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STRENGTH ANALYSIS OF SHELLS ON THE BASIS OF 
PRINCIPLE OF CRITICAL ENERGY 

Valeriu V. JINESCU1, Angela CHELU2, Vali-Ifigenia NICOLOF3,            
Georgeta ROMAN (Urse)4 

Nowadays the strength analysis of shells consists in: - analysis of crack free 
shell on the basis of analytical method or/and finite elements method far away from 
the crack; - fracture analysis at the tip of the crack with fracture mechanics 
concepts. The official rules for shells analysis as part of pressure equipment are 
insufficient, limited and sometimes difficult to apply to fracture analysis. In the 
paper a quite different method of shell strength analysis is proposed, based on the 
principle of critical energy, taking into account the deterioration due to crack. For 
cracked shells, on the basis of principle of critical energy, generalized failure and 
allowable envelope were obtained. The critical stress was correlated with the 
deterioration due to crack geometry (depth, length and width). Some experimental 
results of cracked tubular and cracked rectangular specimens have been used to 
show the dependence of the deterioration on the crack geometry and on the type of 
loading. Static single loaded and static double loading cracked specimens were 
analyzed as to obtain the values of deterioration, in a particular case. Some of the 
data depend only on crack length and depth. The crack width influence on the 
deterioration has been analyzed in the case of penetrate and unpenetrate crack in a 
specimen with rectangular section. 

Keywords: strength of shells; deterioration due to crack; width of crack; critical 
stresses; principle of critical energy. 

1. Introduction 

Two problems arise in the calculation of shells as part of pressure 
equipment (PE), namely: - the calculation of crack free equipment; - the 
calculation of cracked equipment. 

At present the two issues are dealt with distinctly [1]: - crackless 
equipment is treated on the basis of the classical relationships of loading below 
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the yield stress [2]. These relationships are covered by international codes such as 
the ASME Code [3], the European Standard [4] or the British Standard [5]; - the 
cracked pressure equipment is currently analyzed based on the concepts of 
fracture mechanics. The calculation norms for the evaluation based on fracture 
mechanics are limited and insufficient [1]. 

On the basis of principle of critical energy [6; 7] in the paper one 
proposes: - a calculation method based on the deterioration caused by the existing 
crack; - a method for calculating the deterioration caused by the action of a single 
load, or by the superposition of different loads. 

Low and medium pressure equipment consist of axially-symmetrical 
revolution shells, characterized by the dimensionless ratio (Table 1), 

112 1 RsRRβ +== , (1) 
where R1 is the inner radius; R2 is the outer radius, and s=R2-R1 is the wall 
thickness. The state of the stress in the shells is considered plane (Table 1); radial 
stress, σr, is neglected. 
 

Table 1. 
Main stresses in shells under inner pressure, p (processed after[2;8]) 
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Rm = 0.5 (R1 + R2) - the radius of the median surface in the calculated section; 
a and b - the large semi-axis and the small semi-axis of the median surface of the ellipsoid; 
x - coordinate in the direction of the large semi-axis. 
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The main stresses, σz and σθ, in usual shells under internal pressure, p, have 

the expressions in Table 1. Nowadays one calculates the strength far from the 
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crack and – separately – one analyzes the load at the tip of the crack in terms of 
fracture mechanics. 

• The maximum stress in a shell with a rectilinear generator (Table 1) 
produced by the inner pressure is, 

)(σ2)(σθ pp z= . (2) 
In current norms, the relations for assessing load values under internal 

pressure only are based on the third theory of strength (Tresca), according to 
which, since σr (p) ≈ 0, the equivalent stress, 

)(σ)(σ)(σσσσ minmax ppp rech θθ =−=−= , (3) 
The design on the classical version, is based on condition,  

,σσ alech ≤  (4) 
where σal is the allowable stress, calculated for the crack-free material,  

( )uuyyal cc σ;σmaxσ = , (5) 
where σy and σu are the yield stress and the ultimate stress, respectively; cy > 1; cu 
>1 are safety coefficients. 

