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TAXATION, RISK AVERSION AND OPTIMAL INVESTMENT
Leidong FENG!, Mengdi GU?

The effect of taxation on irreversible investment has often been considered
expensively under risk neutral by using real option. This paper derives neutral tax
system for a constant relative risk aversion entrepreneur and the normal and
paradoxical effects of taxation on irreversible investment.
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1. Introduction

Irreversible investment based on the theory of real option, which was studied
deeply and expensively after the paradigm of [1], has been enriched by
introducing taxation(e.g. [2] and [3]). In recent literatures, tax neutral system
under uncertainty has been studied by public economists in the risk neutral
scenario (e.g. [4] and [5]). Risk aversion is not considered widely yet in neutral
tax systems in irreversible investment. Neutral tax systems was derived for the
first time under risk aversion and irreversibility (see [6]).

This paper extends the model of [7] by introducing taxation in irreversible
investment. We succeed in deriving neutral tax systems and the investment
threshold as general analytical solution for investment decisions after taxes for a
constant relative risk aversion entrepreneur. Moreover, we examine the effects of
risk aversion and taxation on the entrepreneurs’ investment decision.

2. Model and assumptions

Along the lines of [1] we consider an irreversible investment model for a
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constant relative risk aversion entrepreneur, in which he has exclusive access to a
project and decides whether to invest at any time. The investment opportunity
includes an option to wait. The entrepreneur can compare the costs and benefits of
investing at each moment.

The project’s completion takes a one-time investment cost I, which we assume
is the entrepreneur’s initial wealth. Prior to investment, the entrepreneur’s initial
wealth is invested in risk-free bond with risk-free pre-tax interest rate r.

Assuming that the project is infinitely lived and generates a instantaneous

pre-tax stochastic revenue of P, after the completion of investment that follows

exogenously according to a geometric Brown motion (GBM)

dR, = uRdt+oPRdZ, (1)

Where dZ, isan increment to a standard Wiener process with mean zero and unit

variance. The parameter p and ¢ measure the trend and volatility in the price
process respectively.

Profits from investment and interest from risk-free bond are both subject to a
proportional profit tax with ratez. As [5], we exclude periodical tax-deductible
depreciation allowances and define the post-tax cash flow from investment

RP*=(1-7)P, and the risk-free post-tax interest rater” = (1-7)r.

The constant relative risk aversion expected utility function

Xl—R
U((x)= : R>20&R %1 2
(X) R (2)

is introduced to represent the entrepreneur’s preference if risk aversion is

considered, which is typically increasing (U '(x > 0)) and concave (U (x) <0) R

reflects the entrepreneur’s relative risk aversion, as usual, the case R=1

corresponds to the logarithmic utility function. The entrepreneur’s

time-preference parameter we assume is © and for simplicity the post-tax

discount rate is defined as p" =(1-7)p> u.
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Our goal is to determine whether and when the entrepreneur should invest in
the project. In making this investment decision it is important to not only take into
account the expected utility of future cash flow produced by the project, but also
the real option value embedded in its irreversible investment. Once the investment
has been made, it cannot be undone should prospects change for the worse. By
deferring the investment, however, the investor can await new information about
investment.

3. Results

By investment the project, the entrepreneur gives up a free-risk cash flow

stream (1—7)rl and gets in return a risk cash flow stream P,. Using the law of

iterated expectations and the strong Markov property of the GBM, which states
that price values after investment time T are independent of the values before T
and depend only on the value of the process atT , the time-zero discounted
expected utility of the cash flows is:

V*(P)=supE, UTU (r1edt+ U (Pt)e"”‘dt}
TeS 0 0 T

V0 L spe, Uw[U(a)—U(rfl)]ep’tdt}
pr TeS 0 T
9D | GupE, [T IE, U‘”[u (P)-U (rTI)]e“”Sds:|
1% TeS 0 ' 0
LRI
(©)
By S, we define the set of stopping times of the filtration generated by the price

process.
Using theorem 9.18 of [8] for the constant relative risk aversion utility function,
we derive that

U (P Y ds | = Bip;
EPTUOU(PJE dS}— Py ) (4)

where A7 and f, are respectively the positive and negative roots of the
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quadratic equation:

2

BB D+ ~(A-2)p =0 (5)

1

v —1 \1-R
Since the expected discount factor P{‘:(%} (1—r)rl (see [8]),

2
F7(PR,) can be written as follows:
A8 BB u(rl)
FT(PO):maX[_OJ [ _ PP . up)- A } ©)
Rk | P o (-8 -R)(1-5; -R) 0

For the constant relative risk aversion entrepreneur, the utility maximizing
investment threshold is given by

P’ =(ﬂ5%‘1j” (1-7)r )

4. Discussion

In order to analyze the effects of changes in the one-time investment cost,
entrepreneur’s attitudes toward risk, the cash flow’s volatility and the profit tax
rate on the entrepreneur’s optimal investment decision, we introduce the
following propositions.

