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INTERIOR APPROXIMATE CONTROLLABILITY OF A CLASS OF
REACTION-DIFFUSION EQUATIONS OF SEMILINEAR PARABOLIC
TYPE

Mourad RAGHDI', Salah BADRAOUI?

We prove in this paper a new result about approxrimate controllability of a
semilinear parabolic equation. This equation is given by
yt = aAy+1lou+ f(t,y,u), z € QCR"(n>1),t € (0,T], with y=0 on (0,T)x 0%,
y(0,z) = y0(z), x € Q, where Q is a bounded domain in R™ (n € N*), 1, is the
characteristic function of a subset w C Q, u is the distributed control. f:[0,T] x R x
R — f(t,y,u) € R s a nonlinear function locally Lipschitz in y uniformly in t
on bounded intervals and there are two bounded positive functions bg, b1 : [0,T] — R
such that |f(t,y,u)| < bi(t)|u|l +bo(t) for all y, u €R, |z|, |u| > R.

Keywords: compact semigroups, fixed point, existence of solutions, approximate con-
trollability, semilinear parabolic equation.
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1. Introduction

This paper is concerned with the interior approximate controllability of the following reaction-
diffusion of semilinear parabolic type equation

ye(t, ) = alAy(t, z) + lyu(t,z) + f(t, y,u(t,z)), (t,z) € (0,T] x Q, (1.1.a)
y(t,z) =0, (t,z) € (0,T) x 99, (1.1.b)
y(0,2) =1 (z), zeq, (1.1.c)

where a > 0 is a real constant, 2 is a bounded open set in R",y% € L*(Q), w C Q is an
open nonempty subset of €2, 1, denotes the characteristic function of w, u is a control
function belonging to L?(0,T; L3(2)) and the nonlinear function f:[0,7] x Rx R — R
is locally Lipschitz in y uniformly in ¢ on bounded intervals and there are two positive
bounded functions by, b1 € B([0,7];R) such that

|f sy u)| < ba(t) [ul + bo(t), (1.2)
for all y, u € R, |y|, |u| > R.
Definition 1.1. The system (1.1) is said to be approximately controllable on [0,7] if for

every y°, yt € L3(Q) and e > 0, there exists u € L2(0,T; L*(Q)) such that the solution
y of (1.1) corresponding to u verifies ||y(T) — ylH2 <e.
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The approximate controllability of the problem (1.1) was studied in [3] and [4] in the
particular case where the nonlinear perturbation f is independent of the variables ¢ and

yi(t, ) = Ay(t, x) + Lou(t,z) + f(y(t,x)), (¢, z) € (0,T] x Q, (1.3.a)
y(t,z) =0, (t,z) € (0,T) x 09, (1.3.b)
y(0,2) = y°(z), zeQ, (1.3.c)

and f is sublinear.
lf(W)] < a1yl + ao, ao, a1 € R are constants. (1.4)

The problem (1.1) was studied in [7] . It is proved that if there exist two real constants ay,
b1 with a; # —1 such that

(Sup) ‘f(tvyvu) — a1y — b1u| < o0 (15)
t,z,u

then, the equation is approximately controllable.

Recently, H. Leiva, N. Merentes and Sanchez proved in [8] the approximate controllability
of the following problem

ye(t, ) = Ay(t,x) + Lou(t, z) + f(t, y,u(t, z)), (t,z) € (0,T] x Q, (1.6.a)
y(t,z) =0, (t,z) € (0,T) x 99, (1.6.b)
y(0,2) =y (z), z€Q, (1.6.¢)

if f is smooth enough and there are real constants a1, bg, by € R, R>0 and 1/2< g <1
such that

|f(ta y7u) - aly‘ < bl |u|ﬂ + bO' (17)
For more information on basic results on exact and approximate controllability of parabolic
equations, you can consult [10] and [11] and [5] and references therein.

2. Notations and preliminaries

Let Q CR"™ abounded domain and 7T >0 a real constant, we denote by
C§° (£2) : the space of infinitely continuously differentiable functions on € and compactly
supported in Q.

