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IRREDUCIBLE COVARIANT REPRESENTATIONS 
ASSOCIATED TO AN  R-DISCRETE  GROUPOID 

Roxana VIDICAN1 

Unei perechi covariante pozitiv definite ),( ρT  relativ la un grupoid           
r-discret G, i se poate asocia, printr-o teoremă de tip Stinespring, o reprezentare 
covarintă )~,( ρU . Vom stabili o condiţie necesară şi suficientă de ireductibilitate 
pentru aceasta din urmă. 

Let ),( ρT be a positive definite covariant pair with respect to an r-
discrete groupoid G. Using a theorem of type Stinespring, we can associate to the 
pair ),( ρT a covariant representation )~,( ρU . In this article, we provide a 
necessary and sufficient condition of irreducibility for the representation )~,( ρU . 

 
Keywords: r-discrete groupoid, positive definite covariant pair, covariant  
                   representation 

1. Introduction 

 For a suitable amenable, r-discrete, principal groupoid G with the unit 
space 0G  and the semigroup ℑ  of its compact and open G-sets, we define a 
covariant representation of ℑ , to be a pair ),( ρT  , where 

(i) ρ  is a *-representation of  )( 0
0 GC  (= the *C -algebra of complex-

valued functions on 0G , that are continuous and vanishing at infinity) on a 
(complex and separable) Hilbert space H; 

(ii) { }ℑ∈= ssTT |)(  is a family of operators on H  such that 1)( ≤sT  
and )()()( stTtTsT = , for ℑ∈ts, ; 

 
(iii) )()()()( sTsaasT ρρ = , for )( 0

0 GCa∈  and ℑ∈s  (see Obs. (vi)); 
and 

(iv) )()( ssT ℵ= ρ , for ℑ∈s  such that 0Gs ⊆  (where sℵ  denote the 
characteristic function of  s). 
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Definition  If  T  is a function from ℑ  to )(HB  and ρ  is a *-
representation of  )( 0

0 GC  on  H , then ),( ρT  is a positive definite covariant 
pair , if the following conditions are satisfied: 

(i) )()()()( sTsaasT ρρ = , for ℑ∈∈ sGCa ),( 0
0 ; 

(ii)  )()()( stTtTsT = , for ℑ∈ts, ; 
(iii) )()( ssT ℵ= ρ , for ℑ∈s  with 0Gs ⊆ ; and 
(iv) for each finite collection of points ℑ∈nss ,...,1 , the operator matrix 

njiji ssT ≤≤
−

,1
1 ))((  acting on HH ⊕⊕ ... , is non-negative (this means that, 

,0,)(
,

1 ≥><∑ −
H

ji
ijji ssT ξξ  for any HHn ××∈ ...),...,( 1 ξξ ). 

 
Theorem  Let  ),( ρT  be a positive definite covariant pair with values in 

)(HB . Then there are a Hilbert space H~ , a covariant representation )~,( ρU  of  ℑ  
on H~  and a Hilbert space isomorphism V  mapping H  into H~  such that 

VaVa )(~)( *ρρ = , for )( 0
0 GCa∈  and  VtUVtT )()( *= , for ℑ∈t . 

 
We shall show a necessary and sufficient condition of irreducibility for the 

covariant representation )~,( ρU  from the above theorem in terms of the pair 
),( ρT . 

2. Preliminaries 

The definitions for the notions of: amenable, r-discrete principal groupoid, 
G- set , *C  -algebra associated with a locally compact groupoid, can be found in 
[1], [2], [3], [4] or [5]. 
 Now, to understanding more easily the content of this paper, we shall 
present , first of all, the most important stages of the proof of the theorem from 
“Introduction”. 
 

Let 0
~H  be the set of all functions Hf →ℑ: , such that 

(1) there is a compact set  fK  (depending of  f  ) such that GK f ⊆  and  
0)( =tf , for =∩ fKt  Ø  ; and 
(2) if ℑ∈1, tt  such that tt ⊆1 , then )()()( )(1 1

tftf tdℵ= ρ  (where 

 1
1

11 )( tttd −= ). 
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We define on 0
~H  a sesquilinear functional >⋅⋅< ,  by the formula  

HsgtftsTgf ><>=< ∑ − )(),()(, 1 , 
where the sum is over any two finite sets }{},{ ji st  in ℑ  such that  if tK ∪⊆ , 

jg sK ∪⊆ , and such that =∩=∩ lkji sstt  Ø, if  ji ≠ , lk ≠ . 

