j. If we assume that the claim amounts Yji,..., Y, of

the P; risks in year j are conditionally independent and identically distributed
by

given 0, then: Var(X;|0) = Va{%ZY_ 1
j k=1

assumption that Var(Y;|0) = s*(0) independent of j. We have the following result

(see (2.8)). The credibility estimator £(@) of u(0) based on X = (X1,Xa,...,Xy) is
given by:

#(0)

. . S I : .
with P :Z‘Pj , Xi = ;ZPJX > K =%. To demonstrate relationship (2.8), see
J= J=

[1], from references, pages 95-104.

Var(Yﬂ‘Q) )
0= T‘, and (2.7) arrives to the

J

= L }14‘ K U
P+K P+K

(2.8),

Application 3: The credibility regression model

We introduce as application of the simple credibility model of Buhlmann, the
credibility regression model allowing for effects like inflation (in the simple

model we allowed F Var(X i|9) to vary; in the credibility regression model we are
going to allow EX, to vary). In the credibility model incorporating risk
volumes we allowed E[Var(X;|0)] to vary. Il:l the present model we are going to
allow E(X;) to vary. Suppose X =(Xj,...,X;) is an observed random (tx1) vector
and 6 an unknown random risk parameter. Instead of assuming time independence
in the net risk premium: pu(0) = E(X;|0), j =1,/ we assume that the conditional

expectation of the claims on a contract changes in time, is: ;(0) = E(X;(0), j =1,¢.

This application contains a description of the credibility regression model
allowing for effects like inflation. Often it is unrealistic to assume that, for a given

0, the X ' =(Xy,...,Xy) are i.i.d.. To avoid this restriction, we will introduce the
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regression technique. The variables describing the contract are (8, X ). Using the
conventions for matrix and vector notation, we have as a direct generalization of
the Bithlmann hypothesis: () = E(X|0), j =Lt or x""(0)=E(X|0)=
(m(0),...,1(0))’. We restrict the class of admissible functions () to:
E("l)(ﬁ) = x(t) B ("’1)(0), where x*" is a matrix given in advance, the so — called

design matrix, having full rank n<t and where the ﬁ("’l) (6) is the unknown

(”J)] - a(nan)

regression constant. It is assumed that the matrixes: Cov[ S =a

E[Cov(X |68)] = @ = oY are positive  definite. We finally
introduce: b = 5" =E[é("’l)(9)]. So, let: p(0) = x,8(6), where the non —

random (1xq) vector ’—ij is known, and let (9) be the credibility estimator of

1;(0) based on X ., with ] =l,_t. We have the following result: the credibility

estimator  y; (9) is given by/;j (0)= gjf |:ZZ;+ (1 —Z)Q} , ] =1,_t, with:

A A (q,])

b=b = (x'd)"lx)x'd)"li «— is the best linear 0 — unbiased estimator of é(&), Z
= 79 = ax’®@"'x(I + ax’ ®'x)"' « the resulting credibility factor, and

Zb+(I-Z)b is the credibility estimator of é(&) To demonstrate above

relationship, see [1], from references, pages 105-130.
Application 4:

Suppose the claims are integer-valued and Poisson (&) distributed, as
bellow:

dFxp(x,80) = 0*e?/xl,x=0,1 (2.9),
and suppose that the structure distribution of 6 is a Gamma distribution:
w@)=6""e’a” IT(B), 6 >0 (2.10).
In this case the best linear credibility estimator for (0) can be written as :
zx+(-z)m =(v+P)/(t+a) (2.11).

Since in this case m = E[X] = E{E[X|0]} = E[6] = B / 0, and for the ratio of
the structure parameters a and s* we have:
s*/a=E{Var[X|0]} / Var{E[X|0]} = E[0]/ Var[0] = (B /a) / (B / o) = 0, we find z
= at/ (s*+at) = t /(t + @), so the best linear credibility estimator (2.3) for pu(6) can
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!
be written under the form (2.11), where v = in . To demonstrate relationship
i=1

(2.11), see [1], from references, pages 37-44.

Application 5:

Suppose the claims are a Negative Binomial ( €) distribution, so:
dFxo(x,0) = 0* (1-6)'™, xe {0,1} (2.12)
and suppose the structure distribution of 0 to be a Beta distribution:
w@)=0"(1-0)"/p(a.p), 6<(0)) (2.13).

