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SOME RELATIONS ON HERMITE-HERMITE MATRIX
POLYNOMIALS

Ayman SHEHATA' and Bayram CEKIM?

The main purpose of this paper is to define a new extension of Hermite-
Hermite matrix polynomials (HHMP) and derive some properties such as
recurrence relations and matrix differential equation for generalized Hermite-
Hermite matrix polynomials. We derive addition and multiplication theorem, and
summation formula for generalized HHMP. Furthermore, via integral transform, the
new families of Chebyshev-Chebyshev, Legendre-Legendre, Chebyshev-Hermite and
Legendre-Hermite matrix polynomials are introduced, from which a variety of
interesting results follows as special cases.
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1. Introduction and preliminaries

Special functions, as a branch of mathematics, is of utmost importance to
scientists, physics, engineering, mathematical physics and engineers in many
areas of applications. In the recent papers, matrix polynomials have significant
emergent. Some mathematician have obtained some properties for orthogonal
matrix polynomials and special matrix functions via some properties in the theory
of orthogonal polynomials and special functions, see [1, 2, 3,4, 5,6, 7,9, 10, 16,
17, 18, 19, 20, 21, 22]. The Hermite, Legendre and Gegenbauer matrix
polynomials have been studied in many previous papers [11, 15]. The first author
has studied the Hermite-Hermite matrix polynomials [12, 13, 17]. The reason of
interest for this family of Hermite polynomials is due to their main mathematical
significance and to these polynomials have applications in physics.

Our main aim in this paper is to take in consideration a new matrix
polynomials, namely the class of the generalized HHMP taking advantage
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of the recently treated in [12]. In this paper, the generalized HHMP are
defined, the four terms matrix recurrence relation is satisfied, their
connections with matrix differential equation of third order is established in
section 2. In section 3, we define generalized Legendre and Chebyshev
matrix polynomials of first and second kind and give an integral
representation. Finally, we define the Legendre-Hermite and Chebyshev-
Hermite-type matrix polynomials of the first and second kind in section 4.

In this paper, its spectrum o(A) for A in CV*N will symbolize the
set of all the eigenvalues of A. Its two-norm will be symbolized by || A||,
llAx|l2

llxll2
Euclidean norm of y for a vector y € CN. If u(z) and v(z) are

holomorphic functions are defined in an open set Q of the complex plane
and P, Q are matrices in CV*N with o(P)cQ and o(Q)<=Q, such that

PQ = QP, via the matrix functional calculus in [8], we have

u(P)v(Q) = v(Q)u(P).

If D, is the complex plane cut along the negative real axis and

and given by 2 = SUDyz0 where ||yl = (¥"y) 72 1s the
d given by |[A] here |lyll, = ("y)/2 is th

log(z) denotes the principle logarithm of z, then Jz represents
1

22 =4z1= exp[%log(z)j. If A is a matrix in CV*N with o(A)< D,, then

1
A2 =A= exp(%log(A)j denotes the image by Jz of matrix functional

calculus acting on the matrix A.
In [6], for A(k,n) and B(k,n) are matrices in CV*¥ we have

Yo Yo A(k,n) = z;?zozLE]OA(k,n —mk) ;meN. (1.1)
Similarly to (1.1), we can write

50 T Ak, n) = 550 X0 Ak, n 4+ mk) smEN.  (12)
Let A be a matrix in C¥*V such that
Re(z) > 0 for Vz € a(A). (1.3)
This matrix is denoted as positive stable. Then the Hermite matrix
polynomials H (X, A) are defined via the generating matrix function [7]

e H, (x, A);—T'l = exp(xtVZA — t21); (x, ) ERZ.  (1.4)
Here | is the identity matrix or unit matrix in C¥>*VN . Furthermore, in
[7] n" Hermite matrix polynomials have the property
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[n] )
s (=D -
H,(x,A)=n> ———(x+2A)"*,n>0. (1.5
KA =Y ON2A) (15)
In the following, we are devoted to a more substantive effort in

proofs of some known properties as well as new expansions formulae
related to these generalized HHMP.

