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ON APPROXIMATION OF BASKAKOV-DURRMEYER TYPE
OPERATORS OF TWO VARIABLES

Ismet YUKSEL?!, Ulkiit DINLEMEZ?, Birol ALTIN3

In this study, we have constructed a sequence of positive linear opera-
tors with two variables by using Baskakov-Durrmeyer type operators. We study
approximation these operators and give a Voronovskaja type theorem. Further-
more, we study of the linear positive operators in a weighted space of functions
of two variables and find the rate of these convergence using weighted modulus of
continuity.
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1. Introduction

The well known Baskakov-Durrmeyer type operators of one variable are de-
fined as

o0

My(fi2) = (0= 1)} pus(a) / Par(t)f (1) dt
0 0

k=

and
@= (" k—1 z*

The approximation of these operators were studied in [10, 11, 15]. We gen-
eralize these operators to the operators of two variables. Now we give necessary
notations and definitions. Let

D= {(:pl,xg) eER?:0< 21,0 < 29 },
C(D) be the set of real valued continuous functions on D and
Da:{(:z:l,xz)€R2:O§x1§a,0§x2§a }

Let us define two variables of Baskakov-Durrmeyer operators M,, defined on subset
of all continuous functions on D for which the following double integral exists finitely.

M (f3wra2) = (0= 0* Y buataran) [ [ busalon,2)f 00 dinda, (1)
k,lEN 5 0
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where
bkt (Y15 Y2) = Pk (Y1) Pt (y2)-

Approximation functions one or two variables by certain positive linear operators in
weighted spaces can be found in [2, 4, 5, 6, 7, 8, 9, 13, 14, 16, 17, 18, 19]. We need
Bohman-Korovkin’s Theorem in [1, 3, 12] for giving our Remark 2.1.

Theorem 1.1 (Bohman-Korovkin). Let K be a compact Hausdorff topological space
which contains at least two distinct points and let 2m functions f1, fo, ..., fm, @1, 02, ..., Gm
in C(K,R) be such that

P(r1,22) =) fi(x1)aj(z2) >0, V(z1,22) € K,

M

<
Il
—

P(z1,22) = 0 if and only if x1 = xa.

If (H,), H, : C(K,R) — C(K,R), is a sequence of linear positive operators such
that

Hy(fj) = fj, n—o00, j=1,..,m,

then we have H,(f) — f, f € C(K,R).

2. Generalization of Baskakov-Durrmeyer type operators

In this section, we give some classical approximation properties of these oper-
ators. We use the following notations, for brevity,

epo(x1,22) = 1,e10(z1,22) = 21, e01(x1, 22) = T2, e11(x1, x2) = 21 + T2,
ea0(1,02) = 23, e0a(w1,12) = 23, €92(w1, 12) = o7 + 23,
es0(w1,20) = a3, ep3(x1,12) = 23, eao(x1, 12) = 21, eoa(x1, 22) = T3
S
and Fs(n) = H(n—z)
i=2

We are ready to give some properties of the Baskakov-Durrmeyer operators
of two variables given in (1) which we apply to the proofs of the main results. By
simple calculations, we get the following lemma;
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Lemma 2.1. The following statements hold;

(i) Mp(eoo; (21,72)) = 1, (i1) Mp(ero; ) =

P R L

(i) Mafeos; (21,22) = —"oan

(iv) My (ca0; (w1,2)) = Fgl(n [n(n + 1)22 + dnzy + 2},

(0) My(eoas (@1,22)) = s {n(n-+ 1) + dnaz 2},

(vi) Mis(ens; (z1,72)) = F;n fn(n+1) (22 4+ 23) +4n (21 + 22) + 4},

(vii) My(es; (x1,22)) = F41(n {n(n+1)(n +2)z} + 9In(n + 1)z + 18nz1 + 6},

(viid) M (eos: (1, 72)) = an Ln(n+1)(n + 2)a3 + 9n(n + 1)a3 + 18nzs + 6} |

(i) My (eas (21,22)) = F; fn(n+1)(n+ 2)(n + 3)et + 16n(n + 1)(n + 2)a?
+72n(n + 1)23 + 96nz1 + 24},

(2) Ma(eos (21,22)) = F; fn(n+1)(n+ 2)(n + 3)c + 16n(n + 1)(n + 223

+72n(n + 1)23 + 96nxs + 24} .