Currently, cracks are not considered in the computation of PE strengths.  
However, it is imperative that under the given operating conditions, if 

crack propagation is possible, it should not lead to brittle fracture. 
Since stresses are generally lower than the yield stress when the vessel is 

under load, the risk assessment of crack is done by using, for example, the stress 
intensity factor concept [9], 

aYKI ⋅⋅⋅= πσ ,  (6) 
where σ is the normal stress acting perpendicular to the crack, a - the crack depth; 
Y - geometric factor depending on the crack shape and length.  

Parameter KI refers to the force acting at the tip of the crack and is a good 
criterion for the material fracture. In fracture mechanics, it is considered that 
unstable breaking occurs when it becomes equal to its critical value called  
fracture toughness, KI,c, which is a measure of the material ability to resist crack 
growth. KI is parameter of the structure (analogous to stress σ), while KI,c is a 
material parameter (analogous to yield stress, σy). The strength condition is, 

alII KK ,≤ ,  (7) 
where allowable stress intensity factor KI,al = KI,c / cK, cK > 1 is the safety 
coefficient. From relations (6) and (7) there results that for safety reasons, for a 
structure with cracks, stress is limited, namely, 

( )aYK alI ⋅⋅≤ πσ , . (8) 
At the same time, it is recommended that the crack depth meet the 

condition [3] a ≤ aal, where the allowable depth aal = acr / ca and acr = a (KI,c), 
while ca > 1 is the safety coefficient. 

For pressure vessels in ASME Code, Section VIII recommend [3], 
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saal ⋅≤ 25.0 , (9) 
where s is the thickness of the wall. 

Consequently, nowadays we determine the safe load carrying capacity of 
a structure subjected to stress σ, using two approaches:  
– based on the classical strength of materials theory (4). Generally, the stress 
should not exceed the yield stress, σy or σal ≤ σy; 
– based on fracture mechanics (7); in the linear elastic fracture mechanics, the 
stress intensity factor should not exceed the fracture toughness (KI < KI,c). 

2. Structure damage / deterioration 

The concept of damage / deterioration was proposed by Kachanov [10] 
and the concept of damage degree was proposed by Gilormini et. al. [11]. 

Until our papers the damage concept was used for: to signal the fracture 
[12,13], the softening of material by the accumulation of damage parameter [14], 
or weaken as a result of microstructural damage [15], or of intergranular damage 
propagation and transgranular damage propagation [16]; to quantify the micro 
damage evolution [17]. The damage problem was solved on the other hand in 
connection with: damage accumulation and crack initiation [18-20], crack damage 
under cyclic loading [21,22], estimation the fatigue life [23, 24], damage models 
[25-28], damage mechanism [29,30], fatigue damage parameters evaluation 
[31;32] etc. 

By deterioration the strength capacity of the mechanical structure 
decreases; it may be used decreasing the stress state. By damage the mechanical 
structure is destroyed. This is why we refer the deterioration instead of damage. 

The critical stresses or the critical loads of the structures were not 
expressed in literature as dependent on the deterioration concept before the papers 
[33-40], as a result of the principle of critical energy [7;41;42] application. 

Some proposals correlate the critical load with the reported crack depth.  
For example, the burst pressure of a pipe calculated using ASME B31G 

code [43-45], as well as the critical bending moment [46] correlated with the 
reported crack depth. Not deterioration was defined in connection with the crack 
geometry. 

In our proposal the design of shells is based on Eq. (4), were the allowable 
stress depends on the cracked critical stress (σcr (D)), 

( ) ( ) Dcral cDD σσ = , (10) 
and the critical stress depends on the deterioration, D. Here 1>Dc  is the safety 
coefficient. 

The paper deals with the correlation of the critical stress, σcr(D), with the 
deterioration due to crack, D, taking account the crack geometry (depth, length 
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and width). Deterioration of cracked tubular specimens statically or fatigue loaded 
were calculated. 

