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ASPECTS OF RUIN PROBABILITY IN INSURANCE 

 
 

Maria Cristina GURĂU ∗ 
 

 
Se studiază probabilitatea de ruinare a unei companii de asigurări ţinând 

cont de frecvenţa si amploarea cererilor de despăgubire. O primă evaluare se 
obţine cu inegalitatea lui Lundberg iar apoi se stabileşte o ecuatie integro-
diferentială verificată de aceasta. Se va aplica pe cazul particular al cererilor cu 
repartiţie exponenţială.  

 
Study of ruin probability for an insurance company taking into account the 

frequency and size of the claims. A first evaluation is obtained using the Lundberg 
inequality and then an integro-differential equation satisfied by the ruin probability 
is established. This will be applied to the particular case of exponentially distributed 
claims. 

 
Keywords: Insurance, ruin probability, Lundberg inequality. 
Mathematics Subject Classification 2000:  62P05, 62P20. 

Introduction 

 This paper presents the classical model for the risk process in insurance 
and exposes results regarding the infinite time ruin probability. It is firstly recalled 
the adjustment coefficient and then established the Lundberg inequality (see [1], 
[2]). Furthermore, the article presents an integro-differential equation verified by 
the ruin probability for arbitrary claims, and determines its solution for the case of 
exponentially distributed claims. 

 1. The classical risk model 

The standard mathematical model for insurance risk consists of the 
following: the occurrence of the claims is described by a Poisson process with 
intensityλ . It is denoted by tN   the number of claims within the interval 

].,0( t The amounts of money to be paid by the company at each claim is 
considered to be a sequence of random variables, denoted ,...},{ 21 XX which are 
independent identically distributed (i.i.d.) positive variables with distribution 
function F  and finite mean μ . It is denoted by tS  the total amount of claims 
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within interval ],,0( t thus we have .
1∑ =

= tN

j jt XS  Therefore the process  

}0,{ ≥tSt  is a composed Poisson process and for each 0>t  it 
results: ttXENESE jtt μλμλ === ))(()()()( . 

Furthermore, it is assumed that the insurance premiums are paid 
continuously, with a premium income rate c , the total income within ],0( t  
being ct .  

In order for the company to cover its liabilities, the premium rate must 
verify the following inequality: )( tSEct > , equivalent to μλ>c . 

 Thus, there exists  0>θ  called the safety loading so that: 
λμθ )1( +=c             (1.1) 

The capital at time t  is: 0,0 ≥−+= tSctUU tt , where uU =0  is the 
initial capital.  

The survival probability in infinite time, with initial capital u  is defined 
by: )0,0Pr()( 0 uUtUu t =≥∀≥=φ . Thus, the ruin probability in infinite time 
will be:  )(1)( uu φψ −= . 

 
2. Lundberg inequality 
 

 In this section it is demonstrated an inequality satisfied by the ruin 
probability )(uψ . For this, the following concept is introduced:  
Definition: It is called an adjustment coefficient for a positive random variable X  
of meanμ , the unique positive solution of the k  variable equation: 

 ).()1(1 kXeEk =++ μθ       (1.2) 
 We present here a justification for the existence and singularity of a strict 
positive solution for the equation (1.2).  
 It is obvious that the equation admits 0=k  as a solution.  
 Then, let: tty μθ )1(1)(1 ++=  and )()(2

tXeEty =  be the functions which 
will be graphically represented. The graphic of 1y  is a line of slope ,)1( μθ+  
which passes through (0, 1), as shown in Figure 1. Concerning 2y , we notice that 

it is an ascending function, since 0)()('
2 >= tXXeEty  and it is also convex 

because 0)()( 2''
2 >= tXeXEty . 

 The two curves cross each other in (0, 1), as we previously noticed. 
Since )0()1()0( '

1
'
2 yy =+<= μθμ , the graphical representation of 2y  descends 

below the graphical representation of 1y , and because of its profile, it will 
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intersect the graphic of 1y  once more. The x-value of the point of intersection is 
the strict positive value of k that we are looking for. 
  

 
Fig. 1: Illustration of the existence of the adjustment coefficient 

 
We will add an alternative definition for the adjustment coefficient, which 

will be later used. 
By integrating the expression of )( kXeE  it results: 

 )( kXeE = ∫ ∫
∞ ∞

∞
−+−−=

0 0
0

)](1[)](1[)( dxxFekxFexdFe kxkxkx . 

 The first term of this sum is analyzed. In order to do this, the following 
inequalities are established:  

 ∫∫
∞∞

≤=−≤
x

ky

x

kxkx ydFeydFexFe )()()](1[0  

and because ,0)(lim =∫
∞

∞→
x

ky

x
ydFe  we obtain: 0)](1[lim =−

∞→
xFekx

x
.  