In this case the best linear credibility estimator (2.3) for pu(0) can be written as:
zx+(1—2)m =[t/(t+a+PB)x]+[a/(t+a+p)] (2.14).

As in this case m = E[X] = E{E[X|0]} = E[0] = a/ (a. + B), and the ratio of the
structure parameters a and s* we obtain:
s* / a=E{Var[X|0]} / Var{E[X|0]} = E[0(] - 0] / Var[0] = [E(0) — E(6%)] / Var(0)
= {[o[(a+P)] — [w(ot1) / (a+B+D)]} / {[(0B) / (o + B)*(a+ B+ D]} = [0 / (a+p +
1)]/[(1[3/(0(+B)2(0L+[3+1)]=a+[3,weﬁndz=
=at/(s"+at)=at//{a[(s*/t) +t]} =t/ (t + a + B), so the best linear credibility
estimator (2.3) for w(®) can be written under the form (2.14). To demonstrate
relationship (2.14), see [1], from references, pages 37-44.

Application 6:

Suppose the claims are a Exponential (0) distribution, so:
dFxp(x,0)= 07", x>0 (2.15).
and suppose the structure distribution of 6 to be a Gamma distribution:
w(@)=0""e’a’ IT(B), >0 (2.16).

In this case the best linear credibility estimator (2.3) for w(®) can be
written as follows:
zx+(l—z)m=(V+a)/(t+B—1),ifB>2 (2.17).
As in this case m = E[X] = E{E[X|0]} = E[1/08]=a/(B-1),if B> 1, and
the ratio of the structure parameters a and s> we have:
s* / a=E{Var[X|0]} / Var{E[X|0]} = E[1/6*]/ Var(1/0)=p — 1, if f > 2, we
findz=at/ (s> +aty=at/ {a[(s*/t) ++t]} =[t/ (t+B—D][v/t]=v/[t+B—-1],
if B> 2,), so the best linear credibility estimator for (8) can be written under the

t
form (2.17), where v = Zx,. . To demonstrate relationship (2.17), see [1], from
i=1

references, pages 37-44.
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Application 7:

Suppose the claims are a Normal (0, 6%) distribution, so:
1 i[i]

——e 7’ xeR (2.18)

o2z

and suppose the structure distribution of 6 to be a Normal (o, o ) distribution:

| ,1[%]2
u(0) = e /) peR 2.19).
©) o 2r (2.19)

In this case the best linear credibility estimator (2.3) for w(®) can be
written as follows:

zx+(1-z)m = {lz " ”—g} /{Lz " %} (2.20).

o° o, o° o,
As in this case m = E[X] = E{E[X|0]} = E(0) = po and for the ratio of the

structure parameters a and s we have:

s>/ a=E{Var[X|0]} / Var{E[X|0]} = E(c°) / Var(8) ="/ o, we find z=at / (s°

+at) =at / {a[(s* / t) + t]} =t/ [(c> / &2)+1)], so the best linear credibility

de|e(X, 9) =

!
estimator (2.3) for w(0) can be written under the form (2.20), where v = in . To

i=1
demonstrate relationship (2.20), see [1], from references, pages 37-44.

Application 8: Credibility estimator minimizes mean squared error
for exponential family with natural parameterization and prior

Consider the exponential family of distributions with natural
parameterization:

fxio (x,0) = p(x)e'ex /q(8),x>0,80>0 (2.21)
together with the natural conjugate priors with density:
u(0)=q(0)"0e "/ c(to, x0), & >0 (2.22),

where p(x) is an arbitrary non — negative function, ty and X, are positive constants,
and c(tp, Xo) is a normalization constant. For this case, the linear credibility
estimator is:

z;+(l—z)m = [xo +Zt:xij/(to +1) (2.23),

i=1
where m = E[u(0)] = xo / to, s>/ a = to, z =t / (t +t;). Indeed: -by subsection 2.1
(Buhlmann’s optimal credibility estimator), we only have to prove that the
optimal estimator:
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E[n(0) X 1= { Juo) T fxa(x,ﬂ)dU(H)} /[ J ﬁfXAx,-,H)dU(H)} (224)

is a non-homogeneous linear combination of X,..., X, .