1
Clearly, as {%TR >0, this implies that an increase in | raises the
2

optimal investment threshold for the constant relative risk aversion entrepreneur.
It is not surprising that only when the optimal investment threshold reach a
sufficient level would the entrepreneur start to invest.
Proposition 1: When the entrepreneur’s relative risk aversion coefficient R is less
than 1, the objection function is strictly concave.
Proof.
The objection function evaluated at the utility maximizing investment threshold,

*

P, is
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ﬁf T T
FT(P:){KO*] { S T e ®)
P p -5 -R)1-5; -R) o
Differentiating the objection function (8) with respectto P yields the following
result:
oF“ () _ BBy B (P AR 4 U(Ir 1) o s AL
Py =1-4-R) ,(1_182,_R)(1_ﬂ2,_R)(1_R)P0 (F) +5 RA(R)
OPF B o mypr B B (DA R
M
wpi(p -y g (pryis
: . BB By +R-1 ik
1- B -R)(-4 -R |
=RA (A B T T R T
g (g +p 2D

71\1-R
—prR-ppE ey U g
e,

As proved above, the objection function (8) is concave only and only if0< R <1,

Under the traditional NPV rule the investment decision is undertaken as soon as
the project value exceeds the one-time investment cost, which is at the revenue

level equal to @-7rl This value is always lower than P/, as

(ﬁ2’+R—1

1-R
i J >1. So there are states where the expected payoff is positive and
2

the entrepreneur chooses to wait and not to invest. The option to invest captures
this positive value of waiting.

Proposition 2: The optimal investment threshold P increases with risk

aversionR .
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Proof.

Differentiating the entrepreneur’s optimal investment threshold P with respect

to R yields:
%:PT*E 1 In,82+R—1
oR oR(1-R 5,
__R B i B
L-R)*\ B +R-1 S, +R-1

(9)

For f(x)=x-1-Inx, x € (1,), we know

f'(x)=x—_1>0 and f(x)=x-1-Inx>0,Vx e (1,)
X

Since, 'B—2>1 we can derive P’ >0 and
B, +R-1
Y S T PO B
S, +R-1 S, +R-1
So, ai >0.
R
Proposition 3: The optimal investment threshold P increases with uncertainty.
Proof.
The derivatives of the entrepreneur’s optimal investment threshold P with
respectto o s
. L
_ 1-R _ 2
SPTZ - 1R {1+ Rﬂrl} Llﬂr?z 2@2}(1—7)”
(o} - o
2 2 (10)

i [1+ : _1}1}{1 (l_r)z” aﬁé
5 (8;)° oo
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Note that:
1 .
oB; 1 (ﬁ_i)ﬂ"'p
pT:(l—T)p>,u:>a L=—|u+ >0
o 9 \/(” 1)2 L2p
ot 2 2
so we can conclude that SPTZ > 0.
(o2

The effect of uncertainty on the optimal investment threshold is unambiguously
positive. This is the standard real options result, which says that the value of
waiting is increasing with uncertainty. This is reflected by higher optimal
investment threshold, because the revenue must reach a higher level before
investment decision is optimally undertaken.

In addition to factors above, the constant relative risk aversion entrepreneur also
needs to examine the effect of the profit tax rate on the optimal investment
threshold.

Definition 1: A tax system is called neutral for a entrepreneur with the standard

constant relative risk aversion utility function iff aa—Tzo. A neutral tax rate
T

Tooutral = Toourat (1 05 P R) s @n element of a neutral tax system with

1 1
* T _ 1R _ T _ 1R T
op; z_[ﬁzﬂf 1} o Lot (ﬂ2+|? 1j B _, a
or ﬂz ﬂz (ﬂz +R_1) ﬂz ot

The first term tends to lower the threshold, while the second tends to raise it. We

*

. . P
are looking for settings that balance these effects (%—T =0, neutral tax system).
T
Definition 2: A tax reaction is defined normal under the case of constant relative
risk aversion when an increase in the tax rate increase the utility maximizing

*

investment threshold P/, i.e. P oo
T
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Definition 3: A tax reaction is defined paradoxical under the case of constant
relative risk aversion when an increase in the tax rate decrease the utility

*

maximizing investment threshold PT*,i.e. aai<0 .
T

2

For simplicity and convenience, we setd = p” —u >0 and %—G— >0, s0
u

50 o o

1
N 21 o . 1 20-7)p |2 1
im gz =24 tim g =o,tim | (45 3y + 200 2,

Along the assumptions above, we can derive the following lemma.