 Let }0,|~{ 0 >=<∈= ffHfN . The sesquilinear functional >⋅⋅< ,  from 

above passes to an inner product on NH /~
0 . ( For this inner product we keep the 

notation >⋅⋅< , .) 
 Let H~  be the completion of  NH /~

0  in the associated norm. Next, we 
define  

HHV ~: →       by     NV += ξξ ~ , 
where ξρξ ))(()(~

1−ℵ= tEt  ( E  being the conditional expectation from  )(* GC  to 

)()( 0
0

0* GCGC = ; see [4], p.104). This operator  V   is an isometry. 

 Note that, for 0
~Hf ∈  and ℑ∈t , if we denote ),()( 1stfsf t

−=  ℑ∈∀s , 

we obtain 0
~Hft ∈ . 

 Now, for ℑ∈q  , the operator U on NH /~
0  defined by  =+ ))(( NfqU  

0
~, HfNfq ∈∀+  satisfies the properties  *1 )()( qUqU =−  and )()()( tUsUstU = , 

for ℑ∈tsq ,, . 
 Finally, for )( 0

0 GCa∈ , we define )(~
0 aρ  on 0

~H  by the formula  
).()())()(~( 1

0 tftatfa −= ρρ  Denote ,)(~))((~
0 NfaNfa +=+ ρρ  ρ~  is a *-repre-

sentation of )( 0
0 GC  on H~ . 

 The pair )~,( ρU  and the operator  V  have the properties asked in the 
theorem. 
 
Observations  (i) )~,( ρU  is just a positive definite covariant pair: let 

HHn ××∈ ...),...,( 1 ξξ  and  ℑ∈nss ,...,1 ;  then 

=〉〈∑≤ −

=
ijji

n

ji
ssT ξξ ,)(0 1

1,
〉〈∑ −

=
ijji

n

ji
VVssU ξξ ,)( 1

1,
 . 

From here, using HHV ~)( = , we deduce that n
jiji ssU 1,

1 ))(( =
−  is a positive operator 

matrix.    
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 (ii)  As V is an isometry, it results HIVV =* . Since V  is an isomorphism, 
there exists  1−V  and HIVVVV == −1* , hence 0)( 1* =− − VVV . Then 

HVH ~= implies 1* −=VV .  Consequently, VtUVtT )()( *= ⇔ )()( * tUVtVT = , 
ℑ∈∀t . 

(iii) If ρ  is a non-degenerate representation of )( 0* GC , then the family 

ℑ∈ssT )}({  is non-degenerate ( i.e. ξ)({Sp sT | HHs =∈ℑ∈ },ξ ) and so 
is ℑ∈ssU )}({  also: let H∈η  and HGCa iicii ⊆⊆ }{),(}{ 0 ξ  such that 

iii
a ξρη )(lim= ; fix ℑ⊆iis }{  such that  :i∀ supp iii ssa 1−⊆ .  Then  

=ℵ=ℵ= −− iissiiissi
aa

iiii
ξρρξρη )()(lim)(lim 11 iiiii

assT ξρ )()(lim 1− . 

For the second part of the assertion : since V is an isometry,  *,VV  are  
continuous operators. Therefore, 

)~)(())~()(()))((()))((()(~ * HUHVVTHVTHTVHVH ℑ=ℑ=ℑ⊆ℑ== SpSpSpSp
. 

(iv)  If ),( ρT  is a positive definite covariant pair, then )()( 1* −= sTsT  ,  
ℑ∈∀s : from the proof of the theorem, we know that ℑ∈∀= − ttUtU ),()( 1* , 

hence =)(* tT ℑ∈∀= −− ttTVtUV ),()( 11* . 
(v) If ),( ρT  is a positive definite covariant pair, then || )(sT || ℑ∈∀≤ s,1 : 

let ℑ∈s  ; then we have  || )(sT || =2 || )()( * sTsT ||= || )()( 1 sTsT − ||= || )( 1ssT − || =  
|| )( 1ss−ℵρ ||≤ ||

ss 1−ℵ || 1= . 