Proof. We obtain the estimate

/pn,k(yl)(elo(yl, Yy2))"dyr = ke TZ')('fzn_lq;L - 2)!' (2)
0

Then using (2) we get

. . 2 n+k—1 yl
My (eoo; (1,72)) = (n = 1)* Y by ga(w1, 22) 0/ < ) de

k,lEN
n+l-—1 y2
X —=——d =1,
/< ) 1+ )
0
o
n+k—1 K
My (e10; (x1,22)) = (n —1)° Z byt (21, 72) / < k ) (lflmdw
k1N 9 y1

n+l—1 yh
X —==
/< ! )(1+y2)"+l v
0
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1y - kE+1

= 1) k%:an,k,l( 1s 2)(n—1)2(n—2)

I S R et VLI

- n—2{;(’f—l)!(n—l)!(lwlﬂ"““+1}
— n 1 +

Mn(601; ($17 xZ)) = (’I’L B 1)2 Z bn’k’l(:El’ $2) (n - i)—;—(; - 2)
=0
n 1
= a2 + Y
Mn(GQO; (5617 $2)) - thn) Z bn,k,l(xla x2)(k + 1)(k + 2)
k=0

1 = (n+k—1) ok

- F3(n) {% (k—=2)!(n — 1)1 (1 + aq)ntk

n—i—k—l) ok
4 2
+ Z TL _ 1) (1 +$1)n+k +

1
= +1 +4 + 2
) {n(n )xl nTi } ,

My (e02; (21, 72)) =

Fo() {n(n+ 1)z2 4 4nzy + 2},

summing of (iv) and (v) we get (vi).

My (e30; (21, 22)) =

k() {k(kE —1)(k —2)
kleN
+9l<:(k 1) + 18k + 6}

1 2 (n+k—1) 2k
Fy(n) {Z (k=3)!n—1!(1+ xll)nﬂc

n—i—k—l) ¥
9
* Z (n — 1)1 (1 4 aq)nt+*

+k:—1) zh
18 6
* Z N(n = D) (1 + zq)ntk -

1
= nn+1)(n +2)z3 + 9In(n + 1)a? + 18nz1 + 6 ,
F4(n){( )( )1 ( )1 1 }
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using the same processes we have the equality in (viii).

M, (eq0; (21, 22)) = Z by g ( —1)(k —2)(k —3)

kleN
+16k(l<: — 1)(k — 2) + T2k(k — 1) + 96k + 24}

1 2 (n4k-1) zh
- B0 {;4 (k—4)!(n — 1)1 (1 + ap)"tF

(n —|— k: —1)! ok
16
+ Z n_ 1) (1 +x1)”+k
(n —I— k: —1)! ok
72
+ Z (n— 1)1 (14 zq)ntk
(n —|— E—1)! ok
96 24
* Z W — DV L)k [
again using the same processes we obtaln the equality in (z).
O
Let’s define the weighted space C} (D) consisting of all functions f in C,(D)
for which lim ‘f(yliyz)l‘z exists finitely, where |(y1,v2)| = /%% +y5 and

|(y1,y2)|—o0 1+|(y1,2)

[f(y1,92)] < Kp(1+ 97 +y3), Kp>0.

The following theorem gives us the Baskakov type theorem (see [4] ) to get the
uniform approximation to the functions in C} (D) by the sequence of the positive
linear operators M,,.

