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ON CERTAIN GEOMETRIC PROPERTIES OF NORMALIZED
MITTAG-LEFFLER FUNCTIONS

Saddaf Noreen', Mohsan Raza', Muhey U Din?, Saqib Hussain®

The main aim of this paper is to study some geometric properties of Mittag-
Leffler functions. We focus on close-to-convezity, starlikeness, strongly starlikeness,
strongly convexity and unifomly convexity of normalized Mittag-Leffler functions.
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1. Introduction

The one parameter Mittag-Leffler function E, defined by

Ea(z) = gﬁ, (1)

was introduced by Mittag-Leffler [7]. It is an entire function of complex variables z. The
series in (1) converges in the whole complex plane C when Re («) > 0. The function E, g is
a generalization of E,. It is given as

Z"'L

Ea,ﬁ (Z) = ;m, a, ﬁ S (C, Re (Oé) > 0, Re (6) > 0, z € C. (2)

For different values of parameters, the conditions of convergence vary. When a and 3 are
positive and real, the above given series converges in the entire complex plane. The Mittag-
Leffler functions defined in (2) were first appeared in the work of Wiman [13]. Later on,
these functions were studied by Agarwal [2]. In some recent years, researchers has shown
great interest in the geometric properties and applications of the Mittag-Leffler functions.
For some details see [3, 6, 9, 12, 14].

Let A be the class of functions f of the form

f2) =2+ anz", (3)
n=2

analytic in the open unit disc U = {z : |z| < 1} and 8§ denote the class of all functions in A

which are univalent in U. Let 8* (a), C(«a), X (a), 8* () and é(oz) denote the classes of
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starlike, convex, close-to-convex and strongly starlike functions of order « respectively and
are analytically defined as

8 () = {f:feAandRe(z}N(S)>>a, zEU,aE[O,l)},

Cla) = {f:feAand z2f (2) €8 (a), z€U a€cl0,1)},

K(a) = {f:feAand Re(zgl(())>>a s, acl0,1), 968*},
8§ (a) = {f:fefland arg(z}c(i))>’<2, zeu,ae(o,u},

and

~

G(oz):{f:fe.Aandzf’(z)eSN*(a) zeu,ae(o,l]}.

It is clear that 8* (1) =8*(0) =8, €(0) = 6(1) = C and X (0) = X, where 8*, € and X
are usual classes of starlike, convex and close-to-convex functions respectively. Rosy et al.
[10] defined the subclass USD (i) of normalized univalent functions as

USD() = {f € A Re (' (2)) = pl2f" ()], 5> 0, 2 €U}
Let f and g be analytic functions. Then the function f is said to be subordinate to g,
written as f(z) < g(z), if there exists a Schwarz function w which is analytic with w(0) = 0
and |w| < 1 such that f(z) = g(w(z)). Furthermore, if the function ¢ is univalent in U, then
f(z) < g(z) <= f(0) =g(0) and f(U) C g(W).
The function E, s does not belong to the class A. We consider the following normal-
ized form of Mittag-Leffler functions

E, =T E, = ntl 4

5(2) =T(8) Bas ( z+§j e @

where a, 8 € C, Re(a) >0, 8 # —1,—-2,---. The functlon defined in (4) was introduced

by Bansal and Prajapat [3]. In this paper, we restrict ourself on the parameters a;, 5 € R.
To prove our main results, we need the following lemmas.

Lemma 1.1. [10] A function f of the form (3) is in the class USD(u), if
oo

Z [n (1= p)+n’u]lan| < 1.

n=2

Lemma 1.2. [8] Let {a,}5°, be the sequence such that a,, € RT and a1 = 1. Suppose that,
&)

a; > 8az and (n — Danp—1 > (n+ Dapy1, for all n > 2. Then f(z) = z+ > apz™ is
n=2

close-to-convex with respect to z/1 — 2%. Note that z/1 — 22 is a starlike function.

Lemma 1.3. [8] Let {a,}5°, be the sequence such that a, € RT and ay = 1. If for

0<p<l,

(1) (1 -par = (2 - paz = 28+1(3 — pas,

2 (n—1—pwn—wa, >nn+1—paps1, for all n> 3,

then f € S*(u).

Lemma 1.4. [5] Let G(z) be conver and univalent in the open unit disc with condition

G(0) = 1. Let F(z) be analytic in the open unit disc with condition F(0) =1 and F < G in

the open unit disc. Then ¥ n € NU {0}, we obtain

z z

(n4—szL”i/t”FKUdt<(n%—szL”i/t"GUﬁﬁ.