    (vi)  For )( 0
0 GCa∈  and ℑ∈s  , we have 1−ℵℵ= ss asa ( where s  from 

the right side is a G-set, while s from the left side is a notation for the function 
udu ( · )s ; u · s  is the element sx∈  with uxr =)( ), hence =− ssa 1  

11
11111 )()()()( −− =ℵℵ=ℵℵℵℵ=ℵℵ= −−−−− ssaaasassa

ssssssssss
. Now:  

==ℵ=== −−−
− )())(()()()()()()()()()()( 111

1 sTssasTasTssTasssTasTa
ss

ρρρρρρ

).()()()( 11 −− = sasTsTssa ρρ  

3. Irreducible representations of )( 0
0 GC  

Lema 1  If ),(),,( 2211 ρρ TT  are two positive definite covariant pairs of ℑ  
on )(HB  with 21, ρρ  non-degenerate representations of )( 0

0 GC  such that 
*Nn∈∀  and ℑ∈∀ nss ,...,1 : ≤−

nji ssT ))(( 1
1 nji ssT ))(( 1

2
− , 
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 while )~,~,( 111 HU ρ , respectively )~,~,( 222 HU ρ  are the corresponding covariant 
representations, then there exists a contraction )~,~( 12 HHBW ∈  ( i.e. || W || 1≤ ) 
satisfying: 

(i) ;12 VWV =  
(ii) ;,)()( 12 ℑ∈∀= sWsUsWU  and 
(iii) 

ℑ∈∀=⇔∈∀= −− ttatTtatTGCaWaaW ),()()()()(,)(~)(~ 1
11

1
21

0
012 ρρρρ , 

).( 0
0 GCa∈∀  
Proof:   (i)  Let Hhh n ∈,...,1 and ℑ∈nss ,...,1 . Then: 

|| jj
j

hVsU 11 )(∑ ||

〉〈∑≤〉〈∑=〉〈∑= −−−
ijji

ji
ijji

ji
ijji

ji
hhssThhssThhVssUV ,)(,)(,)( 1

2
,

1
1

,
1

1
1

*
1

,

2 = 

=|| jj
j

hVsU 22 )(∑ || 2 . 

Defining 12
~~: HHW →  by hVtUhVtWU 1122 )()( = , we remark that W  is a 

contraction with 12 VWV = . 
   (ii)  For ℑ∈ts,  and Hh∈ , we have 

hVtWUsUhVtUsUhVstUhVstWUhVtUsWU 2211111122222 )()()()()()()()( ==== . 
  (iii)  If ℑ∈∈ tGCa ),( 0

0  and Hh∈ , it follows 
htaVtUhtaVtWUhVtatWUhVtUaW )()()()()(~)()()(~ 1

211
1

2222
1

22222
−−− === ρρρρ

  On the other hand, 
htaVtUhVtatUhVtUahVtWUa )()()(~)()()(~)()(~ 1

1111
1

11111221
−− === ρρρρ . 

  Hence, ⇔=⇔= −− htaVtUVhtaVtUVWaaW )()()()()(~)(~ 1
111

*
1

1
211

*
112 ρρρρ  

htatThtatT )()()()( 1
11

1
21

−− = ρρ   ■  
 

 Definition 2  Let H  be a Hilbert space and )(HBU ∈ . U  is a positive 
operator ( and we shall denote this by 0≥U ), if *UU = and 

0),( ≥〉〈 xxU , Hx∈∀ . 
 

Notation 3  For a Hilbert space H  and a set M  such that )(HBM ⊆ , we  
write M ′  for the commutant of M , i.e.  