2. Generalized Hermite-Hermite matrix polynomials

If A is a positive stable in CV*N  and B & Z~, the generalized
HHMP is defined as the series

1

(-
’ H”(X’A):n!;k!(n—zk)!(1+ﬁ)k H, o (X, A) (2.1)

where the Pochhammer symbol is defined in [14]

B-a), =(B-a)(p-a+D.(f-at+tk-1); kz1; (B-a), =1,
B+, =(B+D)(B+2)..(B+Kk); k=1, (B+]),=1.
It is clear that
nHoGA) =0, Hi(x,A) =1, ,H (x,A)=2xA
where @ is a zero matrix or null matrix in CV*V.
By using (1.2), (1.4) and (2.1), we get

© 2

(>n]
— N t" — (ﬂ_a) n
F(XataA)_; HHn(X’ A)W _gg k'(n—2k)'(1k+ﬂ)k t Hn—zk(xa A)

[E8 ot
o KI(1+ B)y n=0 n!
= F(B-a;1+ Bt ) exp(Xtd2A —t?1).
We obtain a generating function for the generalized HHMP:
Fx,tA) = F(B-a;1+ Bt exp(xtv2A—t21). (2.2)
Here F(X,t, A) is a entire matrix function of the complex variable t.

Because of this, the function has the Taylor series about t =0 and the series
converges for all values of X and t.

Writing (—X) instead of X and (-t) instead of t in (2.2), we get
H Hn(_xa A) = (_l)n H Hn(Xa A)
By Kummer’s first formula [14], we get
F(B-asl+ pit?) =exp(t’) |F (a+ 11+ fi-t?). (2.3)
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Thus the generalized HHMP possess the generating function

0

FOut A= L Ha(x, A)t—' = F(a+1;1+ Bi—t>)exp(xty2A).
n!

n=0

Therefore (2.4) and (1.1) yields

S n © (1) 2%
F(x,t,A) = HHn(X,A)t— :[Z( D" (a+1),t J Z:(XJ A)t"
n=0 n! = KB+, v
_ZZ( D (a +1), (x/2A)" "
i KI(n=2K)1(B +1),
We get an explicit representation for the generalized HHMP:

H,(x, A) :nv[zzn:](—l)k(a+l)k(xﬂ)“2k
H' a7 'k=0 k!(n_zk)!(ﬂ'f'l)k .

Put

W HL(GA) ;ﬁen%aﬂnuﬁﬁf“
n! ~ kI(n=2K)(B+1),
then we have
[1 [ n]
& (D @+ 1), 2R
kZ:O k!(n— 2k)!(,3+1)k kz;‘ a0, %, A).

From the series we get

Y. (X, A)=

2

Y. (X, A)

[2n]

(2.4)

(2.5)

(2.6)

2.7)

(2.8)

(2.9)

D @D 2R &
(XV2AW, (X, A) = kz(; =2k - DI D, ;(n 2k)e(k,n, x, A),
v 3 CD @ 2R
R = kI(n=2k=2)1(B+1),
%uYMHnﬂfT“
o (k=D!I(n=2K)1(B+D),,
or

1
—n

[2
Y (x,A)= I‘(ﬁ”()g(k n,x, A),

k=0

[%n]

(x\/ﬁ)z‘PH(x, A = Z(n =2k)(n=2k =1)e(k,n,x, A)
k=0

(2.10)

@2.11)
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and, in the same manner,

)
ON2ZAW, (6 A) == K(N=20B+K) Lk nox. A). (2.12)

k=0 a+k
It follow from the series (2.8)-(2.12) that there exists a relation as
W (X, A) +a(XvV2A), (X, A)+[b | +Cc(Xv2A)’ ¥, , (X, A) +d(XV2A)Y, (X, A) =0
(2.13)
in which the constants a, b, ¢, d are determined by the identity in
K:
a+k+an-2k)(a+k)-bk(g+k)+c(n-2k)(n—2k -1)(@+k)—d k(n=2k)(S#+k)=0.
(2.14)

