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ON SOME PROPERTIES OF SINGULAR SYMMETRIC 
MATRICES 

Marius BREBENEL 1, Mircea SULARIA2 

In this paper, some properties of singular symmetric matrices are 
investigated in relation to the rectangular matrices. New theorems are proposed 
which show that a product of some rectangular matrices with their transposes yield 
always singular square matrices of the same rank. We also give some results 
regarding the possibility of splitting a singular symmetric square matrix into a 
product of a rectangular matrix with its transpose. This paper gives thus to the 
researchers new keys for providing solutions needed in the fields of IT, computer 
engineering, statistics and information security. 
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1. Introduction 

The subject of this paper is in connection with linear algebra [1] and 
specially with matrix algebra [2]. The references mentioned before are 
recommended to any reader interested in numerical linear algebra for applications 
in statistics. In the above references, one can find basic elements of linear algebra 
along with a sound description of many important aspects regarding theory, 
computations and applications of matrix algebra needed by statisticians for 
practical problems solving.  

In general, practical problems requiring solving linear systems of 
equations need to ensure that the main matrix of such a system is nonsingular. 
Once this is done, the system can be solved using one of the methods (exact or 
iterative) developed along the time. This is why the properties of singular matrices 
are less studied. Actually, no extensive literature exists dealing for example with 
generating of singular matrices. However, in the last years, a special attention was 
paid to encryption and decryption processes used in the cryptographic systems 
used in information security. These processes need building of singular matrices, 
as it is shown in [3]. In this paper, the authors use singular matrices to determine a 
method for a key exchange in which two users operating an insecure channel want 
to agree a secret key.  
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A method of generating some singular matrices is presented in [4]. The 
authors of this paper show that forming a singular matrix manually and randomly 
is a difficult task. As a consequence of their research, they have simplified the 
process of generating a singular matrix at random, based only on the basic 
properties of the determinants. 

The present paper is closely related to a recent paper [6] which considers 
the general case of the product of rectangular matrices of some kind, not only the 
product of a rectangular matrix with its transpose. However, in addition about [6], 
in the present paper new theorems are added regarding the rank of the singular 
matrix and the possibility of splitting a symmetric singular matrix into a product 
of a rectangular matrix with its transpose and the way of finding this matrix. It 
will be shown that such a matrix is not unique. 

2. Product of some rectangular matrices with their transposes 

Let’s consider a matrix ( )RMA mn∈  where nm<  (rectangular matrix). 
One attaches to this matrix the linear system: 

BAX =  , where mn EBEX ∈∈    , . (1) 

Since nm< , the system will be indeterminate (more unknowns than 
equations). One multiplies to the left the matrix equation (1) with the transpose of 
matrix A: 

( ) BAAXA tt =       where        ( )RMA nm
t ∈  (2) 

Taking into account the associativity of the matrix product, we will have: 

( ) BAXAA tt =       where       ( )RMAA n
t ∈  (3) 

 In addition, the square matrix AAt  will be a symmetric one: 

( ) ( ) AAAAAA tttttt == . (4) 

Coming back to the system (1), let mrAr ≤=    , )(rank . In this case, the 
solution of the system can be expressed as: 

Brnrn VVcVcVcX ++++= −−...2211 . (5) 

where  ( )rnVVV −,.... ,1  represents the basis of the linear space of the solutions of 
indeterminate system, and BV  is a constant vector. What we need to keep in mind 
is that the solution is not unique. On the other hand, the same solution needs to 
satisfy the system (3) as well, whose main matrix is a square one. Since the 
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system is consistent and indeterminate, it follows that the square matrix AAt  
must be singular and the right hand term BAt  will belong to the column space of 
matrix AAt .  
 By considering the above reasons, we can state the following theorems: 
Theorem 1: For any rectangular matrix ( )RMA mn∈  where nm> , the product 

tAA  will be a symmetric and singular square matrix. 
 
 Remark: This theorem was mentioned for the first time in [6] considering 
the more general case of a product of a nm×  matrix and a mn×  one, where a 
nonsymmetrical singular matrix is obtained. 
 
Theorem 2: Let’s consider the rectangular matrix ( )RMA mn∈  where nm>  

having the rank nr ≤ . Then, the rank of matrix m
t MAA ∈  will be also 

mAr <= )(rank . 
 
 The proofs of the above theorems are suggested by the previous 
considerations. For a more rigor, one can use reductio ad absurdum: one assumes 
that the square matrix tAA is nonsingular; in this case, the system (3) will be of 
Cramer type, so that it will have a unique solution. But the system (3) is 
equivalent to (1), which is indeterminate; as such, the assumption cannot be true. 
The equivalence between the systems (1) and (3) provides also the proof of the 
theorem 2. 
 For the case of a column matrix, checking of the above theorems is almost 
straightforward: 
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One can observe easily that  
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Example: Let’s take the matrix 


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
=

23
11
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A ,   







=

211
312tA . The product 

matrix tAA  will be: 
 

=tAA
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












=

























1358
523
835

211
312

23
11
12
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By computing the determinant expanding upon the first row (or column), 
one yields: 

( ) ( ) ( ) ( )
( ) ( ) 0181315             

28538581333551325det
=−×+−×−×=

⋅−⋅×+⋅−⋅×−⋅−⋅×=tAA  (9) 

which confirms the validity of theorem (1). Let’s attach now the linear 
homogeneous system 
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which can be re-written as  





=++
=++
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zyx
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 (11) 