)({ HBUM ∈=′ | }: VUUVMV =∈∀  
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Lemma 4  Let ),( ρT  a covariant positive definite pair on )(HB  with ρ  a  
non-degenerate representation of )( 0

0 GC , )~,( ρU  the corresponding covariant 

representation on )~(HB , and  V  the isomorphism between H  and H~  such that   
VaVa )(~)( *ρρ = , )( 0

0 GCa∈∀  and VtUVtT )()( *= , ℑ∈∀t . 
For )( ′ℑ∈UW  and ))((~ 0

0 ′∈ GCS ρ  , we define the applications 
)(: HBW →ℑΦ   by  VtWUVtW )()( *=Φ , ℑ∈∀t  and 
)()(: 0

0 HBGCS →Ψ   by   VaSVaS )(~)( * ρ=Ψ , )( 0
0 GCa∈∀ . 

 Under these conditions, the following assertions are true: 
(i)  the maps WW Φ  and SS Ψ  are linear and injective; 
(ii)  if )( ′ℑ∈UW  and W≤0 , then for *Nn∈  and ℑ∈nss ,...,1 , the 

operator matrix  n
jijiW ss 1,

1 ))(( =
−Φ  is non-negative; and 

  (iii)  if )( ′ℑ∈UW  such that *WW =  and ℑ∈∀∈∀ nssNn ,...,, 1
* , the 

operator matrix n
jijiW ss 1,

1 ))(( =
−Φ  is non-negative, then 0≥W . 

Proof:   (i) It suffices to show, that the linear map WW Φ  is injective. 
For the injectivity of SS Ψ  , the proof is analogous. 

 We assume that 0=ΦW . Let ℑ∈ts,  and Hkh ∈, . Then: 
0,)(,)(,)()()(,)( 11*1 =〉Φ〈=〉〈=〉〈=〉〈 −−− khtskVhtsWUVVkVhtWUsUVksUVhtWU W

hence, 0=W  . (One applies Obs. (iii)). 
  (ii)  We use the observation (i) from “Preliminaries” and the following 
theorem: 
    “ If A is an involutive algebra, H  a Hilbert space, π  a representation of  A on H 
and )(HBT ∈  such that 0≥T  and )( ′∈ AT π  , then there exists )(HBK ∈ with 

*KK = , TK =2  and )( ′∈ AK π . “    
  Thus, for )( ′ℑ∈UW  with W≤0 , there is )~(HBK ∈  such that *KK = , 

WK =2  and ∈K  )( ′ℑU . 
Let ℑ∈nss ,...,1  and ∈),...,( 1 nξξ HH ⊕⊕ ... . The required conclusion 

follows by 
(

,
W

ji
Φ〈∑ =〉〈∑=〉〈∑=〉 −−−

ijji
ji

ijji
ji

ijji VVssUKVssWUVss ξξξξξξ ,)(,)(,) 12

,

1*

,

1  

= 0,)( 1

,
≥〉〈∑ −

ijji
ji

KVKVssU ξξ  .( One uses obs. (iii).) 

(iii)  Let W  as in the statement of the lemma. For *Nn∈ , ℑ∈nss ,...,1 , 
Hhh n ∈,...,1  and += 11 )( VhsUk nn VhsU )(...+ , we get 
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=〉〈∑=〉〈∑=〉〈 −−
ijji

ji
ijji

ji
hVhssWUVhVhsWUsUVkWk ,)(,)()(, 1*

,

1*

,
 

0,)( 1

,
≥〉Φ〈∑= −

ijjiW
ji

hhss , 

hence, 0≥W  ■ 
 
 Lemma 5  Let ),( 11 ρT and ),( ρT  two positive definite covariant pairs 
with ρρ ,1  non-degenerate representations of )( 0

0 GC  such that 
*Nn∈∀ , ℑ∈∀ nss ,...,1 :  n

jiji
n

jiji ssTssT 1,
1

1,
1

1 ))(())(( =
−

=
− ≤  and 

ℑ∈∀t , )( 0
0 GCa∈∀ : )()()()( 1

1
1

11
−− = tatTtatT ρρ  . 

If )~,( ρU  is the covariant representation with respect to ),( ρT , then there 
is )( ′ℑ∈UW ))((~ 0

0 ′∩ GCρ  with the properties: IW ≤≤0 ( HHI ~~: →  is the 

identity operator, hhI =)( , Hh ~∈∀ ) , WT Φ=1  and WΨ=1ρ . 

 Proof:  Let HHV ~: →  the isomorphism corresponding to the pair ),( ρT , 
),( 11 ρU  the covariant representation and 11

~: HHV →  the isomorphism 
associated with the pair ),( 11 ρT .  