The identity (2.14) yields
—2'B+2n_1;b=2(2a+n);c= 1 = 2 ' (2.15)
n2pg+n) n2pg+n) n2pg+n) n2pg+n)

Hence the ‘P, (X, A) satisfy
NQRB+MW, (x, A)— (28 +2n—1)(XN2A)W, (X, A) @.16
+12Qa + M)+ (XV2AP Y., (X, A) = 20 2A)F, (X, A) = 6. '

L'X’A) , we find that the polynomials H, (X, A)
n

Since, by (2.7), ¥, (X, A) =
satisfy the pure recurrence relation
Qp+n) ;H.(X,A=2L+2n-1)(xv2A) ,H, (X, A)

+(N=D2Qa + )1 +(xv2A)*]  H, (%, A)—=2(n=1)(N—2)(x~2A) ,H, (X, A) = 6.
(2.17)

When a=f, the H, (X, A) degenerates into the Hermite matrix polynomials
H,(X, A), for which we already know the pure recurrence relation
H,(x,A)— (XM)HM(X, A)+2(n-DH, ,(X,A)=6. (2.18)
The relation (2.17) may be put in the form
@B+ 4 H, (%A= (2A) {H, (6 A)+2(=1) {H, (X A)]
—(N=DON2A) yH, (6 A) = (W2A) Ho (A +2(01-2) 4 H, L (X A)](2.19)
+4(a—-p)(n-1) 4H, (X, A)=0.
It is now evident that if & = £, (2.19) is an iteration of (2.18).
Theorem 2.1. For a positive stable A in CV*N | we get
2p+n) jH,(X,A)=2f+2n —x(\2A) aHo (X A)
—(N=DR2QA+N)+(xv2A)*] 4 H, (X, A=2(n=1)(N=2)x2A ,H_ (X, A),n>3.

Now, we obtain some recurrence relations for generalized HHMP in this
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theorem.
Theorem 2.2. The generalized HHMP satisfy the following relation
r / r |
d pnHa (X A) = SE AL wH,  (X,A), r=01..,n (2.20)
dx’ (n—=r)!

Proof. Differentiating (2.2) with respect to X and using (2.2) yields

JHL (X, A)t—‘ =t2A |F (S -a;1+ Bt exp(xty2A -t21)
n'
= \/ZAZL' GHL (X, AT
n=0 n

>

n=0

o
><|°-

2.21)

Therefore, from identifying coefficients in t", we have
% yH,OGCA) =nV2A [ H, (X,A), n>1. (2.22)
For 0 <r <n make iteration (2.22) implies (2.20) for the proof.
In the next result, the generalized HHMP seem as finite series solution of
third order matrix differential equation.
Theorem 2.3. For a positive stable A in CV*V, the generalized HHMP are
solutions of the matrix differential equation of third order

2

d—z HHn(x,A)+[MI +5(Jﬁ)2)d—2 JH (X, A)
dx X 2 dx

(2.23)
_([””_lj(mfi M0 A) + 1CEED (PR (x A =6,
2 dx 2X
Proof. Put r =1,2,3 in (2.20), we give
d_33 HHn(XﬂA):@ HHn—3(X>A)9 OS r< na
dx (n=3)!
H Hn—3(x, A) = ﬂd_z H Hn(x’ A),
n(n—1)(n—-2) dx
o= A &, (2.24)
n(n—1) dx
H Hn—l(xa A) = (\/ﬁ)_l i H Hn(x, A)
n dx

Substituting from (2.24) into (2.17) yields
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QA+n)  H (X, A) =28 +2n- 1))((\/_)2(\/_)—1

/ -2 2
—(N=D2Q2L+n)l +(xv2A)*] ( A) d2 "
n(n—1) dx
-3 3
(2A) 4 HxA.
n(n—-1)(n—-2) dx
From (2.25), we obtain (2.23).
Now, we recall some significant properties of the generalized HHMP such
as the addition and multiplication theorem.
Theorem 2.4. The generalized HHMP satisfy the addition formula as
follows: for y € R,
n / n—k
HHn(X+y,A) :n'Z(y ZA) HHk(XaA).