Thus, for ∞→x , the expression from the first term tends to 0, and for 
0→x  the expression tends to 1. 
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This results in: ∫∫
∞∞

−+==
00

)](1[1)()( dxxFekxdFeeE kxkxkX . 

Because )()1(1 kXeEk =++ μθ , it obtains: 

 ∫
∞

=+
0

)(1 dxxfe e
kxθ                                                   (1.3) 

where: 

 
μ

)(1)( xFxfe
−

= , 0>x           (1.4) 

The choice for the denotation is justified by the fact that ef  is in fact a 

distribution density: 1)](1[1)(
00

=−= ∫∫
∞∞

dxxFdxxfe μ
  

Theorem. The ruin probability satisfies the Lundberg inequality:  
 0,)( ≥≤ − ueu kuψ .           (1.5) 
Demonstration. It is denoted by )(unψ  the probability that the ruin occurs at the 
n-th claim or before. Then )(lim)( uu nn

ψψ
∞→

= . 

It will be proven that 0,)( ≥≤ − ueu ku
nψ for any 0≥n  

For 0=n , 0,0)(0 ≥≤= − ueu kuψ .  
Supposing that 0,)( ≥≤ − ueu ku

nψ , it will be shown that 0,)(1 ≥≤ −
+ ueu ku

nψ . 
First, the moment when the first claim appears is analyzed. The time elapsed until 
the appearance follows an exponential repartition with a repartition density of 

te λλ −  because the process }0;{ ≥tNt is assumed to be a Poisson process of 
intensityλ . It is denoted by 0>t  the moment of the first claim appearance. The 
company’s surplus at that time is ctu + . There are two possible situations: either 
the claim quantum surpasses the value of the present capital, in which case ruin 
occurs, this event having the probability )(1)Pr( 1 ctuFctuX +−=+> , or the 
claim quantum is inferior to the present capital, ctux +≤≤0 , in which case the 
claim will be paid and the process will be retaken with a capital of xctu −+ . If it 
hasn’t occurred because of the first claim, ruin can occur at the next n  claims. 
Because the process has stationary and independent increments, the probability of 
ruin occurring in the interval between the second claim and the n -th claim 
starting with a surplus of  ctu + at moment t  is the same as the probability of ruin 
at the first n  claims if the starting surplus is xctu −+ . 

Using the total probability formula, it results that: 
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 ∫ ∫
∞ +

−
+ −+++−=

0 0
1 )]()()(1[)(

ctu
t

nn dtexdFxctuctuFu λλψψ  

∫ ∫ ∫
∞ ∞

+

+
−−++=

0 0

)]()()([
ctu

ctu
t

n dtexdFxctuxdF λλψ  

   Using the inductive hypothesis, it results: 

  ∫∫ ∫
+

−−+−

−+−∞ ∞

+
+ +≤

ctu
txctuk

xctuk

ctu
n dtexdFexdFeu

0

)(
)(

0
1 )]()([)( λλψ , 

 Then:  ∫ ∫
∞ ∞

−−+−
+ ≤

0 0

)(
1 )]([)( dtexdFeu txctuk

n
λλψ  

.

)]([)]([
0

)(

0 0
∫∫ ∫
∞

+−−
∞ ∞

−−− == dteEeedtexdFeee kXtkckutkxkctku λλ λλ  

ku
kX

tkckukX e
kc

eEdteeeE −
∞

+−−
+

== ∫ λ
λλ λ )()(

0

)(  

 
 According to expressions (1.2) and (1.1), it results:  

kckkeE kX +=++=++= λλμθλμθλλ )1(])1(1[)(  
Thus: ku

n eu −
+ ≤)(1ψ  , which completes the induction. 

Because )(lim)( uu nn
ψψ

∞→
=  and ,,)( neu ku

n ∀≤ −ψ  

then  kueu −≤)(ψ  . 
The importance of the result consists in the fact that it establishes a 

connection between the initial surplus u  and the value of the safety coefficientθ . 
For example, if the insurer wants to take a maximum risk of 01.0=α  and 

he has a fixed initial capitalu , the safety coefficient which he has to take into 

account is: ,1
log

}1)]log[exp({
−

−

−−
=

αμ

α

θ
X

u
Eu

  

where uk /)log( α−= .  
By applying the above theorem, it is obtained: .)( log αψ α ==≤ − eeu ku   
Otherwise if one wants to have a certain predetermined value of the safety 

coefficient, and the initial capital may vary, one will consider: ku )log( α−= . 
Furthermore, expression (1.5) confirms a fact which is intuitively obvious, namely 
that the ruin probability, for infinite initial capital, is 0. 
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 0)(lim)( ==∞
∞→

u
u

ψψ            (1.6) 

In order to justify this, the next argument is given: In accordance with the 
theorem: 
 
 .)(0 kueu −≤≤ψ            (1.7) 
Tending ∞→u , it results: 0lim)(lim0 =≤≤ −

∞→∞→

ku

uu
euψ . 