3. Failure and allowable envelope 

By superposing the stress σ  (far away from the crack tip) and the crack 
effect in the stress intensity factor KI, in the frame of Linear Elastic Mechanics 
(the critical stress is the yield stress), in the case stress σ opens the crack, based on 
the principle of critical energy [6;7;41;42], the following stress criterion was 
obtained [38], 

( ) ( ) 1σσ 2
,

2 =+ cIIY KK . (11) 
On the basis of the Eq. (11) one obtained the generalized failure envelope 

(Fig. 1,a), a typical failure assessment diagram indicated safe and failure zones. 
 

 
Fig. 1. Failure (a) and allowable (b) envelope taking into account the crack; c - allowable envelope 

taking into account the deterioration due to crack. 
 
Taking into account the coefficients of safety (cK and cy) a classical 

engineering design domain has been defined. 
If in Eq. (11) σy is replaced by σal, and KI,c is replaced by KI,al one obtains, 

( ) ( ) 1σσ 2
,

2 =+ alIIal KK , (12) 
which is allowable envelope of the engineering design domain of a cracked 
structure, as a result of principle of critical energy (Fig. 1, b). 

For a cracked structure characterized by a deterioration D*(a; c; e) with 
respect to allowable state, on the basis of the principle of critical energy instead of 
Eq. (12), one obtains the following correlation,  

( ) ( )ecaDal ;;1σσ *
σ

2 −= , (13) 
which describes the allowable envelope of a cracked structure (Fig. 2) where a is 
the crack depth, 2c is the crack length while e is the crack width. 

The classical calculation of strength with the general relation (4) and the 
calculation based on fracture mechanics concepts (7), as currently done, are 
distinct calculations. 
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4. Critical stress correlation with crack deterioration based on the 
Principle of Critical Energy (PCE) 

The problem arises of carrying out the calculation of strength by 
considering the existing crack at a given time, irrespective of the concepts of 
fracture mechanics currently used for this purpose. 

One correlates the fracture strength of the material with the crack 
deterioration with respect to critical state [35;36;47;48], written as D (a, c, e). 

Axial cracks are most dangerous in cylindrical and tronconical shells 
because they are perpendicular to σθ (p) (Table 1). If the total axial stress σz,, is the 
highest, in the same shell, the most dangerous cracks are the circumferential ones. 

One takes up the general case of materials with non-linear behavior, power 
law, according to the laws [7], 

,γ  τand εσ 1
τσ

kk MM ⋅=⋅=  (14) 
where σ, τ is the normal and shear or tangential stress, respectively; ε - strain; γ-
shear strain; Mσ, Mτ, k and k1 are material constants, which are experimentally 
determined.  

 

 
Fig. 2. Conical shell with outer axial crack: a – crack depth; 2c – crack length and e – crack width. 

 
When the PE is statically loaded, the critical stresses (eg. fracture) of the 

cracked material feature the following expressions were obtained on the basis of 
PCE, starting with Eq. (13): 
- critical normal stress, 

( ) [ ] 1α
1

σ );;(1σ;;σ +−⋅= ecaDeca crcr ; (15) 
- critical shear stress, 

[ ] 1α
1

τ 1);;(1τ);;(τ +−⋅= ecaDeca crcr , (16) 
where σcr; τcr is the critical normal and shear stress, respectively, of the specimen 
without cracks; Dσ(a;c;e); Dτ(a;c;e) is the crack induced deterioration under the 
action of the normal or shearing stress, respectively; α=1/k and α1=1/k1.  
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Deterioration D(a;c;e) is a dimensionless variable that ranges between zero 
and one [10;49]. 

Here the critical stresses and the deteriorations depend on the depth, length 
and width of the crack. In previous papers these material features were considered 
as dependent only on depth and length of failure. 

With a PE, the actual stress state is calculated, as appropriately, with the 
relations in Table 1. If the PE is cracked, then the allowable stress is calculated 
with the Eq. (10), where D = D(a;c;e). 