First we express E[u(0)] in the prior parameters xo and ty, then the
Application 8 follows because of the special form of the posterior distribution.
Because q( @) is the normalizing constant of the distribution (2.21) one has:

q(0)= [ plx " dx (2.25).
So:
Q(0)=-[ap(x)e " dv =~ q(O)E[X|0=6] (2.26).

0

since E[X|0=6]= j Xf o (%, 0)dx = { j xp(xk&‘dx} /q(8). Therefore the risk
0 0

premium when 6= 6 equals is:

n(®) =E[X|0=0]=-q"(0)/q(0) (2.27).
Taking the first derivative of (2.22) taking in consideration that & is given,

using (2.27) we obtain:

w(0)=[tq (0)"q(0)e %] / elto, x0) + [a(0) o T a(-x0)] / e(to, x0) = to]-

q'(0) / a(O)1a(0Y's & P 1 c(to, x0)] - %o [a(0Y o %0 / clto, x0)] = t0u(0) -

xou( ) = [to u(0) — xoJu( ). So:

w(6) = [to u(O) — xoJu(&) (2.28).
Integrating this derivative over 8 gives zero for the left side, since:

+00

[u(0)d6 = u(+0)-u(0)=0 (2.29).
So the right side of (2.28) will be:
m=E[u(0)] = [u(0W(0)d0=x,/t, (2.30),
as:

(2.28) A (2.29)= T[to 1(0)—x, J(6)6 = 0 = tE[u(0)]-
X0 Tu(e)dg =0 < toE[u(0)] - xo'1 = 0< E[u(0)] = Xo/tg. The conditional density

0
of 0, given X = x (posterior density) is, apart from a normalizing function of x;,

cees Xto
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S (0,%) = [0 (5, 0)6(0) 1 () u(e>H{ ) 14(0))} :

a( «9)(’“’)6{%@%] 2.31).

Density (2.31) is of the same type as the original structure density (2.22),
with x¢ replaced by (xo + in ) and ty by (tp + t). So by using (2.30) the posterior

mean (2.24), which is the mean squared error — optimal estimator for p(0), we
obtain:

E[W(0)[X1,....X] = (xo + in )/ (to + 1) (2.32).

This is indeed a non — homogeneous linear combination of Xj,....X;. By (2. 30) we
have m = X / ty, and comparing (2.32) with (2.3) we can observe that ty = s*/a
and z =t / (t +tp). The parameterization is called natural because the exponent
part is a linear function of @, and by taking a natural conjugate prior the posterior
distribution is of the same type as the prior distribution (to demonstrate
relationship (2.23) detailed, see [1], from references, pages 37-44). We restrict to
x >0 and >0, and suppose furthermore that at the final point of the intervals the
densities are zero. These restrictions are not strictly necessary. It should be noted
that the solution (2.3) of the linear credibility problem only yields a statistic
computable from the observations, if the structure parameters m, s* and a are
known. Generally, however, the structure function U(-) is not known. Then the
‘estimator’ as it stands is not a statistic. Its interest is merely theoretical, but it will
be the basis for further results on credibility.

In the following section we consider different contracts, each with the
same structure parameters a, m and s>, so we can estimate these quantities using
the statistics of the different contracts.

3. The classical credibility model of Bihlmann

In this section we will introduce the classical Bithlmann model, which
consists of a portfolio of contracts satisfying the constraints of the original
Biihlmann model. The classical credibility model of Biihlmann, presents the best
linear credibility estimators for this case. The contract index j is a random

structure parameter 0; and observations Xji,..., X (0;,Xj1,...,Xj) = (0;, X j ). The
contracts j = 1,..., k are assumed to be i.i.d. Moreover, for every contract j =
l,...k and for 6; = @, fixed, the variables Xj,..., Xj are conditionally

independent and identically distributed. In the classical model of Biihlmann, all
contracts have in common the fact that their variances and expectations are
represented by the same functions o’(-) and p(?) of the risk parameter.
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Nevertheless the portfolio cannot be considered to be homogeneous because of
the different results of the risk parameter 0; for each contract.