Theorem 2.1. Let f be belong to C;; (D). Then
tim | Mo (F) = Fllesgpy = 0
if and only if the following statements are satisfied
() lim | My, (e00) — ool (py = 0
(é4) lim || M, (e10) = eroll s (py = 0
(idd) i [| M (eo1) — eon|

c;p) =0
(v) lim [ My, (e20 + e02) — (€20 + €02)ll ¢ (p) = 0-
Proof. The necessity part is trivial. The sufficient part needs proof: Let (z1,z2) €

Dy and f € C} (D). Since for each f € C} (D) is uniform continuous on D, (r > a),
for each € > 0 there exists some 6 > 0, such that for each (y1,y2) € D, with

\/(xl —y1)? + (w2 — y2)? < O implies |f(x1,22) — f(y1,52)] < € . On the other
hand, if \/(xl — y1)2 + (29 — y2)2 > 4, we have

w1 —y1)° + (22 — 2)°
62

|f($1,x2)—f(y1,y2)|§2Kf( , for (y1,y2) € D.

So, we get the following inequality
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2 2
\f (21, w2) — fyn,y2)| < e+ 2K (1 — 1) ;(wz — ) -

Using positivity of the operators M,, for each n and the equality
f(ylayQ) = (f - f($1,1’2)600)(y1ay2) + f(xlaxQ))

we obtain the following inequality

| My, (f; (21, 22)) — f(21, 22)]

= |Mn(f = f(z1,22)e00 + f(z1, 22)e00; (x1,22)) — f(z1,22)]

[My (f = f(21, 22)e00; (21, 22)) + (f (21, 22) (Mp (€00; (21, 22)) — 1)
< My (lf = f@1,22)e00 s 2) + [f (21, 22)| | M (€00 (21, 22)) — 1)
< My (|f = f@r,22)e00] s 2) + [ fllogpy [Mn (eoo; (1, 22)) = 1] - (4)

Now applying the operators M, to (3) and using (4) we get
2K
My (F: (01,22)) = flan,wo)| < e+ =55 { Mo (0 —21)?s2)
+M, ((y2 —22)”32) } + I fllcs () 1Mo (00 (1, 22)) = eaolar, o)

2K
e+ S {Fgl(n) {n(n+1) (27 + 23) + 4n (21 + 22) + 4}

52
2n
“aoa
+ [ fllespy [Mn (eoo; (21, 22)) — eoo(@1, 22)|
hence the proof of Theorem is finished. O

Remark 2.1. If we choose f € C(D,) instead of f € C; (D) in the above theorem,
then we obtain alternative proof of the Theorem 2.1 by means of Bohman-Korovkin’s
result, Indeed, take K = Da, f1 = €00, f2 = €10, f3 = €01, f4 = €22,01 = €22,02 =
—2e19,a3 = —2eq1 and ay = ego, then P((x1,x2), (y1,y2)) = (#1 — y1)* + (z2 — y2)*.

Full modulus of continuity of f € C(D,) is denoted by w(f;d) and defined as
follows :

x% —i—a:%) —

2
_2(:c1+x2)+m%+a:§}

w(f;8) = max {|f(b") — f(b%)] : b',b% € D, and o' —b?| < 6} .
Partial modulus of continuity with respect to x1 and xo are given by

1
10) = —
wi(f;0)i= max | max |f(w,z2) = flzs,z2)]

and

2
20) = —
wifi0)i= max | max |f(yny2) = Flyn vl

respectively. We shall need some well known properties of full and partial modulus
of continuity :
w(f; Ad) < (14 A)w(f;6)
for any A > 0 and %i_r)r(l)w(f;é) =0.
The following theorem gives the rate of convergence of the sequence of linear
positive operators (M) to f, by means of partial and full modulus of continuity.
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Theorem 2.2. For f € C(D,) the following inequalities are satisfied

2
[ M (f) — f”C(Da) < 4Zwi(f; On,i)

i=1
and
1M () = Flleqpny < 4wlfi6)
n . 2(2n+6
where 6y, ; = %(a—i—l), i=1,2, 6, = W(cﬂ—l).

