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INVERSE DYNAMICS OF COMPASS ROBOT ARM USING 
PRINCIPLE OF VIRTUAL WORK 

Stefan STAICU1, Ion STROE2, Andrei CRAIFALEANU3 

The principle of virtual work is used to study the motion of a system under the action 
of external and internal forces. General kinematics problem of systems of rigid 
bodies with constraints are presented in first part of the paper. If an internal joint 
force has to be found, a virtual displacement is considered in the system. Based on 
the principle of virtual work, the elaborated method solves the problem of calculus 
of input forces and joint forces of a compass robot arm, sketched as a serial chain. 
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1 Introduction 

Considering the gravitational effects, the relevant objective of the multi-bodies 
dynamics is to determine the input torques or forces and the external and internal 
joint forces. Several methods have been applied to formulate the dynamics, which 
could provide the same results concerning these torques or forces. The first one is 
using the Newton-Euler procedure, the second one applies the Lagrange 
formalism with its multipliers and the third one is based on the principle of virtual 
work [1], [2], [3]. 

Difficulties commonly encountered in dynamics of multi-bodies systems 
include problematic issues such as: complex spatial kinematical structure with 
possess a large number of passive degrees of freedom, dominance of inertial 
forces over the frictional and gravitational components and the problem linked to 
the real-time control and the solution of inverse dynamics. 

In the present paper, a recursive matrix method, already implemented in the 
inverse kinematics and dynamics of robots, is applied to the analysis of a serial 
mechanism. It has been proved that the number of equations and computational 
operations reduces significantly by using a set of matrices for dynamics 
modelling. 

The general problem of kinematics for rigid body systems with constraints is 
first presented in that follows. In the second part of the paper, the application of 
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the principle of virtual work is illustrated by determining of several internal forces 
or torques in the joints of the Compass robot arm. 

2 Kinematics analysis 

Let two bodies )( iT , )( jT be with constrained motions by a coupling 
mechanism (Fig.1). The motion of )( iT with respect the inertial reference 

frame )( 00000 TzyxO is determined by the position vector i
C COr i

00 =  of mass 
center iC and by the transformation matrix 0ia which gives the attitude of the 
frame iiii zyxC  with respect the fixed reference frame. The number of degrees of 
freedom is reduced by some constrains which are imposed by coupling 
mechanisms. The relative motion of two bodies can be determined by the 
matrix ija which gives the relative attitude of )( iT versus )( jT and by position 

vector ji CC
ij rrr 00 −= . 

Starting from the frame )( jjjijj TzyxC  and ending to the frame )( iiiii TzyxC , 

we can evaluate nine parameters i
T
j ii=11α , i

T
j ij=12α , i

T
j ik=13α , i

T
j ji=21α , 

i
T
j jj=22α , i

T
j jk=23α , i

T
j ki=31α , i

T
j kj=32α , i

T
j kk=33α  giving the relative 

orientation of the mobile iii zyx ,, with respect the frame of jjj zyx ,, axes [4]. 
These parameters constitute the contents of an orthogonal matrix of 
transformation ija . The projections in iiii zyxC of a vector jr known in the space of 

jjjj zyxC are given by the matrix relation jiji rar = . The matrix ija could be easily 

determined using two absolute matrices T
jiij aaa 00= . Since all rotations take place 

successively about moving axes ij zyx ,, ' , the rotation matrix iii
ij aaaa 123=  is given 

by three basic matrices ),( 11 ij
i xrota ϕ= , ),( 2

'
2 i
i yrota ϕ= , ),( 33 ii

i zrota ϕ= . 

Starting from the skew symmetric matrix T
iii aa 000

~ =ω , we obtain the known 
expression of the angular velocity 

                                     3323212310 uuauaa i
i

i
ii

ii ϕϕϕω ++= ,                               (1) 
where 
                                Tu ]001[1 = , Tu ]010[2 = , Tu ]100[3 =                       (2) 
are three orthogonal unit vectors. 