LH(XA)
H, (x, A) (2.25)

=2(n=1)(n —2)X\/2_

(2.26)

Proof. By using the generating function (2.2) and (1.2), we have

n

i HHn(X+y)% = F(B-a;1+ B;t*)exp((x+ y)t\/ﬁ—tzl)
_ = F(f-a;1+ p;t )exp(Xt\/_ t |)eth

S5 Hy(x A)t (yt\/_) ZZHH(xA)t (2A)"

n0ko "00 k! (n-kj!

Comparing the coefficients of t", (2.26) is derived.
Theorem 2.5. The generalized HHMP satisfy the multiplication formula as:
for u € R,

H ) =1y GERA  H A, 227)

Proof. Using (1.2) and (2.2), we have

0

ZHHM)% = Fi(f-ail+ fit)) exp(uxty2A~t])
ZZ—W_ (=D H (6 A

n Ok Ok' n!
_sz'( 01 OV2AY (=1 o A,
n=0k=0 -

Therefore, we have the desired result.
In the next section, we have shown that the new integral
representations are a fairly useful tool to obtain new families of matrix
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polynomials.
3. Generalized Legendre and Chebyshev matrix polynomials

We generate Legendre-Legendre and Chebyshev-Chebyshev matrix
polynomials by using the properties in previous section.

Now, a version of Legendre-Legendre matrix polynomials will be
given via the generalized HHMP. The Legendre matrix polynomials in [20]

are defined by
1
Ly (=DY | 28 L
P (x,A) :[Zz]( )(ZJM( : :[2](—1)k(2n—2k)!(x«/2A)”‘2k
n ’ k=0 k'(n _2k)' e 22n—2k k'(n —2k)|(n _ k)l .

3.1
By using (2.6), it follows that

1
Lk [5 A \n-2k
2 [ert H(xt, Ayt = = Je*ztnz( D (a+ D (XtN2A) 7 o
nlvz 0 N0 k=0 k!(n=2K)!(B+1),

;)

_ 2 (D" (a+1), n-2k [*4-t%52n-2k
\/;; 2016+, (xv2A) Le 22kt

The series and the integral can be transputed since the summation in
right is finite. Using Gamma function, one can see

0 — |
je‘ztz”det=lr[n—k+lj=l—‘/2;_gf” 200 (3.2)
0 2 2) 22" ¥(n-k)
Then we get
1
2 e o, ) @), 2n-2K) (2 A"
[t W H (xt, Ayt = > 2 .
nvz % “ 2%k (n-2K)!(B+1), (n—K)!

Therefore, the Legendre-Legendre matrix polynomials are given as

[%”] K n—2k
P oum=S (=) (a +1),(2n=2K)!(x/2A)

3.3
& 2K (n=2K)!(B+1), (n—k)! (3-3)
or
P(GA) = —2 j‘”e-tzt"HHn(xt,A)dt (3.4)
iy %

via the generalized HHMP.
Thus, the following theorem can be written.
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Theorem 3.1. The integral expressions (3.3) and (3.4) hold true for a positive
stable Ain CV*V,

In a similar manner, we can also define the generalized Legendre-Legendre-type
matrix polynomials by using their integral representation.

For positive stable matrices A and B in CV*¥ and AB=BA, now we give
generalized Legendre-Legendre-type matrix polynomials defined by the following
relation:

[%n] k—n—% _ n-2
PPn(x,A,B)=z(_1)kB (a+1),(2n—2K)!(x/2A)"

3.5
—~ 222K (n=2K)! (B +1), (n—K)! (35)
or
_ 2 © —Bt2 n
PPn(x,A,B)—m\/;J'Oe t" L H_(xt, A)dt. (3.6)

Now, a version of the Chebyshev -Chebyshev matrix polynomials of the second
kind will be given via the generalized HHMP. By (2.6), it follows that

o 0]

1 e [ e 2 (=D (@ +1),
n!joet LH O, Aydt jo exp(~t)t kz::;k!(n—zk)!(ﬁﬂ)k (XNtA2A)" 2K |dt

L

1
—n
2]

_ (~D*(a +1), e [
_kzz(;k!(n—2k)!(ﬂ+1)k (2A)" [Texp(-t™ .