The rank of the main matrix of the system (equal to the rank of matrix A) 
is 2, since 

01
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det ≠=
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  (12) 

According to the theorem (2), the rank of the product matrix tAA will be 2 
either, which can be easily seen from (8). Considering now (x, y) as main 
unknowns, the solution of system (11) will be derived as follows: 
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It is easy to check that the same solution simple indeterminate (13) verifies 
the system (3) particularized in the given example. 
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 Remark: The product tAA is not commutative. It is known that the matrix 
n

t MAA ∈  is nonsingular and it is used to determine the pseudo-solution of an 
overdetermined system. For instance, if we start from the previous matrix and 
consider the system 
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we can see that 3)(rank2)(rank =≠= AA  where =A augmented matrix of the 
system, since 

1
123
111
112

det −=















. (15) 

It follows that the system is inconsistent and we can consider only an 
optimum solution in the sense of least squares, which can be obtained by 
multiplying the system (14) at the left with the transpose of the main matrix: 
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3. Splitting of a symmetric singular matrix into a product of a       
     rectangular matrix and its transpose 

Theorem 3: For any square matrix ( )RMS m∈  symmetric and singular, there 

exist always factorizations of type tAAS=  where A is a rectangular matrix of 
form ( )RMA mn∈  where nm>  and )(rank)(rank SA = .           

 
In order to prove that, let’s consider a symmetric and singular matrix 
( )RMS m∈ . In this case, it is obvious that  

mSr <= )(rank  (18) 
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We assume (without restricting the generality) that, by eliminating the last 
m-r rows, the square submatrix ( )

rjiijs
 ,1, =

is nonsingular. One attaches the 

algebraic linear and homogeneous system  
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 Taking ( )rxxx ,..., , 21  as main unknowns and denoting 
( )rmix iir −=λ=+  ,1 , the solution of the above homogeneous system will be: 

( ) { }rm

rm

i
iim VVVVxxx −

−

=

=λ= ∑ ,..., ,Sp,..., , 21
1

21 . (20) 

The same solution needs to satisfy the following homogeneous system as 
well: 

   r
t XA 0=    where  SAAt =    and   ( ) mrRMA rm

t <∈   , . (21) 

The problem reduces at the beginning to determine the general form of the 
linear and homogeneous system which admits the solution (20). The matrix of this 
system will be the transpose of rectangular matrix A that we are looking for.  

Let’s consider ( )rWWW ,..., , 21  as a basis for the orthogonal linear subspace 
of that one defined by (20): 

{ } { }rmr VVVWWW −
⊥= ,..., ,Sp,..., ,Sp 2121  (22) 

 Using these notations, the general system which admits the solution (20) 
can be written as: 
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The matrix of the above homogeneous system can be written symbolically: 

mk
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r

j
jkij

t WA
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 ,11
=
==



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
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Applying the condition that SAAt =  (where S = given), one obtains a 
nonlinear (quadratic) system in the coefficients ) ,1 ,( rjiij =λ , but which is 
indeterminate, as it can be observed in the following example. As such, a 
multitude of decompositions of type (21) can be obtained.  

 
Example: Let’s consider the matrix of the previous example: 

( ) 0det  and     , 
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
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 Since 2)(rank == Sr , one seeks a matrix 32MA∈  such that SAAt = . 
 We are going to determine the non-trivial solution of the homogeneous 
system 30=SX : 
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whose general solution can be written as 

( ) ( ) ( ){ }1 ,1 ,1Sp1 ,1 ,1 , , −−=−−= λzyx . (29) 

One determines further the homogeneous system which generates the 
orthogonal subspace of the latter one: 

0          0 =−+⇔=+−− ζηξζηξ . (30) 

( ) ( ) ( )1 ,0 ,10 ,1 ,1 , ,                      , µλζηξµλξµζλη +−=⇒+−=⇒==  (31) 



128                                       Marius Brebenel, Mircea Sularia 

The wanted system will be of form: 
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The matrix A will be the transpose of the matrix of the above system: 
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Finally, the nonlinear (quadratic) algebraic system is obtained: 
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(the other equations are equivalent). 
The system thus obtained is indeterminate, since it has 3 equations with 4 

unknowns. 
For the particular case ( ) ( )2 ,3 ,1 ,1 , , , 2121 =µµλλ  one finds the matrix A 

from (8). Another solution can be obtained if we take, for example, 02 =λ , which 
yields: 

2
1

2
2513  , 

2
5  , 2 211 =−=== µµλ . (36) 

A new factorization is found: 
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
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Remark: If the matrix ( )RMS m∈  were symmetric, nonsingular and 
positively defined, then it would admit the well-known Choleski factorization: 

tLLS= . (38) 
where L is a lower triangular square matrix. 

4. Conclusions 

In this paper it was proved that a symmetric singular square matrix can be built by 
multiplying a rectangular matrix of form nm×  where nm>  with its transpose 
and more than that, the obtained matrix has the same rank as the rectangular 
matrix used in the product. This result can be useful in several fields of 
mathematics, computer engineering and information security.  
Another interesting result in this paper consists of proving the possibility of 
splitting a symmetric singular matrix into a product of a rectangular matrix of 
form nm×  ( nm> ) with its transpose, which is not unique. In this case, we have 
the possibility to choose the appropriate product satisfying the conditions imposed 
by the specific application. 
A  forthcoming paper showing the usefulness of presented theorems is intended to 
be prepared by the authors, wherein applications like optimal control of discrete-
time linear systems will be analyzed. 
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