 The lemma 1 assures the existence of a contraction 1
~~:~ HHW →  such that 

1
~ VVW = , )(~ sUW WsU ~)(1= , ℑ∈∀s  and WaaW ~)(~)(~~

1ρρ = , )( 0
0 GCa∈∀ . 

We shall denote WWW ~~ *= . Then 0≥W  and for Hh ~∈ , we have: 
〉〈≤〉〈=〉〈 hhhWhWhWh ,~,~, , hence IW ≤≤0 . 

   Choose ℑ∈s . Then, 
===== −− WsUWWWsUWWsUWsUWsWU ~))(~(~)~)((~)~)((~)(~)( *1*1

1
**

11
*  

WsUWWsU )(~~)( **1 == −  
implies )( ′ℑ∈UW .  Analogously, ))((~ 0

0 ′∈ GCW ρ . 
Suppose that ℑ∈t  and Hkh ∈, . Since  

=〉〈=〉〈=〉〈=〉Φ〈 VkWVhWtUVkWVhtUWVkVhtWUkhtW
~,~)(~,)(~,)(,)( 1  

〉〈=〉〈=〉〈= khtTkhVtUVkVhVtU ,)(,)(,)( 111
*

1111 , 
 WT Φ=1 .  Similarly, WΨ=1ρ  ■ 
 

Observations 6  (i)  If s is a G-set, then ssss 11, −−  are also G-sets and at 
the same time, they are subsets of 0G . Moreover, ssss 1−= .(  If sssx 1−∈ , then 

yux = , with sy∈  and ssu 1−∈ , hence syx ∈= . Conversely, for sx∈ , we have 
xxxx 1−=  sss 1−∈ .) 
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(ii)  The operator W  from lemma 5 satisfies WW =2 , as follows from 
===ΦΦ⇒ℑ∈∀Φ=⇒Φ= )()()()()(,),()( 11111 stTtTsTtstsststTT WWWW  

⇒∈∀ℑ∈∀=⇒Φ= HhtsVhstWUVVhtWUVVsWUVstW ,,,)()()()( ***  
⇒∈∀ℑ∈∀= HhtsVhstWUVVhstUWV ,,,)()( *2*  

hsssWUhsssUWHhtsVhstWUVhstUW ~)(~)(,,,)()( 1122 −− =⇒∈∀ℑ∈∀= , 
HhshsWUhsUWHhs ~~,,~)(~)(~~, 2 ∈∀ℑ∈∀=⇒∈∀ℑ∈∀ . 

 
Proposition 7  Let ),( ρT  a positive definite covariant pair. Then there is a 

bijection between the set   
))((~)({ 0

0 ′∩′ℑ∈= GCUWA ρ | },0 2 WWIW =≤≤  
and the family B  of the positive definite covariant pairs ),( θS  on )(HB , which 
have the property 

:,...,, 1
* ℑ∈∀∈∀ nssNn  n

jiji
n

jiji ssTssS 1,
1

1,
1 ))(())(( =

−
=

− ≤  and 

ℑ∈∀∈∀= −− tGCatatStatS ),(),()()()( 0
0

11 θρ . 
 Proof:  Assume AW ∈ . By lemma 4, for *Nn∈  and ℑ∈ntt ,...,1 , the 
operator matrix n

jijiW tt 1,
1 ))(( =
−Φ is non-negative.  Because IW ≤ , we can claim 

that *Nn∈∀ and n
jijiWIn tttt 1,

1
1 ))((:,..., =

−
−Φℑ∈∀  is a non-negative matrix, 

hence TW ≤Φ . 
Using  WW =2 , it is clear that ℑ∈∀ΦΦ=Φ tstsst WWW ,),()()(   and that  

WΨ  is a representation of )( 0
0 GC . 