Now, considering a kinematical chain nikkj TTTTTTT ...,,...,,,...,,,...,, 110 − the 
motions are given by skew symmetric matrices 

                                 1,1,31,1,0,11,0 ,~~~
−−−−−− =+= kkkkkk

T
kkkkkk uaa ϕωωωω ,                         (3) 
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which are associated to the absolute angular velocities given by the recursive 
relations 

                                           31,0,11,0 ua kkkkkk −−− += ωωω .                                          (4) 
Following relations give also the velocity 0kv of the joint kO , the angular 

acceleration A
k 0ε and the acceleration 0kγ [5]   

                          31,1,0,11,0,11,0
~ uvravav kkkkkkkkkkk −−−−−− ++= ω  

                           31,0,11,1,31,0,11,0
~ uaaua T

kkkkkkkkkkkkk −−−−−−− ++= ωωεεε                      (5) 

1,0,10,10,11,0,11,0 )~~~( −−−−−−− ++= kkkkkkkkkkk raa εωωγγ  31,31,0,11,1,
~2 uuaav kk

T
kkkkkkk −−−−− ++ γω  
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                                                         Fig.1 System of rigid bodies   

3 Dynamics modeling 

A solution of the dynamics problem of a multi-bodies mechanism provided 
with constraints can be developed based on the fundamental principle of virtual 
work. Knowing the position and kinematics state of each link as well as the 
external forces acting on the mechanism, we applies the principle of virtual work 
for the inverse dynamic problem in order to establish some matrix relations giving 
the input forces or torques required in a given motion, using a recursive 
procedure. 

The force of inertia of a rigid body kT , for example, and the resulting moment 
of the forces of inertia  