From equality (1.6) it results that the survival probability satisfies the condition: 
 1)( =∞φ             (1.8) 
 

2. Integro-differential equations satisfied by the survival and ruin 
probabilities 
 
 At this point, the article presents an explicit formula for the ruin 
probability )(uψ  or an equivalent for the survival probability )(uφ . 
Definition.  For 0≥u and 0≥y , it is denoted by ),( yuG the probability of ruin 
when starting with an initial capitalu , with a produced deficit not greater then y  
monetary units. 
 Thus: 
 .0),,(lim)( >=

∞→
uyuGu

y
ψ       (2.1) 

Theorem. The function ),( yuG satisfies the equation:  

0)],()([)(),(),(),(
0

>−+−−−=
∂
∂

∫ uuFyuF
c

xdFyxuG
c

yuG
c

yuG
u

u λλλ (2.2) 

Demonstration. It will be studied what happens in the first h  time units, for very 
small values of h . Because the number of claims is a Poisson process, during this 
time frame there can be 0 or 1 claims. The probability of having more then one 
claim is negligible. 
 If no claims occur, which happens with a probability of hλ−1 , the 
probability of ruin with a deficit not greater then y  is ).,( ychuG +  If a claim 
occurs, which happens with a probability of hλ , we have the following possible 
situations: either its quantum x  satisfies the inequality chux +≤≤0  which 
means that the ruin has not yet occurred, but can occur from now on with the 
probability of ),( yxchuG −+ or it satisfies the inequality ychuxchu ++≤≤+ , 
at which point ruin has already occurred  with a deficit not greater then y . For the 
case of ychux ++≥ , the deficit will surpass y . Using the total probability 
formula, it is obtained: 
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 +−+++−= ∫
+chu

xdFyxchuGhychuGhyuG
0

)(),(),()1(),( λλ  

            )()]()([ hochuFychuFh ++−+++ λ  

This is equivalent to: −+=
−+ ),(),(),( ychuG

ch
yuGychuGc λ  

            ∫
+

−−+−
chu

xdFyxchuG
0

)(),(λ  

            
h
hochuFychuF )()]()([ ++−++− λ  

Dividing it by c and tending 0→h , the desired expression is obtained:  

 )]()([)(),(),(),(
0

uFyuF
c

xdFyxuG
c

yuG
c

yuG
u

u

−+−−−=
∂
∂

∫
λλλ  

Theorem. The function G(0,y) is provided by the equality: 

 ∫ −=
y

dxxF
c

yG
0

)](1[),0( λ , 0≥y     (6.16) 

Demonstration. Because: kueuyuG −≤≤≤ )(),(0 ψ , 
 then: 0lim),(lim),(0 =≤=∞≤ −

∞→∞→

ku

uu
eyuGyG , which gives: 0),( =∞ yG . 

Moreover, ∞<=≤∫ ∫
∞ ∞

−−

0 0

1),( kdueduyuG ku . 

The following function is introduced: ∫
∞

=
0

),()( duyuGyτ .  

From the above results, this function verifies the inequality: .,)(0 yy ∀∞<< τ  
By integrating the relation (2.2) in respect to u  from 0 to ∞, it results: 

∫∫ ∫
∞∞

−+−−−=−
00 0

.)]()([)(),()(),0( duuFyuF
c

duxdFyxuG
c

y
c

yG
u λλτλ   

By changing the order of integration, it is obtained:  

∫∫ ∫
∞∞ ∞

−++−+−=
00

)]()([)(),()(),0( duuFyuF
c

xdFduyxuG
c

y
c

yG
x

λλτλ                                

Inside the double integral, changing the variable from u  into xuv −= leads to:  

             ∫∫ ∫
∞∞ ∞

−+++−=
00 0

)]()([)(),()(),0( duuFyuF
c

xdvdFyvG
c

y
c

yG λλτλ  
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             ∫∫
∞∞

−+++−=
00

)]()([)()()( duuFyuF
c

xdFy
c

y
c

λτλτλ   

Because 1)(
0

=∫
∞

xdF  , the following equality is obtained: 

∫
∞

−+=
0

)]()([),0( duuFyuF
c

yG λ
∫∫
∞∞

+−−−=
00

)](1[)](1[ duyuF
c

duuF
c

λλ   

In the second integral the variable is changed from u  into yux +=  

=),0( yG ∫∫∫ −=−−−
∞∞ y

y

dxxF
c

dxxF
c

duuF
c 00

)](1[)](1[)](1[ λλλ . 