    For ℑ∈s  such that 0Gs ⊆ , we have 
=ℵ==Φ VWVVsWUVs sW )(~)()( ** ρ  

)( sW ℵΨ . Next, for )( 0
0 GCa∈  and ℑ∈s , it follows 

===ΨΦ VasUWVVaWVVsWUVas WW )(~)()(~)()()( 2*** ρρ  
= )()()()(~)()(~ **2* ssaVsWUVVsaWVVsUsaWV WW ΦΨ== ρρ . 
Finally, if ℑ∈t  and  a∈ )( 0

0 GC , then 
 )()()()( 1*1 −− =Φ taVtWUVtatW ρρ and 

VtWUVtat WW )()()( *1 =ΨΦ − == −− VtatWUVVtaWV )(~)()(~ 1*1* ρρ  
)()( 1* −= taVtWUV ρ . 

Thus, ).()()()( 11 −− ΨΦ=Φ tattat WWW ρ  All these imply BWW ∈ΨΦ ),( . 
By the lemma 4, the map ),( WWW ΨΦ  is injective. Its surjectivity 

follows from lemma 5 and observation 6 (ii) ■ 
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Proposition 8  If ),( ρT  is a non-null, positive definite covariant pair such 
that, for every BS ∈),( θ , there is C∈λ  with TS λ= ,  then the covariant 
representation )~,( ρU  associated with ),( ρT  is irreducible ( in the sense that, only 
the subspaces 0 and H~  are closed and invariant with respect to )(ℑU and 

))((~ 0
0 GCρ   

Proof:   Let ),( ρT  and BS ∈),( θ as in the statement of the proposition. 
By lemma 5, we can find AW ∈  such that WS Φ=  and WΨ=θ . Consequently, 
there is  

C∈λ such that TW λ=Φ . It results: 
⇔ℑ∈∀=⇔ℑ∈∀= tVtVTtWUttTVtWUV ,)()(),()( ** λλ  

IWttUtWU λλ =⇔ℑ∈∀= ),()(  
Let K  a closed subspace of H~ , such that K  is invariant with respect 

to )(ℑU  and )).((~ 0
0 GCρ  For Hh ~∈ , we consider the writting 21 hhh += , where 

Kh ∈1  and ⊥∈Kh2 .  We shall denote with KP , the projection on  K, 
HHPK
~~: → , 1hhPK = . It remains to show that, APK ∈  ( A from proposition 7). 

Then it will exist C∈λ  such that IPK λ= . This is equivalent with  0=K  or 
HK ~= . 

For ⊥∈∈ KhKk ,  and ℑ∈s , we have KksU ∈− )( 1 , hence =〉〈 khsU ,)(  
=〉〈 − ksUh )(, 1 0 , from where ⊥∈KhsU )( . Thus, if Hh ~∈  such that 21 hhh += ,  

with Kh ∈1   and ⊥∈Kh2 , we can write  
hPsUhsUhsUhsUPhsUP KKK )()()()(()( 121 ==+= ,  

i.e. )( ′ℑ∈UPK . Analogously, it results that ))((~ 0
0 ′∈ GCPK ρ . 

 For Hh ~∈  with the same decomposition as above, we find  
hPhhPhP KKK === 11

2 , 0,,, 11211 ≥〉〈=〉+〈=〉〈 hhhhhhhPK  and  
0,,,,)( 2221 ≤〉−〈=〉−〈=〉−〈=〉−〈 hhhhhhhhhIPK . 

Hence KK PP =2  and IPK ≤≤0  ■ 
 

Proposition 9  If ),( ρT  is a non-null, positive definite covariant pair such 
that ρ  is a non-degenerate representation of )( 0

0 GC  and )~,( ρU  is irreducible, 
then for ,),( BS ∈∀ θ  there is C∈λ  such that TS λ= . 

Proof:   Choose ),( ρT  and )~,( ρU  with the properties from the statement 
and BS ∈),( θ . By lemma 5, there is an operator AW ∈  such that 

),(),( WWS ΨΦ=θ . 
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Let )~(HWK = . Then 
HhHW ~{)~( ∈= | ∃  Hk ~∈ a.î. HhWkh ~{} ∈== | }Wkh =  

is a linear closed subspace of H~ . Moreover, it is invariant with respect to )(ℑU  
and ))((~ 0

0 GCρ . Because )~,( ρU  is irreducible, we deduce that )~(HW  is  0  

or H~ , hence IW λ= , for some C∈λ . Finally, 
)()()()(: * tTVtUVttSt W λλ ==Φ=ℑ∈∀  ■ 
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