                                  ( )[ ]C
kkkkkk

in
k rmf 00000

~~~ εωωγ ++−=  
                                  ]ˆ~ˆ~[ 00000 kkkkkk

C
kk

in
k JJrmm ωωεγ ++−= .                           (6) 
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are determined with respect to the centre of joint kO . On the other hand, the 

wrench of two vectors ∗
kf and ∗

km evaluates the influence of the action of the 
weight gmk and of other external and internal forces applied to the same 
element kT of the mechanism, for example 

                                    30
* 81.9 uamf kkk = , 30

* ~81.9 uarmm k
C

kkk = .                       (7) 
Considering successive independent virtual motions of the mechanical 

system, virtual displacements and velocities should be compatible with the virtual 
motions imposed by all kinematical constraints and joints at a given instant in 
time. 

The fundamental principle of the virtual work states that a mechanism is 
under dynamic equilibrium if and only if the virtual work developed by all 
external, internal and inertia forces vanish during any general virtual 
displacement, which is compatible with the constraints imposed on the 
mechanism. 

Assuming that frictional forces at the joints are negligible, the virtual work 
produced by the forces of constraint at the joints is zero. So, the virtual powers 
contributed by active force 1, −qqf and actuator torque 1, −qqm , known external forces 

and moments *
τf and *

τm and by inertia forces and moments of inertia forces infτ  
and inmτ , can be written as follows [6]: 

                     1,1,1,1, −−−− + qq
v

qqqq
v

qq mfv ω }{ 1,
1

1,3 ττττ
τ

ττ ω MFvu
n

T
−

=
− += ∑ ,                 (8) 

where 
 

              1,1,11,101,10
~, +++++++ ++=+= τττττττττττττττ FarMaMMFaFF TTT             (9) 

                                    inffF 0
*

0 τττ −−= , inmmM 0
*

0 τττ −−= . 
The dynamics model expressed by the recursive matrix equations (8) and (9) 

represents the explicit dynamics equations of a multi-bodies constrained system. 
The relations can be also applied to calculate any joint force or joint torque by 
cutting successively each joint kO and writing the formulae as follows 

                              k
Tx

kk Fuf 11, =− , k
Ty

kk Fuf 21, =− , k
Tz

kk Fuf 31, =−  

                              k
Tx

kk Mum 11, =− , k
Ty

kk Mum 21, =− , k
Tz

kk Mum 31, =− .                 (10)  
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4 Example: Compass robot arm 

The six degrees-of-freedom system of a spatial Compass robot arm is 
considered as example. We consider that the compass is initially located in the 
vertical plane 00 zy  of fixed frame 000 zyOx . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
                                             Fig. 2 Compass robot arm 
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The first link consists of a moving crank 21 AA of length 1l , mass 1m and tensor 
of inertia 1Ĵ with respect 1111 zyxA  frame, which has rotation about 1z axis with the 
angle 10ϕ , the angular velocity 1010 ϕω =  and the angular acceleration 1010 ϕε = . A 
second element of the leg is a rigid device jointed in 2A and linked at 
the 2222 zyxA frame, having a relative rotation with the angle 21ϕ , angular velocity 

2121 ϕω =  and angular acceleration 2121 ϕε = . It has the length 2l , mass 2m and 
tensor of inertia 2Ĵ . Pursuing the serial robot we remark the presence of other four 
links, having known masses, inertia tensors and independent angles of rotation, 
angular velocities and angular accelerations (Fig. 2). 

Starting from the fixed origin O and pursuing the kinematical chain we obtain 
following transformation matrices 
        ϕ

1010 aa = , 212121 θθϕaa = , 213232 θθϕaa = , α
ϕ aaa 4343 = , β

ϕ aaa 5454 = , 16565 θϕaa = ,   (11) 
where 

               
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−= −−

−−

−

100
0cossin
0sincos

1,1,

1,1,

1, kkkk

kkkk

kka ϕϕ
ϕϕ

ϕ , ∏
=

−+−=
k

s
skskk aa

1
,10

  )6...,,2,1( =k       (12) 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−=

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡ −
=

100
001
010

,
001
010
100

21 θθ ,
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−=

100
0cossin
0sincos

αα
αα

αa ,
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−=

100
0cossin
0sincos

ββ
ββ

βa . 

Concerning the kinematics of this system we note following position vectors, 
velocities and accelerations 

               010 =r , 3121 ulr = , 1232 ulr −= , 2343 ulr = , 2454 ulr = , 2565 ulr =  
               211 5.0 rr C = , 322 5.0 rr C = , 433 5.0 rr C = , 544 5.0 rr C = , 655 5.0 rr C =         (13) 

                 01, =−kkv , 01, =−kkγ , 31,1, ukkkk −− =ϕω , 31,1, ukkkk −− =ϕε , )6...,,2,1( =k . 
Starting from the matrix relations (6), (7) we determine the wrench for the 

inertia forces and the weights of six rods with respect the joints kA . Replacing 

successively in the formulae (9), we obtain the vectors τF and τM . Using the 
explicit dynamics equations of the multi-bodies constrained systems (8), the input 
torques and some joint forces or torques in internal joints kA are quickly calculated 

                   1310 Mum T= , 1110 Fuf Tx = , 2321 Mum T= , 2221 Fuf Ty =  

                   3332 Mum T= , 3332 Fuf Tz = , 4343 Mum T= , 4143 Mum Tx =                 (14) 

                     5354 Mum T= , 5254 Mum Ty = , 6365 Mum T= , 6365 Fuf Tz = . 
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                   Fig. 3 Input torque 10m                                       Fig. 4 Input torque 21m     

   
                            Fig. 5 Input torque 32m                                      Fig. 6 Input torque 43m    
 

In the inverse dynamics, we suppose that the time-history of the rotation 
motions of six links are known by following functions 

 

                             )]
15

cos(1[)( *
11,1, tt kkkk

πϕϕ −= −− , )6...,,2,1( =k .                      (15) 

For simulation purposes let us consider a robot arm which has the following 
mechanical and architectural characteristics: 

 

                      
6

*
10

πϕ = , 
12

*
21

πϕ = ,
9

*
32

πϕ = ,
36

*
43

πϕ = ,
18

*
54

πϕ = ,
36
5*

65
πϕ =  

                      
6261662615

4321

,1000,79.77,10
236,236,10,79.77

mmmmkgmkgm
kgmkgmkgmkgm
+====

====  

                      
mRmhmlml

mlmlmlml
5.0,1,398.1,34.0

242.4,242.4,34.0,398.1

65

4321

====
====

                    (16)  
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                             266626616 }/)]5.0(5.0{[ umhlmlmr C ++= ,   

                             
4

,
4

πβπα == , st 15=Δ . 

                            

  
                         Fig. 7 Input torque 54m                                         Fig. 8 Input torque 65m  
 

Using the MATLAB software, a computer program was developed to solve 
the inverse dynamics of the Compass robot arm. To illustrate the algorithm, it is 
assumed that for a period st 15=Δ the rods start at rest from initial position and 
rotate about its revolute joints. The active torques 10m (Fig. 3), 21m (Fig. 4), 

32m (Fig. 5), 43m (Fig. 6), 54m (Fig. 7), 65m (Fig. 8), the internal joint forces xf10 (Fig. 
9), yf 21 (Fig. 10), zf32 (Fig. 11), zf65 (Fig. 12) and the internal joint torques xm43 (Fig. 
13), ym54 (Fig. 14) are calculated by the program and plotted versus time. 

    
                             Fig. 9 Internal force xf10                                     Fig. 10 Internal force yf 21  
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5 Conclusions 

In the kinematics analysis some exact relations that give in real-time the 
position, velocity and acceleration of each element of a multi-bodies system with 
constraints have been established in the present paper. The dynamics model takes 
into consideration the masses and forces of inertia introduced by all links of the 
mechanism. Based on the principle of virtual work, the approach establishes a 
direct determination of the time-history evolution for all input torques and 
reaction forces or torques in external and internal joints.  

 

 
                         Fig. 11 Internal force zf32                                      Fig. 12 Internal force zf65  

 
                        Fig. 13 Internal torque xm43                                  Fig. 14 Internal torque ym54   
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