1 1
i __(,[32’+R—1J1R+ 1-7 (,6’2’+R—1]1R op;

Lemmal:let ©OF By BB +R-DL B, or
2 2
o=p —u>0 and E—U—> 0, thenﬁz 0 P; >0 for sufficiently small o'.
2 u ot Or

Proof.
Differentiating the utility maximizing investment P’ threshold with respect to

the tax rate 7, yields:

1 1
i __(/;’2’+R—1TR+ 1-7 [,B§+R—1]1R op;

ot B B (B +R-D\ B, ot
:[ﬂ2’+R—1jllR[_l+ 1-7 8,[)’2’}
P B (B; +R-1) o7 (12)
op, {(iz_l)zj(l—zr)pfﬁzw
Since 97 o 2 ° ° and

1 2
2 pt _ T
0 1322 :|:( /uz _1)2_,_2(1 27),0} 2( op, >0
or o 2 o ot

we can conclude that
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op,

1-7

op,

aG 82P [,6’2+R 1le 1

B, (B; +R=1) o7

[_H

—(1-7)

B, (B; +R=1) o7

1-7¢

0*B;

L
R

ﬂ2+R -1}

B +R- 1J1R

B (f +R-1)

. ,82+R lJR ~(-1) [aﬂgjz+
(%) (B, +R=D\ o7

ﬂ(ﬂ2+R 1)[(_)

aﬂz

op,

or

()" (B; +R-1)

ZAM
2\ or

B; (B; +R-1) or*

c-r) 2P

£ (B, +R-1)

(%

1
Jan| 2225 -R {(iz__fg(l ;)p} o\ b
LGB, +R-1) [ o° 2 o or or
1
~ [ﬁz +R 1}1— 1 op;
B By (B, +R-1) or
1
J(1-7) 2-2p, -R _{(ﬂz_l)z_'_z(l—zﬂp} 2195, 1t
S, (B, +R-1) o° 2 o ot
As the sign of square bracket is  positive, i.e.,
T _ 1 \1-R 4
(’BZHT 1} - Tl P 50 , we must check the sign of
B, B (B +R-1) or
1
(1_2.) 2_2132 -R +{(i2_£)2+2(1_2r)pj| 2 a132 -1
G, (B, +R-1) [ o° 2 o ot
As ﬂ;:(%—iz)—\/(iz—%)2+2(l_;)p <0 tends to become sufficiently
(o2 (o2

close to —2% for sufficiently small &', we have the following result:
o

|
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B (B, + or
U
2+40 -R 1 1 u 1
=(1—T) +1 1 —
-2 /l( 2ﬁ+R -y S+ A —+%1_TG
2 o°]2 o
(1+2 “j +(1+4 )(1+2 “R)
O O'

@24 R)(1+2 “)
O' o

2
(1+2”j +(1+4” w42 )(1+2 ~R)
(o2 O'

> 2
a+24 R)(1+2 ”j
O' O
1
1+2X R
O

Hence, if O decreases there will be a sufficiently small ¢ so that

Proposition 4: A tax reaction of the utility maximizing investment threshold is
defined normal/paradoxical under the case of constant relative risk aversion

when the tax rates ¢ are higher/lower than the rate z,,,., Of the tax system for

oG %P

—= >0
or or’

sufficiently small & .

Proof.

In definition 1, the neutral tax rates r

neutral

*

system can be derived from s =0.

T

T, (1,02, p,R)  OF a neutral tax
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2 *
From Lemma 1, we knowﬁ = 0 P; >0, hence
or Ot
il >0 forz>r, ,..(10% pR)
or
a@i <0 forr<r,,.,(u,0% p,R)
T

5. Conclusions

In this paper, we prove neutral tax systems in analytic formula form in
irreversible investment under constant relative risk aversion and uncertainty. By
proper simplicity and assumption, we also derive that taxation has opposite effect
on the utility maximizing investment threshold, i.e. an increase in the tax rate
increase the utility maximizing investment threshold when the tax rates are higher
than the rate of the neutral tax system, decrease for otherwise. Moreover, the time
of the entrepreneur’s investment is delayed until the optimal out price when
relative risk aversion is increasing.

Directions for future research could include the neutral tax system in different
class of utility functions, which could be applied in order to obtain further insight
regarding the impact of risk aversion and taxation on the optimal investment
policy and allow for comparisons with the approach presented in this paper.
What’s more, two or more risk aversion enterprises can be considered in the
competition scenario with the help of game theory as [9], which will be an
interesting topic in the future.
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