L?(Q) = {u : Q C R” — R measurable function and / u(z)|® do < oo}, with norm
Q

full, = { | u<x>|2dx}1/2 (1)

uw:(0,T) CR— L?(Q)
T T
measurable function and / ||u(s)\|§ ds = / / lu(s, x)|? deds < oo
0 o Ja

T 1/2 T 1/2
= uls,r 2 xas = u 2 .
||u|2,2—{/0 /Q| (s,2) 2 d} (/ H <t>||2dt> (2.2)

L?(0,T;L?(Q)) : =

with norm
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C([0,T); L*(2)) := {u: [0,T] — L*(Q) continuous function} with norm

= 2.
ol = ma u(t)], (23)

B(E;X):={u:EF— X :wu isabounded function on E}, where E is a nonempty
set and X a Banach space.

B(v,r) the open ball of center v and radius r.

B'(v,r) the closed ball of center v and radius .

OB(v,r) the boundary of B(v,r).

tmax the maximal interval of existence.
To prove the approximate controllability of (1.1) we need to some known results.

Theorem 2.1 (Rothe’s theorem [6], page 129). Let E(7) be a Hausdorff topological vector
space. Let B C E be a closed convex subset such that the zero of E is contained in the
interior of B. Let ®: B — E be a continuous mapping with ®(B) relatively compact
in £ and ®(0B) C B. Then there is a point z* € B such that ®(z*) = z*.

Theorem 2.2 (cf. [12] on page 286 and 307, [1] on page 192). Let us consider the following
classical boundary-eigenvalue problem for the laplacian

—Au = Au, on
u=0, on O0f

where ) is a nonempty bounded open set in RY and D(—A) = H2(Q) N H ().

This problem has a countable system of eigenvalues 0 <c <A <A <...<A; <...and
Aj— 400 as j— oo and

(i) All the eigenvalues \; have finite multiplicity m; equal to the dimension of the
corresponding eigenspace 5.

(ii) Let {pjr}., a basis of the S; for every j, then the eigenvectors {gojk}km:j’lf;’zl form

a complete orthonormal system in the space L2?(Q). Hence for all u € L?(Q)) we have
oo My mn;

u= ZZ (u, @jk) @ik If we put Eju = Z (u, @jk) ji then we get u = ZEju.
j=1lk=1 k=1 j=1
Also, the eigenfunctions {ijk};n:jf;’zl C O ()N HL(DQ).

(iii) For all w € D(—A) we have —Au = Z/\jEju.

j=1
(iv) The operator A generates an analytic semigroup S on L?(Q) defined by

St)hu = Ze"\ftEju and [|S(t)|| < e M, forall t>0

Jj=1

3. Main results

Let :

A: D(A) = H}(Q) N H2(Q) C L*(Q) — L*(Q) be the linear operator defined by Au =
—aAu.

B, : L?(2) — L*(Q) the operator defined by B,u = 1,u. The operator B, is trivially
linear and bounded.

F00,7) x L2(2) x L2(Q) — L2(Q) : (t,y,u) — f(t,y,u) be a function.
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Then the equation (1.1a) can be written in the form

y'(t) = —Ay(t) + Bou(t) + f(t,y(t), u(t))

Proposition 3.1. Let u € L? (O, T; L? (Q)) be a fixed function and let f be continuous
in ¢ on [0,7] and Lipschitz in y uniformly in ¢ with constant L = L(u) >0

1f(E,v1,u) = f(t v, u)lly < Lljor — vz, (3.1)
for all ¢t € [0,7] and all vy, vo € L?()
Then, the problem (1.1) has a unique solution y € L?(0,T; L?(Q)).