The strength conditions (4) that take into consideration the crack 
deterioration, in the case of a cracked PE under normal stress loading becomes, 

( )Dalech σσ ≤ . (17) 
In this way, one resorts to a single way of calculating fractured structures.  
One uses only the concept of equivalent stress far from the crack area and 

one imposes the condition that it should be lower than the allowable stress: – far 
out from the crack the condition (4) must be fulfilled; – at the tip of the crack, the 
condition (17) must be fulfilled. 

5. Deterioration calculation of cracked tubular specimens, statically 
loaded, on the basis of the Principle of Critical Energy 

The practical use of relationships (13), (15) and (16) requires the 
assessment of the amount of deterioration caused by the crack. Under fatigue 
stress, deterioration Dσ increases with an increase in the number of loading cycles.  

By laser beam welding (LBW) the fatigue deterioration evolution of the 
LBW joints was higher than the base material during cyclic loading [50]. 

One further calculates the deterioration Dσ(a;c;e) on the basis of literature 
data [50-52] and our own experiments [35;36;47]. 

There are two cases of calculating deterioration in some tubular 
specimens: - under one load (internal pressure or axial force); - under two loads 
simultaneously (internal pressure and bending moment or internal pressure and 
axial force). 

5.1. Static single loading 

For cracked tubular specimens, by neglecting the influence of crack width 
e, there have been proposed deterioration relationships in the case of 
circumferential cracks and axial cracks [35;36;47]. 

Deterioration of a shell with a circumferential semielliptical crack at the 
inner surface (Fig.3, a) under an axial force, F. For such a tubular specimen one 
showed the reported axial force Fcr(a;θ)/Fcr on the reported crack depth a/s (Fig. 
3, b), where in Fcr; Fcr(a;θ) is the fracture axial force of crack free and cracked 
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specimens, respectively, featuring dimensions a and 2θ. On the basis of these data 
and using relation (15) one calculated the deterioration, Dσ(a;θ) in the case of 
linear-elastic behavior (k=1 and α=1) of the shell material with the relation, 

( ) ( )22
σ )θ;(1σ)θ;(σ1)θ;( crcrcrcr FaFaaD −=−= . (18) 

 

 
Fig. 3. Tubular specimens with a circumferential semielliptical crack at inner surface (a) and the 
dependence of the reported force, Fcr(a;θ)/Fcr on the reported crack depth (a/s) for three values of 

the angle θ/π (processed after [52]) (b). 
 

With the Eq. (18) and the Fig. 3, b one obtains the deterioration variation 
represented in Fig. 4, for the tubular cracked specimen (Fig. 3, a).  

 

 
Fig. 4. The dependence of the deterioration of the tubular specimen (Fig. 3,a) on reported crack 

depth (a/s) and reported angle (θ/π). 
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5.2. Static double loading 

Deterioration in this case is obtained on the basis of the principle of 
critical energy [6], by writing that the total participation due to the two loads is 
equal to the critical participation where in deterioration occurs, 

)(tPP crT = . (19) 
For behavior, under static loads, according to laws (14), in the case of 

linear-elastic materials, for more loads one writes,  
( ) )θ;(1)θ;( 2

,, aDSaS
i

cricri −=∑ , (20) 

where Si,cr is the critical values of Si in the case of a crack-free specimen, while 
Si,cr(a;θ) is the critical value of Si for a cracked specimen. 

• Loading under inner pressure, p, and bending moment Mb 
In this case Eq. (20) becomes, 

( ) ( )
( ),;1

;;
2

,

,
2

θ
θθ

aD
M

aM
p

ap

crb

crb

cr

cr −=









+








 (21)

 
where pcr, Mb,cr are the critical values of the uncracked material; pcr(a; θ), Mcr(a; 
θ), are the critical values of the cracked material. 