So for every contract, the following covariance matrix of the observations
during the period r = 1,.., t results:
Cov[ X ,105] = [Cov]X ,, X .16, JJW,ZE =19 6%(0)) 3.1),

where I represents the (txt) identity matrix. Also:

E[X6i] = (), r=1,..., t (3.2).
Note that the usual definitions of the structure parameters apply, with 0;

replacing 0 and Xj; replacing X, so:

m = E[X;] = E[u(6))], a = Var[u(6))], s* = E[¢°(6))] (3.3).

Jr?

3.1 Buihlmann’s classical model

Consider a portfolio as depicted in Diagram 1. If both assumptions (B;)
and (B;) exists:

(B1) E[X;d0)] = (6, Cov[ X, | 6] =’ ()1, j = 1..... k
and:

(B2) the contracts j = 1,...,k are independent, the variables 0y,...,0x are
identically distributed, and the observations X, have finite variants, then the
optimal non-homogeneous linear estimators M { for p(0;), j = 1,...,k, in the least

Squares sense read:

A

w6,)=M* =(1-2)m+zM; (3.4).

- 13 o .
Here Mj=X; = —ZX , represents the individual estimator for p(6;). The
t

s=1
resulting credibility factor z which appears in the credibility adjusted estimator
M7 is found as:

z=at/(s* +at) (3.5),
with the structural parameters a and s” as defined above.
Contract: | DU Jeeeuenennnn. k
Structure 0;
parameter:
Observable p 1 X1
variables: e 2 X
r .
i
0 .
d t th
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Diagram 1 Biihlmann’s classical model
To demonstrate relationship (3.4), see [1], from references, pages 131-144.

3.2 Application: The estimation of the credibility premium for the
classical Bihlmann model

The credibility premium for this classical Biihlmann model involves three
parameters a, s> and m. Now that we embedded the separate contract j in a group
of identical contracts, it is possible to express the unbiased estimators of these
quantities. For this estimation, we assume that we have a portfolio of k identical
and independent policies that have been observed for t (>2) years and let Xj;

represent the total claim amount of policy j in year r. Let: M; =X j= ZX s » Mo
— 1 k "
=X.= ;Z . For m we propose the unbiased estimator: m =M X For

o - - 1 < o .
each policy j, the empirical variation: TIZ:‘(X M j) is an unbiased
A 2

k¢
estimator of Var(X;|0;), and thus: s* = P (z‘ 0 ZZ(X -M, ) is an unbiased
j:1 r=1
k
estimator of s°. The empirical variation: ﬁZ(M M0)2 is an unbiased
=

2
. s : :
estimator of Var(M;), and as: Var(M;) :7+a’ we introduce the unbiased

A

2 2
s . .
estimator: a = k_Z(M -M ) —— for a. This estimator has the weakness
t

Jj=1
that it may take negative values whereas a is non — negative. Therefore, we

A

replace a by the estimator: a’ = max(0, ), thus losing unbiasedness, but gaining

admissibility. Note that m, s> and a" are consistent as k— +oo (see [1] from
references, pages 21-36).
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4. Conclusions

The main results of the paper are: 1) the applications of the optimal
credibility estimator of Bihlmann; 2) estimation of the structural parameters
in the classical Bihlmann model, as useful application from them when
estimating the credibility premium for this classical Buhlmann model; 3) the
recursive credibility model-our motivation for introducing this model was that
we wanted new claims to have more weight than older claims; 4) the credibility
model incorporating risk volumes-our motivation for introducing this model is
that in the simple model we assumed that the risk volume was the same for all
years; often, especially in reinsurance, one wants to allow the risk volumes to vary
and for that purpose we will introduce the credibility model incorporating risk
volumes; 5) we end this paper presenting as application of the simple model the
credibility regression model allowing for effects like inflation (in the simple
credibility model of Biihlmann we allowed EVar(X;|0) to vary; in the credibility
regression model we allowed EX; to vary).

Practical examples (applications) will be given to illustrate the possibilities
of credibility. This will give more insight and understanding of the previously
discussed theoretical aspects and will point the way to the practical possibilities of
the credibility theory. All numerical results in this paper were obtained using the
original Biihlmann model. So, the paper presents some practical insurance
problems that can be solved by means of credibility theory
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