The next theorem provides an important result regarding the survival probability 
with initial capital zero. 
Theorem. The probability of survival with zero initial capital is given by the 
expression: 

 .
1

)0(
θ

θφ
+

=          (2.3) 

Demonstration. Inside the equality: ∫ −=
y

dxxF
c

yG
0

)](1[),0( λ , 

tending ∞→y  leads to:  

 
θ

λμλψ
+

==−== ∫
∞

∞→ 1
1)](1[),0(lim)0(

0
c

dxxF
c

yG
y

 

For this, expression (1.1) and ∫
∞

=−
0

)](1[ μdxxF  are used.  

Thus:  

              
θ

θψφ
+

=−=
1

)0(1)0( . 

Further, it is established the integro-differential equation satisfied by )(uφ , with 
initial condition (2.3). 
Theorem. The survival probability )(uφ  satisfies the equation: 

            ∫ ≥−−=
u

uxdFxu
c

u
c

u
0

' 0),()()()( φλφλφ .                                         (2.4) 

Demonstration. From equality (2.1) and ),,(lim)(' yuG
u

u
y ∂

∂
=

∞→
ψ   

using (2.2) it results:  
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        ∫ ≥−−−−=
u

uuF
c

xdFxu
c

u
c

u
0

' .0)],(1[)()()()( λψλψλψ                          (2.5) 

From this the next expression in )(' uφ is obtained: 

)](1[)()](1[)](1[)(
0

' uF
c

xdFxu
c

u
c

u
u

−−−−−−=− ∫
λφλφλφ  

)()()()()()(
00

' uF
c

xdFxu
c

xdF
c

u
c

u
uu λφλλφλφ +−+−−=− ∫∫  

∫ −+−=
u

xdFxu
c

u
c 0

)()()( φλφλ  

This proves the desired result. 
As an application of this result, we will determine the solution to equation (2.4) 
for a particular distribution function F   . 
 

3. Determining the survival probability for exponentially distributed 
claims 
 

Supposing that X  is an exponential distribution, having the repartition 
function: 
            0,1)( / >−= − xexF x μ  
 We want to calculate )(uφ . 
 In this case, equation (2.4) becomes:  

           ∫ −−−=
u

x dxexu
c

u
c

u
0

/' )()()( μφ
μ
λφλφ  

 By changing the variable x into xuy −= , it results:  

          dyeye
c

u
c

u
u

yu ∫−−=
0

//' )()()( μμ φ
μ
λφλφ . (6.20) 

 By differentiating expression (6.20) with respect to u , it is obtiained: 

         )()()()(
0

//
2

''' u
c

dyeye
c

u
c

u
u

yu φ
μ
λφ

μ
λφλφ μμ −+= ∫−  

 The integral can be calculated from expression (6.20), and then by 
replacing it inside the expression we obtain the following differential equation: 

       )]()([1)()()( '''' uu
c

u
c

u
c

u φφλ
μ

φ
μ
λφλφ −+−= . 
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or, yet: )()1()( ''' u
c

u φ
μ

λφ −=  

 Using the method of separation of variables and the expression (1.1), it 
is obtained: 

            
)1()(

)(
'

''

θμ
θ

φ
φ

+
−=

u
u . 

Integrating in respect to u , the general solution is obtained:                                   

1
'

)1(
)(log Kuu +

+
−=

θμ
θφ . 

In order to evaluate K1, let 0=u  in (6.20), and then using (2.3) it is obtained: 

2
'

)1(1)1(1
)0(

θμ
θ

θ
θ

θλμ
λ

θ
θλφ

+
=

++
=

+
=

c
 

From the previous expression the exact value of K1 is obtained:                 

]
)1(

log[ 21 θμ
θ
+

=K  

Getting back to )(uφ : ]
)1(

exp[
)1(

)( 2
'

θμ
θ

θμ
θφ

+
−

+
=

uu . 

Integrating, the general solution is obtained:                   

2]
)1(

exp[
1

1)( Kuu +
+

−
+

−=
θμ

θ
θ

φ  

In order to obtain 2K , let 0=u and expression (2.3) will lead to 12 =K . 
In the end, the desired formula for the survival probability is obtained: 

].
)1(

exp[
1

11)(
θμ

θ
θ

φ
+

−
+

−=
uu  

Remark: Even though the mathematical model presented in this paper is an 
idealized one, the results it provides correspond to real world situations and can be 
useful in the development of a financial long term plan for an insurance company. 
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