The deterioration results from the relationship (21) written in the following 
form: ( ) ( )[ ]2

,,
2 )θ;()θ;(1)θ;( crbcrbcrcr MaMpapaD +−= . (22) 

Fig. 5 shows the dependence of the reported critical pressure pcr(a;θ)/pcr 
on the critical bending moment Mb,cr(a;θ)/Mb,cr for a tubular specimen with semi-
elliptical circumferential crack at the inner surface (Fig. 3, a). The points (x) come 
from paper [52]. The curve contains these points. Due to the deterioration one 
obtains the curve 1, instead the curve 2 for crackless sample, using the same Eq. 
(21) with D(a;θ) = 0. 

 

 
Fig. 5. The correlation between the reported critical pressure and the reported critical bending 

moment (according to relation (21)) for a tubular specimen: 1 - with a semi-elliptical 
circumferential crack at the internal surface, with a/s = 0.75 and θ/π = 0.4; ((x) come from the 

paper [52]); 2 - crackless specimen. 
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6. Influence of crack width on deterioration 

Recent studies [48] on rectangular section specimens (Fig. 6) whose 
rectangular section features unpenetrated and penetrated cracks, have shown that 
with the increase in crack width, the material critical characteristics diminish, 
which means that deterioration increases. 

 

 
Fig. 6. a – OL 304 specimen with rectangular section with a perpendicular rectangular crack to the 
direction of loading, unpenetrated (a=1mm) and penetrated (a=2mm), respectively; b – variation of 

specimen fracture strength, σr= σu (a;c;e), depending on crack width e, for a=1mm and a=2mm 
(processed after [48]). 

 
For example, for the specimen OL 304 with unpenetrated crack (a =1 

mm), with e =0.3 mm, the total deterioration was Dσ(a;c;e) = 0.885, while for e 
=0.9 mm, the total deterioration was higher, Dσ(a;c;e) = 0.992. Higher the crack 
width, e, higher is the deterioration and less the critical and the allowable stress, 
respectively. 
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7. Fatigue deterioration 

For example, the deterioration D(n) against the percentage of fatigue 
number of cycles n/N for the LBW joints and the base material are presented in 
Fig. 7 [50], where n is the number of cycles of loading, while N is the fatigue life 
time. 

The deteriorations were near zero at steady-state when n/N ≤ 0.65 and 
increased significantly after this value for welded joint, but only after n/N = 0.80 
for base metal. Consequently, in relations (13), (15), (16) and (20) the 
deterioration does not influence the values of critical state if n/N ≤ 0.65 - for 
welded joint and if n/N ≤ 0.80 for base metal. 

 

 
Fig. 7. Fatigue deterioration curves of laser beam welded joint (▪) and base metal (*) (processed 

after [50]). 

8. Conclusions 

The nowadays strength calculation of crackless and cracked shells on the 
basis of international codes were analyzed. Taking into account the principle of 
critical energy for cracked shells relationships and diagrams of failure envelope 
and allowable envelope have been derived. 

Instead of calculation procedure recommended by the official design 
codes, a new strength calculation was proposed, taking into account the concept of 
critical stress which depends on the deterioration induced by cracks. 

For linear - elastic behavior on the basis of principle of critical energy, 
relation (18) and (22) for deterioration calculation were obtained. With these 
relations taking into account some experimental results, the deterioration 
dependence on the crack geometry (depth, length or depth, length and width) were 
represented. The static single loading, static double loading and fatigue single 
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loading were analyzed. One has found that the crack width affects the value of the 
deterioration and the critical stress.  

The introduction in classical strength calculation of the critical stress 
concept based on the crack induced deterioration, as is done in this paper, allows 
the calculation based on the concept of equivalent stress, both away from the 
crack and at the tip of the crack. It is easier to determine the critical stress of a 
specimen featuring a certain crack, than to determine the expressions of actual 
stresses at the crack tip or to experimentally determine the fracture toughness.  

Instead of the current method which calculates PE with classical strength 
relations and verifies the crack area with the concepts of fracture mechanics, we 
resorted to the evaluation of the crack zone strength by comparing the equivalent 
stress to the allowable stress, calculated by considering the deterioration caused 
by the crack. 
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