Proof. Define the function F :[0,T] x L*(Q) — L*(Q) as F(t,v) = Byu+ f(t,v,u)
and the application W : C([0,7];L?(Q)) — C([0,T]; L*(Q)) by

U(v)(t) = S(t)y° + /0 S(t— s)F(s,v(s))ds

— S + /0 S(t— 5) [Buu(s) + f(s, v(s), u(s))] ds (3.2)

where S is the Cy-semigroup generated by the operator —A.
It folows from (3.2) that

[0 (01)(#) = W(v2)(B)lly < Lljor = vall 25 (3-3)

for all ¢ € [0,7] and all vy,vp € L? (0,75 L3(2)).

Then the theorem 1.2 on page 184 in the reference [9] is applicable, and the application
U admits a unique fixed point u € C([0,T]; L?(12)), this fixed point is the solution (mild
solution in reality) of the problem (1.1)

t
y(t) = S(t)y’ + / S(t—s) [Bou(s) + f(s,v(s), u(s))] ds (3.4)
0
As C([0,T); L3(Q)) C L%(0,T; L*(f)), the solution is in L2(0,T; L?()).
Proposition 3.2. Let u € L? (0,T; L*(2)) be a fixed function and let f : [0,T] x L?(Q) x
L?(Q) — L*() : (t,v,u) — f(t,v,u) be a continuous function in ¢ on [0,7] and

locally Lipschitz in v uniformly in ¢ on bounded intervals, i.e; for every ¢ > 0 and every
constant ¢ € Ry there exists a constant L = L(c,t',u) € Ry such that

||f(t,’l}1,u) - f(t7v27u)||2 S L(C, t/7u) Ilvl - U2||2’ (35)

for all t € [0,t'] and all vy, v € B'(0,¢).
where B’(0,c) is the closed ball in L?(Q2) with center 0 and radius ec.

Then, there is a tmax € ]0,00[ such that the problem (1.1) has a unique mild solution
y € C([0, tmax[; L2(2)). Moreover, if tyn.x < oo then ml%m y(t)||y = oo

Proof. The same proof as in Proposition 3.1, and apply the theorem 1.4 on page 185 in [9].

Theorem 3.3. Assume that the equation (1.1) admits a solution y € L2(0,T;L*(Q))
where 0 < T < tyax (for exemple if (3.1) or (3.2) is verified) and assume also that there
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are two positive bounded functions by, by € B([0,7];R) and a real constant R > 0 such
that

[f (£, u)] < ba(t) Jul + bo(t) (3.6)
for all y, uw e R, |y, |u| > R.

Then, we can construct a sequence of controls (ua, )peny C L*(0,T;L*(2)) steering the
system (1.1) from any initial state y° to an e-neighborhood of a final state y!' at time
T e R} forevery € € RY :

lim yq, = kh_{I;O {6’YTS(T)yO + G1(ua,) + GQ(uak)} =y (3.7)

k—o0
where y,, is the corresponding solution to the control wu,, and Gy, Gy : L*(0,T; L*(Q)) —
L2(2) are defined as

T
Cru = / eV T=9)S(T — §)Bou(s)ds, (3.8)
0

T
Gyu = / e T=S(T — 5)g(s,y(s), u(s))ds. (3.9)
0

Whence, the system (1.1) is approximately controllable on [0, 7] .

Proof. Our proof is inspired from the work in [8]. If we put for every real positive constant
v

g(t,u,w) = f(t,y,u) + vy (3.10)
then the equation (1.1a) become

ye(t, ) = aAy(t, ) — yy(t, z) + Lyu(t,z) + g(t, y(¢, z), u(t, x)), (t,z) € (0,T] x Q (3.11)

The solution y verify the integral equation

y(t) = e S ()" + / e 1St — 5) [Buu(s) + g(s,y(s), u(s))] ds, (3.12)

where S is the Cy-semigroup generated by the operator —A, then we have from Theorem
2.2 (iv) that

o0

Stu=> e ™' Ejuand ||S(t)], < e M, for all t>0. (3.13)
j=1
If we put
Gu = Giu+ Gau (3.14)
From (3.8) and (3.9) into (3.12), the solution y is written as
y(T) = e 7TS(T)y° + Gu (3.15)
Claim 1. We have
lg(t, y(), ut)lly < V2y ly(@)lly + By [lu(®)lly + Bo (3.16)