0 0
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Lemma 1.5. [11] If f € A satisfies 2 (j)

< %7 then f € UCY.

2. Main Results
Theorem 2.1. Let 0 < < 1,4 > 0. Then (1 — ) Eq g (2)+72E], 5 (2) = hy (2) € USD(p),

if
WyEY s (1) + (4~ —5u7) EL 5 (1) + (1 +9) EL 5 (1) — v < 2. (5)
Proof. 1t is clear that
1 +m 7)T(8) 2"
z+z an=1+5) , 0<y <1, (6)
Let
_ c- L' () "
Eaﬁ(z) *Z‘F;F(a(n_l)_‘rﬁ)
Then
, R nl (B)
For W =1= 2 b=+ By ‘7)

Also, we obtain

" _ - n(n_l)r<ﬁ) " _ - n(n—l)(n—Q)F(ﬁ)
E‘O"*B(l)_ZQI‘((Jz(nfl)Jrﬂ)7 Ea’ﬂ(l)_; Fan—1)+48) ®)

Since, we are to show that h, (2) € USD(u), therefore, by Lemma 1.1, it is enough to prove

that

n=

<1

n=2

Now let

Zn(lM+W)(1+fyu7)r(a(§£61))+ﬁ)

_ n°T (B) n?I ()
= M T o) 1B +(“+7_2’”)Zr(a(n—1)+ﬁ)

n=2 n=2
= nl (B)
1 — .
+ (L + py “);r(a(n—lwﬁ)
Then writing n® =n(n —1)(n —2) —3n(n —1) + n and n2 = n (n — 1) + n, we have

I'(8)
I'(a(n—1)+p)

Zn(l—u+nu)(1+w—7)
(n—=1)T(B)
(a(n—1)+8)

+ (n+ 7y = 5p7) ZF

L' (8)
+ 1+ Zr n—1)+6)

From (7) and (8), we get

Zn(l—u+nu)<1+w—7)r(a(;(ﬂl)Hﬁ)

= wEs () + (n+y=5py) Eq s (1) + (1+7) By g (1) — (1+7).
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The last expression is bounded above by 1 if (5) holds. This completes the proof. (]

Theorem 2.2. Let f =1 and o £ 3.23--- . Then E, g(z) is close-to-convex with respect to
the starlike function = .
Proof. It is enough to verify that E, g(z) satisfies conditions of Lemma 1.2. Consider
Eop(2)=z+ Y a,2", where {a,},, satisfies
n=2
I'(8) I'(a(n—1)+5)

ay ; G2 T(a+5) An+1 T (an + B) a

Now
a1 Z 8az, T'(a+58)Z8T(B), for B=1and aZ 3.23....
Again

(n=1)an = (n+1) ant1
['(a(n—1)+p)
T (an + B)
= m[(n*1)F(an+ﬂ)*(”+1)F(a(n71)+ﬁ)]
A(n) M (n),

= (n—1)a,—(n+1)

Qn

where
A(n) = Tont5) and
Mm = (mn-1)T(an+8)—(n+1)T'(a(n—1)+73)
= (n—=3)T'(an+p)+2I (an+ pB)
—m=3)T(a(n—-1)+p)+2T'(a(n—1)+p5)
5+2V17

> 0, for f=1and a= 1

M (n) is increasing function for n > 3. Also M (3) > 0 implies that (n — 1) a, > (n + 1) ap41, foralln >
3. This verifies the fact that {a,} satisfies the hypothesis of Lemma 1.2 and the proof is
complete. O

Theorem 2.3. Let o > 1.67 and 8 = 1. If T' (o + B) > T'(B), then E, 5 (2) is starlike of
order p in U.

Proof. It is sufficient to demonstrate that E, g (z) satisfies the conditions of Lemma 1.3.

o0
Consider E, 5(z) = z+ Y an2", where {a,} -, satisfies (9). Simple computation yields

n=2

%
S
|
=
Q

[ V)