By using Gamma function, we can write
1
. n 2 =k
lj e't2  H, (o, Ayt = 3 D0 N+ Dy (o oy
nt <o = KI(n=2K)!(B+1),
Therefore, the Chebyshev-Chebyshev matrix polynomials of the second kind are
given as

[En] _ K _
UUn(X: A) — Z (k'l()n (_n2ki;)(';a+‘:;)k (X\/ﬁ)n—Zk (37)

or
WU, 06 =L et H, (et Ayt (3.8)
n!

via the integral representation for Chebyshev-Chebyshev matrix polynomials of
the second kind. Here the Chebyshev matrix polynomials of the second kind in [1]
are given as
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L
_ (=D (n=k)! n-2k
U, (x,A) Z:;—k!(n—zk)! (X2 A)" .

Now, we give the Chebyshev-Chebyshev matrix polynomials of the first kind as

(2n]
_ 43 (DA (n=k=Dl(a+1), n-2k
ST.(x, A)=n(2A) g 20184, (Xv2A) (3.9)
or
(XA = (nil)'(\/ﬁ)l j:’e*tg’l LHo Ot Adtn>1, T, (,A) =60 (3.10)

via the integral transform of the generalized HHMP. Here the Chebyshev matrix
polynomials of the first kind in [6] are given as

[n)
_ 46 (D (n=k-1)! n-2k
T.(X,A)=n(+v2A) kZ(; (200! (XV2A)" 2,

Thus, the following theorem can be written.
Theorem 3.2. The integral expressions (3.7), (3.8), (3.9) and (3.10) hold
true for a positive stable Ain CN*V,
In a similar manner, we can now generalize the above Chebyshev-Chebyshev
matrix polynomials.
For positive stable matrices A and Bin C¥*N and AB = BA, then we define
two new Chebyshev-Chebyshev-type matrix polynomials:

1)

_ (DB (=K@ +1), n-2k
LU, (X, A B) g =201, (Xv2A) (3.11)
or
JU, (X, A,B)=#j:e'5‘t5 JH, (At Aydt (3.12)
and '

[3n] k pk-n
_ G (D BT (n—k=D(a +1), n-2k
:T.(X,A,B)=n(+2A) g (2K (F A1), (X~/2A) (3.13)

or
1

(n—-1)!

Taking o = f in (3.3), (3.7) and (3.9), the generalized Legendre and Chebyshev

matrix polynomials reduce to the special case of the Legendre and
Chebyshev matrix polynomials (see [1, 6, 20]).
In the next section, we have shown that new integral representations are a fairly

T.(x,AB)= W2A) ' [e 't H (WAL N2l (3.14)
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useful tool to obtain new families of matrix polynomials.

4. Connections between Hermite-Hermite, Chebyshev-Hermite and
Legendre-Hermite matrix polynomials

In this part, we generate Chebyshev-Hermite and Legendre-Hermite matrix
polynomials by using properties in previous section.

The generalized HHMP of two variables for a positive stable Ain CN*N and
x,y € R are defined as follows:

0]
B (B —a)
wHL (Y, A) = 'Z 3 KI(n=2K)!(1+ ),

Now, a version of Legendre—Hermlte matrix polynomials will be defined via the
generalized HHMP of two variables. By using (4.1) and (2.1), it follows that

YEH, L (X, A). 4.1)

2 e 1,2 (=)t Hy oy (KL A)
o~ Le t HHn(xt,tZ,Ajdt \/;Jloe kz(; CETSEY) dt
[2n]
= iz (B—a) 4 n—2k
Jx kan 2oy, b e O A

[(n-2k)]
_ (B-a), ey i CDTOW2AYTHE e o
zk'(n TS TS P Yo A

The series and the integral can be transputed since the summation in right is finite.
Using Gamma function, we see

1)_ 1 V7 2n-4k —2s)!