where

By =2 sup bi(s), Bo= /21 (Q) sup bo(s) (3.17)

s€[0,T) s€[0,7
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In fact, we have

gt y(), u(t) |2 = / 9t y(t, @), ult, ) de
< /Q (7 1yt 2)| + b (8) [u(t, )] + bo(t))? da
<2 (P lutt.o) + 8700 [t al +5(0) da
then

gt y(6), ul)lly < V27 ly(t)lls + V2 sup bi(s) [lu(t)lly + sup bo(s)v/24(2)
s€[0,T] s€[0,T)

If we take v =0 we get

1 (& y(8), u®)lly < B [[u(®)]l, + Bo (3.18)

Claim 2. Let u € L? (0, T, L2(Q)) a control, then the corresponding solution y verifies

Illoz < V2 [[8°]| + BovT + BovT [lul (3.19)

In fact, the solution y verify (3.4)
o0) = SO0 + [t 5) Baals) + Flos0(s), )] ds
Then, by (3.18) we get
(Ol < o]+ BoVT + B [ o)l ds (3.20)

where B2 =1+ Bl.

t t 1/2

By Cauchy-Schwarz inequality we get / u(s)|lyds <Vt (/ Hu(s)||§ ds) , which im-
0 0

plies

(/Ot [[u(s)ll ds>2 < t/ot u(s)]l5 ds < T [lul3 (3.21)

From (3.21) into (3.20) we get

[ Ivoar <2 [(HyOH o) ([ ||u<s>|2ds)2]
<2 [(Js")1+ BovT) "+ BT ulf)

Whence (3.19).
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Claim 3. Let () = HG; (aI+G1G;)*1H = HG}‘ (aI+G1G’;)*1‘ .
L2(Q)—L2(0,T;L2(Q2))
Then, there exist two real constants vy >0 and R > 0 such that
[Gaull, 1
< — (3.22)
[ully — 2Co

forall v >0 and [[ull,, > R.

By Cauchy-Schwarz inequality and (3.16)

T
1Goull, S/O e~ THAAT= g (s, y(5), uls)) [ ds

- 1/2 T
e 2(v+ar)(T=s) 1o s,0(s), u(s))||% ds
g(/ 2rkax)(T d) (/ lg(s,v(s), <>>||2d>

1 1/2
( e~ 2(yFar)T )
T \2(v+ a)\l 2(y + aX1)

1/2
2
/ (V2rlly()l; + B u(s)]l, + Bo ds>

1/2

N

/N

IN

1 1/2
( 72(’y+a)\1)T + )
2(y + a>\ 2(y +aXp)

1/2
[ (1o + 452 s >||§+4Bé)ds>

/N

1/2
1
e2vtaz)T 2 (2 2B 2B T)
< (s 5en srang) (27 lag 28 ful + 250V T
(3.23)
From (3.19) into (3.23)
-1 2 AT 1 12
Goully < [ e2rmad)T 2 (B u +B) 3.24
G2l < (5 o) (Blila+B) G20
where B3 = 2\/§’YB2\/T+ 281, B4 = 2\/5’)/ (HyOH + BQ\/T) + QBQ\/T
1/2
As ’YEI-POO (z(v%i)\l)e_g(””’a/\lﬁ + m) = 0, then exists a real constant ~g > 0
such that, for all v > g
/2
—1 2T 1 )1 1
T eykeTy  © ) <= 3.24a
<2(7+aA1) 2(y +a\r) ~ 4B5C, ( )

and as lim = 0, then, there exists a real constant R > 0 big enough such

lully =00 112.2
that for all |lul|,, > R
1 B

< 28

_— 24
Tlla = B (3.24b)

Whence, for all for v > v and all [ull,, > R we get the relation (3.22) from (3.24a)-
(3.24b) into (3.24) .
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Claim 4. For each v € L? () fixed, define the family of nonlinear opperators {Kataeo
by K, : L*0,T;L*(Q)) — L?(0,T;L?(2)) and
Ko(u) = G (al + G1G7) ™" (v — Ga(w)) (3.25)