(I-pa
-1 2 -y
(1-pT+p) 2 @-wIQ)

vV

=1-pl(a+p)-2-wI(B)=0, for f=1and a=>1 (10)
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and
(2= p)bo =284 (3 — ) by
pt1 I'(a+5)
= (2-p)by -2 (37H)I‘(T+,6’)b2
~ el [C- W@+ 8) 2T BT (0t B
> 0, for leandazg.
Now
(m—1-p)(n—p)an —n(n+1—p)ans
— g = L) (0= T (an+ 8) = n a4 1= )T e = 1)+ )
= A(n)M(n),
where
A(n) = Tont5) and
Mmn) = (n=1-p)(n—pwl(an+p)—n(n+1-pT (a(n—1)+p)
= {@-wT(an+p)-T(a(n-1)+8)}(n—-3)"+
{6-2u)T(an+p) = (T—wT(a(n=1)+p)}(n-3)
{2 B-pT(an+p)-3(4—-pT (a(n—1)+p8)}
= D Tia(n=3)",
i=0
where for =1,
Ty = 2-pB-wlan+p)-3E-pl(a(n—1)+p8) =0, a=167,
Ty G-2u)T(an+8)—(7T—pw)T'(a(n—1)+p) >0, a>1.35,
T35 = 2—-wl(an+p)—-T(a(n-1)+p)>0, a>1

These inequalities holds for 8 = 1. Also M (n) is increasing for n > 3. Further M (3) > 0
implies that (n —1—p)(n — p)a, > n(n+1—p)aps1, for all n > 3. This shows {a,}

satisfies the conditions of Lemma 1.3. This completes the proof. |

Theorem 2.4. If « > 1 and § > 3.21431974337, then E, 3 € 8* (o), where

2
o = — arcsin (/-i 1———}— \/1—m2> (11)
7r

2
and Kk = %

Proof. By using the well-known triangle inequality and with the inequality n < 277! V
n > 1, we obtain

, B n+1
Fast) 1= 2 )
1 oo 9 n—1 1 [e%e] 1 n—1
—6;(6“) +/3;(6+1>
26°+8-1
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For 0 < k <1 and from (12), we concluded that
El,z=<1+kz = |arg(E,3(2))| < arcsins. (13)
With the help of Lemma 1.4, take n = 0 with F'(z) = E, 5(2) and G(2) = 1 + Kz, we get

Ea B KR
— <14 ==z 14
. +5% (14)
As a result
E
arg <aﬁ(z))‘ < arcsin —. (15)
z 2
By using (13) and (14) , we obtain
o, ’
arg | ——— < larg | ——— ||+ |arg (E, 5(z
(F25) ()| o s
2
< arcsing + arcsin k = arcsin </< 1-— % + g\/l — 52> .
Which implies that E, g € 8* () for v = 2 arcsin (/ﬂ/l — 24 8/1- /<V2> . O

Remark 2.1. The condition obtained in the above theorem is better than the result of [4].

Theorem 2.5. If a« > 1 and § > 5.34936..., then E, g € E(a), where

9 2
a:arcsin(&y/l—i—i—;\/l—nZ), (16)
T

Proof. By using the well-known triangle inequality with the inequalities n? < 477! n <
2"~1 V¥ pn e N, we obtain

38%—582—58+3

and Kk = FTAE 3T

/ ! — ( +1)2
|(2Ef 5(2)) —1‘§;”(B)n

1 e’} 4 n—1 1 e’} 2 n—1 1 [e%e} 1 n—1
Sﬁ%(ﬁﬂ) +ﬁ;<ﬁ+1) +B,;<5+1>

363—562—5,64-3:

- 17
B — 453 + 332 (17)

For 0 < k <1 and from (17), we concluded that
(ZE(’IIB(Z))/ <1+kz = |arg (zE&B(z))I‘ < arcsin k. (18)

I
With the help of Lemma 1.4, take n = 0 with F(z) = (zE;ﬁ(z)) and G(z) = 1 + kz, we
get

,’lﬂ(z) <1+ gz (19)

As a result
|arg E, 5(z)| < arcsin g (20)
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By using (18) and (20), we obtain

i
(ZE& B(Z)) ,
arg - < ’arg (zE,’lﬁ(z)) ’ + |arg (E(’lﬁ(z))|
B, 5(2)
2
< arcsing + arcsin k = arcsin | k{/1 — % + g\/l — k2.
Which implies that E, g € C () for o = 2 arcsin (m /1- 5 4 51— /{2) . O

Theorem 2.6. Let o > 1 and 8 > 9.1112597744, then E, 3 € UCV.
Proof. Since
zE’a’ﬂ(z) - 2 (,82 — 1) .
Ls(2) | T (B-3)(B*-38+2)

By using Lemma 1.5, we have

z gﬁ(z) < 1

B, 5(2) 2’
This implies that 32 — 1082 + 73 + 10 > 0, which is positive for 3 > 9.1112597744. Hence
the required result. O
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