Iweft2t2n74kfzsdt = l]"(n —2K=S+— | =~ )
) 5 22 (n—2k —s)!

: (4.2)

Then we have
2 o 2o 1
H
r fe e
[l(nfzk)] s n—2k-2s
Z —a), 22 (—-1)*(xv/2A) (2n — 4k —2s)!
s=0

“KI(1+ ), si(n—2k —2s)!  2>"*23(n_2k —s)!

(n)
_ s (B— ) Pa(X A)
2 ey,




192 Ayman Shehata, Bayram Cekim

Thus, the Legendre-Hermite matrix polynomials are defined by

[=n]
_x~ B-a) P (XA
PHn(x,A)—kZ:(; T (4.3)
or
1
PHn(Xg A) n'\/—j e [Xt,t2 ,Ajdt (44)

via the generalized HHMP of two variables.

Thus, the following theorem can be written.
Theorem 4.1. The integral expressions (4.3) and (4.4) hold true for a positive
stable Ain CV*V,

Now, we can also give generalized Legendre-Hermite-type matrix polynomials
by using their integral representation.
Let A, B, AB™' be positive stable in C¥*V, and AB=BA. Then we give

generalized Legendre-Hermite- type matrix polynomials:
2

o Hn(X, A, B) — kz(‘; (ﬁk'?l)—l;_ﬂ)zkk(x AB~ )

[1n

4.5)

or

H (X, AB) = '\/_J'e*Bt ( ’t12’ jdt (4.6)

Now, we define a version of Chebyshev-Hermite matrix polynomials via explict
formula for the generalized HHMP of two variables. By (4.1) and (2.1), it follows
that

1

[En]

1 et _ % B-a)
n'je t (x\/_, ,Ajdt Lexp( tit kzk'(n 2k)‘(1+ﬂ)k t H,_, (xt, Aydt

= o1l [2(n-2k)] . nak_2s
Z (=), | P D ORI ey |

“KI(1+B),| &  si(n-2k-2s)! %

Using Gamma function, we can Write

[2(n-2k)]
l 0 e 't 1 a)k 2 (_1)S(n—2k—3)!(x /2A)n—2k—2s
e (Xﬁ’ ’Aj Zk'(1+ﬁ)k Zo: sl(n—2k - 25)!

0]
(B a),
ék!a ), A

Thus, the Chebyshev-Hermite matrix polynomials of the second kind is given as
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(2]
_ > (B-a) U, (X, A)
JH (%, A) kz(; (s B, 4.7)
or
JH, (X, A):ij“e-‘t2 HHn(x\/f,l,Ajdt. (4.8)
n!Jo t

In a similar manner, we have a definition of the Chebyshev-Hermite matrix
polynomials of the first kind:

(]
— < (ﬁ_a)an72k(XaA)
A= 2 ), “2
or
Ho(x,A) = ! (\/2A)“J.we“t21HHn[x\/f,l,Ajdt, n>1, H,(x,A)=6.
(n—-1)! 0 t

(4.10)
Thus, the following theorem can be written.
Theorem 4.2. The integral expressions (4.7), (4.8), (4.9) and (4.10) hold true for
a positive stable Ain CV*V,
In a similar manner, we can now generalize the above Chebyshev-Hermite matrix
polynomials.
If A, B, AB™' are positive stable in C¥*N and AB = BA, we have two new
Chebyshev-Hermite-type matrix polynomials:

Ln
B (Boa) U, (x, AB™)

H. (x,AB)= 4.11
uFn (6 A8) KI(1+ B), @10
or
A B):#j:ew HHn(xﬁ,%,Ajdt 4.12)
and
(n) k-2 ,
2 2 _ -
; Hn(X, A, B) — Z B (ﬂ a)an—Zk(X’ AB ) (413)
paur KI(1+ ),
or

H.(x,AB)= (nil)'(\/zA)“j:e-Bttz1 HHn(xﬁ,%,Ajdt ;n>1. (414
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