Proof. For (z1,22) € D,
|Mnf; (xlva) - f(x1,$2)|

< (=1 bugi(rr,2) /bnkl y1.y2) |f(y1,y2) — 2, y2)| dyrdy:
0

k,lEN o/
2 ly1 — 21|
< (=17 byga(rr,72) bn et (y1,y2) |1+ | w (f, 0n,1) dyrdye.
k,lEN 00 ml
Using the inequality (a + b)? < 2P~! (a? + b?) by Cauchy-Schwarz inequality,
| M f5 (21, 22) — f(21,22)]
n B 1 oo o0
< 2 Z bk (71, T2 //bn,k,l(y) (47 — 2y121 + 27) dyrdys
n 1 k,leN 0 0
w(fa 671,1)
1 (2
< 2 {1 + 52(}2(2)6) (x1+1) } w(f,0p1), for the sufficiently large n € N we get
S 4U}(f, 5n,1)'

By using the same processes above we get the following inequality

| My, (f; (21, 72)) — f(21,22)] < 4w(f,6n2)-

Using above inequalities and full modulus of continuity

| My (f; (x1,22)) — f(21, 22)]
< (n—1) Z byt (1, 22)
k,JEN

On

w (f7 5n) dyldyQ
0 0

< 2{ie S B 7+ 17} o (1)

and then we take supremum on last inequality we get the desired result. ([l
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For M > 0 and 0 < o < 1, the class of the functions f € C(D,) satisfying the
following relation

w(f;0) < M&*, for all § >0,

is called a Lipschitz class and denoted by Lipys (o). The following Corollary is
routine and its proof is omitted.

Corollary 2.1. Let f € C(D,). If f € Lippy (), for 0 < a < 1, then the following
mnequality

1M (f) = Fllep,) < 4M6,

holds, where M > 0 and 6, is given in the above theorem.

3. Voronovskaja-Type Theorem

Let us define the moment functions V; ; by

%

Vii(yr,y2) = (y1 — 21)" (y2 — 22)’, i,j € No.

By simple calculations, the following lemma can be obtained easily.

Lemma 3.1. For each (z,y) € D and n € N the following equations are hold

(1) Mn(Va0; (71,22)) = 21%)(—;)6& T 21?2&?“ * szn)’
(i) Mn(Voo; (v1,22)) = 21;;(4;)696% + 21;;;;)6%2 " Fin)’
(iid) My (Vis; (21, 20) — (nxy -(i-nli(;l)x; +1) . (7(1;1_+2)1)x2
(nxo + 1)

_le + x122,
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n(n+1) (z3 + 23) + 4n (z1 + 22) + 4
(F3(n))”
2 (n(n+ 1)z} + 4naq + 2) (na3 + z2)
(n—2)Fj(n)
(n(n+1)z3 + 4nay + 2) 23
Fy(n)
2 (nzf + z1) (n(n + 1)a3 + 4nzs + 2)
(n —2)F3(n)
4(nx? 4+ x1)(nad +x9)  2(na? + x1)13
H ) R )
(n(n+1)23 +4dnzo + 2) 23 222 (nad + x) 2
Fy(n) ey T
. 1202425204120 4, 24n? 4+ 504n + 240
(1}) Mn(V470, (r1,22)) = F5<TL) Ty + F5(TL) Ty
12n2 +324n +240 , 72n+ 120 24
Z1 1+ )
F5(n) F5(n) F5(n)

12n% +252n + 120 , = 24n? 4 504n + 240 ,
p) T3

(iv) My(Vao; (z1,22)) =

8
NIV

(vi) Mn(Vo; (z1,22))

F5(n) F5(n)
12n% +324n + 240 ,  72n+ 120 24
xr X .
F5(n) 2T T Rm) T F(n)

The following corollary is clear and its proof is omitted.
Corollary 3.1. If (z1,22) € D, then we have
nh_)rgo nzMn(VZw + Vou; (z1,22)) = 12x% (x1 + 1)2 + 12x% (zo + 1)2 .

We now give a Voronouvskaja type theorem for M, operators.

Theorem 3.1. Suppose that f € C?(D). Then for each (x1,x2) in D, we have

Jim (M, (f; (21,22)) = f(z1,22)) = (221 + 1) fay (1, 22) + (202 + 1) fop (21, 72)
+x1(z1 + 1) faya, (21, 72)
+29(x2 + 1) faogay (21, 22).

Proof. Let (z1,x2) be a fixed point in D and f € C?(D). By Taylor formula for f
we get

fy,y2) = f(z1,22) + fo, (21, 22) (11 — 71)

+fas (21, 22) (Y2 — 72) + %fmm(m, x2) (y1 — 21)°

+ fores (X1, 22) (Y1 — 1) (y2 — 22) + éfmm(ﬂcl,m)(yz — 19)?