Then, there exist two real constants 0 < p <1 and R, > 0 such that for all |lull,, > R,

we have
[ Ka(uw)llyq

(3.26)
[[ull

In fact, from the definition of K, we have

’GT (aIJrGlGT)_lvH

HGT (ol +C1GE) ™" GQ(U)H

[Ka(u)ls o 2,2 22
lull,  — [[ully lellz.o
HG’{ (ol +G1GY)~! UH |G
* oy G2
< 2 4|61 (ol + GaG) 7| S
ol Iel.2
|61 (eI +G1GT)~ || G2 ()l
As 22 _ () and W < ﬁ for v=v and |ull,, > R

lully,» =00 Ielz,2

(from the claim 3), then (3.26) is verified.

Claim 5. For every « € ]0,1], the operator K, admits a fixed point u, € L?(0,T;L? (Q)) :
Ko(ug) = ug.

In fact, from claim 4 : K, (0B(0,Ry)) C B(0, Ry). Also, the Cp—semigroup S genrated
by —A=aA in L?*(Q) is compact ([2] on page 394), then G5 and K, are compacts.
Applying theorem 2.1, there exists a fixed point u, of K.

Claim 6. The family of fixed point {ua}ae]o,l] is bounded in L2(0,T;L? ()).

In fact, suppose the contrary; then, there exists a sequence (ua, ),y C {“a}ae]o,l] such
that

kh_?;o [t [lg,2 = 00 (3.27)

HK% (“ak)Hz,z

o |
[

As K, (U, ) = Uq, we obtain that =1, for all k€ N, which contradicts

the inequality (3.26).
Claim 7 . There exists a sequence (G2(ua,))geny C {G2(Ua)}aepo,1) such that for every

ve L*(Q)
klir& {on (el + G1GT) ™! (v — Ga(ua,))} =0 (3.28)

In fact; according to claim 6 and Bolzano Weierstrass theorem, the set (Gz2(ua))qejo 1)
admits a convergent subsequence (G2(uq,))pey in L?(9).

The rest of the proof is the same as in ([8] on page 6).

Finally; we have for all k£ € N

Gl(u(,k) + GQ(Uak) =V — O (Olkf + GlGT)il (U — GQ(UQk>) (329)
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Really; from claim 5, for all k € N: u,, = Ka, (o, ), but from (3.25) we can write
Uay, = G (0o, ] +G1GF) ™ (v — Ga(ua,)) (3.30)
Applying the operator G7 on the expression (3.30) we get
Grua, = G1G} (al +G1GT) ™ (v — Ga(ua,))
= [(arl + G1G}) — oy I] (o] + G1G) ™" (v — Ga(ua,))
= v — Ga(uq,) — ax (al + G1G7) ™" (v — Ga(uay))

Whence (3.29).
From (3.29) taking into account (3.28) we find that

klirgo {G1(tay,) + G2(ua,)} = v, for all v € L*(Q). (3.31)
Now, let y! € L2(Q) arbitrary and put v =y' — e 77 S(T)y" we get from (3.31) that
Jim {G1(uay) + Ga(ua, )} =y' — TSIy’
whence
Jim {eTS(T)y’ + Gi(ua,) + Go(ua,)} =y,
which proves the approximate controllability of the equation (1.1).

At the end, it’s worth to mention that the proof is similar to that of theorem 16 in [8] from
claim 4.

Remark. By examining the proof of the theorem 3.3 we observe that it’s also applicable
to the case studied in [8] where there is a constant [ € [%, 1[ and two positive bounded
functions b, by € B([0,T];R) such that |f(t,y,u)| < by(t) [ul® + bo(t) for all y, u € R,
lyl, lul = R.

Perspectives. In our next work, we will try to apply these techniques to study :
1. Exact and null controllability of this type of equations.

2. Approximate controllabilty of systems of parabolic equations.
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