+((y1,92); (21, 22))V/ (1 — 21)* + (Y2 — w2)%. (5)
Now applying the operators M,, to the equation (5) we obtain

My (f; (z1,22)) — f(21,22)
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= Jo (@1, 22) My ((y1 — 21); (1, 22)) + fan (1, 22) My ((y2 — 22); (21, 72))
b Feran o, 2)My (50— 0% (1, 2))
+ farzs (1, 22) My (Y1 — 1) (y2 — 22); (21, 72))
+%fmx2($1, 22) My ((y2 — 22)%; (1, 22))

My (1, 92): (w1, 22)) V(o — @)+ (02— 22))

nri 1 nry 1
= fo(21,22) {n—2 t— —331} + fay (21, 22) {n_2 t— —962}

1 M6 5, 2046 2
+2fx1x2(x17x2){F3(n) $1+ Fg(n) I’Q—f— Fg(n)}

+fz1z2 ($1a$2) { (TLHUQ z-nli(gl;ﬁ; - 1) - (T(L;jl_—;)l)@ - (T(L?_z)l)m + 331552}

+1f (21, 29) 2n+6x2+2n+6m n 2
2 MmN i) 2T Fy(n) 2 Fy(n)

+M, (T,Z)\/ Vio + Vou; (a1, 562)) . (6)

From Theorem 2.2 we have
Jim M, (% (z1,22)) = 0. (7)

Combining Corollary 3.1 and (7) yield

lim nM, (1/J\/V4’0 + %74; (:L‘l, {L‘Q)) =0. (8)

n—o0

The proof of the Theorem is completed by using (6) and (8). O

Let’s define the operators L,, and T}, for preliminary to the following Theorem.

Lo(fi(z1,22)) = n(n—1)Y Pug(@1) Y Payig(22)
k=0 =0

X//Pn,k (Y1) Po—1141 (y2) f (y1,y2) dy1dya,
00

To(f; (@1, 22)) = n(n =1 ppiir(@1) Y pniles)
k=0 =0

X //pnl,k+1 (Y1) Py (y2) f (1, y2) dyrdyo.
00

The following Theorem gives us derivative of the operator M, with respect to x1
and xo.
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Theorem 3.2. Let f € C' (D) and f(y1,12) = O(ySiQ),then the following equalities
are satisfied for each (x1,z2) € D

(Z) ;@Mn (fv (‘rth)) = Ln(fyz; ($1, xg))

(1) oM (7 1,22)) = Ty 1,22)

Proof. Now we only prove the part (i) and the proof of the part (ii) is similar and
omitted.

M, (f; (w1, 22))

= (n—-1) ank 1 anl T2 //pnk y1) Py (y2) f (41, y2) dyrdys
0 0

= (n=1"> ppk (21) { Pro (22 //Pnk (y1) Pro (y2) f (Y1, y2) dyrdys
0 0

+> pn (xQ)//pn,k (Y1) Py (y2) f (y1,92) dyrdys o - (9)
=1 0 0

Differentiating both sides of the equality (9) with respect to xo and using the equality
P (@2) =1 (py1i-1 (¥2) — Prtry (72)) we get
0

T@Mn(fv ($1, xQ)

oo 0

n

= n—l ank xl —W//pn,k yl)PnO(y2)f(ylay2)dyldy2
0

0
0o oo OO

+Y 0 (Pot1i-1 (@2) = pog1g (22) //pn,k; (Y1) Pri (y2) f (1, y2) dy1dys
=1 00

= n(n—1)> pog(z1) an+1,l (z2)
k=0 1=0

Xo/o/pn,k (1) (=pr_1001 (2)) f (41, y2) dyrdyo.

Using integration by parts we obtain

0
aTCQMn(fa (z1,22))
= n(n—-1) ank 1 an+1z T2 //pn,k Y1) Pn—10+41 (42) fyo (Y1, 92) dyndysz,
00

as desired. 0
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